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Diffusive metrics induced by random affinities on

graphs. An application to the transport systems

related to the COVID-19 setting for Buenos Aires
(AMBA)

Maria Florencia Acosta!, Hugo Aimar?, Ivana Gémez® & Federico Morana*

Abstract: The aim of this paper is twofold. First we shall provide a graph metric on the
set of vertices determined by the expected value of random affinities between them. This
is accomplished by applying the diffusive metric defined by the spectral analysis of the
Laplacian determined on the graph by the affinity. As an application we provide a metric
in the set of the 41 cities belonging to the largest urban concentration in Argentina based
on public transport and neighborhood. The results can be.applied to predict and control
the spread of COVID-19 and other pandemic diseases in such a setting.

Keywords: weighted graphs, diffusion, graph Laplacian, metrization, COVID-19

1. Introduction

Let V = {1,2,...,n}, n >/1 be the set of vertices of the graph G = (V,E,Ei, A),
where & = {{4,j} : i,j € V} is the set of all edges, @ = (a1, a2,...,a,) is the se-
quence of positive weights of the vertices and A = (A;;) is the matrix of no negative
weights of the edges. Assume also'that A;; = 0 for every j = 1,...,n. We say that
G is a simple undirected weighted graph based on V. Set G(V) to denote the class
of all‘such simple indirected weighted graphs based on V.

Let (Q, F,P) be a probability space. Let G : Q — G(V) be a graph valued

randem varidble defined in © with V and € fixed. So that G(w) = (v, £,d(w), A(w))

with @ : @ — R™ a random vector with positive components and A:Q — Roxn
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a random matrix with non negative entries, with A;; = 0 and A;; = A;;. So that
a; + @ - Rand 4;; : @ — R are n+ n? = n(n + 1) given random variables.
Assume that all of them belong to L'(2,P), i.e. they have finite first moments

/|ai|d77 = /aidP < oo and / |A;;| dP = /Aide < o0o. We shall also
Q Q Q Q

assume the normalizations Z a;(w) =1 and Z Z A;j(w) =1 for every w € Q.
i=1 i=1 j=1
The expected graph is E(G) = (v, &, E(a), E(Z)), with E(@) = (Eay, Eas, . . ., Eay),

and E(A) = (EA;; : ¢,j =1,...,n). Notice that Ea, > 0 and EA;; > 0, and that

i=1 i=1

i=1 j=1 i=1 j=1

Many interesting questions arise regarding the relation between the analysis
provided by each graph G(w) and the analysis provided by the graph E(G). In this
paper we focus on building a metric, by the diffusion method given in [1], on the
graph E(G). For a different approach see |2|.

This search is motivated by the application to the analysis of the transportation
of people between the 41 cities in AMBA (Buenos Aixes) in the COVID-19 context,
through different ways of passengers transport. The acronym AMBA is used to
name the 41 cities that concentrate one third of the total population of Argentina
and is spatially concentrated around Buenos Aires City. The total population of
AMBA is of about 16.7 millions. The Figure 1 depicts their distribution.

Aside from the geographical distance between locations ¢ and j in the map there
is a valuable information given by the public transport system in AMBA. The system
SUBE (unifier system.of electronic ticket) keeps a great amount of information that
allows to have another geometry provided by a connectivity distance built on this big
data source:"With the idea of considering at once a diversity of affinities between two
cities sfand 7, such as euclidean distance, neighborhood, public transport, private
transport, etcetera, we introduce a diffusive metrization of the graph that takes into
account, these diverse factors which all together contribute to the motion of people
inside AMBA.

Section 2 is devoted to introduce theoretical background of our general setting.
In Section 3 we apply the metric built in §2 to some particular cases of affinities
for the graph AMBA. Here we draw the families of balls in these metrics in order
to have a picture of the behavior of distance measured in terms of transport. We
also give here empirical estimates of the norms of the differences between metric
matrices coming from different combinations of ways of transport. In Section 4 we
compare the metric maps obtained above with the actual spread of COVID-19 in
AMBA during different steps of the pandemic growth in Argentina.
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1. Almirante Brown 15. Avellaneda 29. Berazategui
2. Berisso 16. Brandsen 30. CABA
28 3. Campana 17. Cafiuelas 31. Ensenada
4.  Escobar 18. Esteban Echeverrfa 32. Exaltacién de la Cruz
5. Ezeiza 19. Florencio Varela 33. General Las Heras
3
12 6. General Rodriguez 20. General San Martin 34. Hurlingham
7. ltuzaingé 21. José C. Paz 35. La Matanza
32 8. Lants 22. La Plata 36. Lomas de Zamora
4 9. Lujan 23. Marcos Paz 37. Malvinas Argentinas
27 10. Moreno 24. Merlo 38. Mor6n
11 12 11. Pilar 25. Presidente Perén  39. Quilmes
37 26
z 14 12. San Fernando 26. San Isidro 40. San Miguel
40 20
9 13. San Vicente 27. Tigre 41. Tres de Febrero
10 34 41 30
6 7 38 14. Vicente Lopez 28. Zéarate
15
24 8
39
35 36
23 29
23 18 1 2
5 19
33 25 2
22
13
17
16

Figure 1: AMBA

2. Metrization of Random Graphs

Let (Q,F,P) be a probability space. We say that a function G defined in Q

with values on the simple undirected (weighted graphs on V = {1,2,...,n}, is a

random graph on V/with finite first moments if G(w) = (V, €&, d(w ) A( w)) Wlth
={1,2,...,n}<& = {{i,j}: s €V}, c?(w)z(ﬁai(w):z: n), Alw

(Aij(w)ytd,j=1,...,m)with each a;(w) and each A;;(w) in (Q .7: 77) Shall

also.assume the probabilistic normalizations

n
1=

Z a;(w

1 i=1 j=1

for every w € @ and that a;(w) > 0 for each i € V and /Zlij (w) >0 for i, € V and

w e Q.
With the above notation, it makes sense to consider a notion of expected graph

(V,s,Ed,EZ), with E@ = (Eay,...,Ea,) and EA = (EA; : i,j € V),
:/ai(w) dP(w) and EA;; z/Aij(w) dP(w).
Q Q

EG
Eai
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Proposition 2.1. Let G(w) and EG as before. Then
(i) Ea; > 0 for every i € V;
(i) EA;; > 0 for every i,j € V;
(iii) Y. Ea; = 1;
(iv) 320, Z?:l EAij = 1.

Proof. (i) Since a;(w) is positive for every w € €, the sets Q) = {w € Q:27% <
a;(w) < 27%+1) for k € Z forms a disjoint partition of . In other words

Q:UQk, Q. NQ = 0.

kEZ
Hence 1 = P(Q) = >, 5 P(Q%). So that for some kg € Z we have that P(Q4,) > 0.
Then
Ea; = / 0:(w) dP = Z/ ay(w) dP 2/ a:(w) AP 2 PR,,) > 0.
Q wen Qe
The proofs of (ii), (i) and (iv) are clear. O

Notice that under the assumptions a;(w) > 04 4;;(w) 2.0, > ja;(w) =1 and
> iz1 2j=1 Aij(w) = 1 we have that each a; and each A;; belong to L>(Q, F,P) C
LY(Q, . P).
Given a graph I' = (V, €, d, /:1) the Laplacian on T is given by
1 n
Arf(i) = =37 Ay (f(i) = 1))

K2 ]=1

when f:)V — R is any function defined on the set of vertices. In matrix notation

Ar=a!(4- f))
with a— 2= diag (a;, ..., a;,!) and D = diag (Zﬁﬂ Avjye s D in Anj>.
Notice now that for agiven random graph on V, G(w), as before we have at

least two ways of considering an expected Laplacian. The first it to apply the above
definition of the Laplace operator to I' = EG. In fact

Agg f(i) =

Elal. ZEAM (f() = £(5)

is well defined from Proposition 2.1. The second way is to ask for the existence of
an expected Laplacian for the random Laplacian defined by

n

Auf(i) = Agn (i) = —— 3" Ay (@) (£G) — £()),

a;(w)

Jj=1

>
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w € Q, i e V. It is clear that with the current hypotheses on the a;’s the expected
Laplacian EA,, not necessarily exists. On the other hand, it is also clear that
when the a;’s are deterministic (constant) we have that EA, = Agg. Actually
in our application this will be the case. Nevertheless, for the sake of theoretical
completeness we give some sufficient conditions on the random graph in order to
guarantee the existence of the expected Laplacian and to produce a formula to
compute it. This is done in the next result.

Proposition 2.2. Let G(Q)) be a random graph on V = {1,...,n}. Assume that
ai(w) >0 for everyi € V andw € Q, 31 a;(w) =1 and a; ' € L (U, F,P) for
every i € V. Assume that A;j(w) >0, 30, 370 Ajj(w) =1 for w € Q. If each
a;(w) is independent of the random variables Ape(w) for every {k,¢} € &, then with

Agr f(i) = —— 3" Ay(@) (FG) — 1), we®, ieb,

a;(w) e

we have that EAg ) = Ag with G = (V,&B, IEf:l), b= (bi,ba,... b,) and b; =
-1

(B2) -

1
Proof. Since we are assuming the finiteness of /
q ai(w)
of each a;(w) with all the Agy(w), we have that a,%w) is a random variable which

dP(w) and independence

is independent of the random variable ZA”' (W) (f(g) = f@@)) for any f:V — R.

Hence N
E (Ag) F) = E (l) E (3045 (1) - £)
e Al S B4y (G) - £6)
(E (ai ) Jj=1
= =S B (4g) (76G) - £0)
i j=1
- A~f(7’)a
as desired. =

Ounce we have a Laplacian defined on (V, &) which could be Agg or EA,, we can
build the diffusive metric on V (see [1]). For completeness, let us state and prove
the basic facts regarding the constructive of these metrics.

Teorema 2.1. Let ' = (V,€,b;, B;j) be a simple undirected weighted graph. Then
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a) the operator Ar is selfadjoint with respect to the inner product
n
(f9)5 =D F(D)g(i)bi
i=1
b) the operator Ar is negative definite, i. e.

(Arf, )y <0, for every f;

¢) the operator Ar is diagonalizable, i. e. there exist a sequence Ap—1 < Ap_o <
-+ < A < Ao =0 and an orthonormal sequence ¢qg, 1, - .., Pn_1 with respect to
the inner product ( , );, such that

Ar¢i:)\i¢17 fOT’ 120,1,,7’1—1,

d) for anyt > 0, the function d; : V x V — R given by

di(i,j) = J S 2000 g0 (1) — o)

=0
is a metric on V.

Proof. a) Let f and g be two functions from V to R; then since B;; = Bj;,

n

(Arf,9)5 = > (Arf)(@g(i)b:

= Z <bll ZBij (fG) - f@)) 9(i)bi
L Z Z Bi; (£(5) — f(1))9(i)

= Z (Z Bijf(4)g(i) — Z Bzgf(l)Q(l))
=" " Bif(ali) =YY Bif(i)g(i)

=303 Buf(al) = 3.3 Buf (@l
2 (bl > Bii(9() - g(z‘))) F(i)bs
= <f7 AFg>B .
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b) Since B;; = Bj; we have

(—=Arf, £y =Y (=Arf) () f(i)b;

=22 By = 1)) 1)

=33 Bu260) - 0N By ) ()
i=1j=1 1=1 =1

= Z ‘ B;j (fQ(Z) - f@)f(]))

= 23S By (P60 + £26) — 2 GIG))
i=1 j=1

Y B - 1))
i=1 j=1

>0

c) follows from a) and b) since we are dealing with a self-adjoint and negative
definite matrix Ar. Since the constant functions are Ap-harmonic we hare that

Ao = 0 is the eigenvalue corresponding to the eigenfunction ¢ (i) = = for
Zj:l b

i=1,...,n, which has the L? nofm given by theinner product ( , ); equal to one.

d) it is clear that d; is nonnegative, symmetric, faithful and satisfies the triangle

inequality for every't > 0. Let un-notice here the d;(i,5) is the L?(V,b) norm of the

difference of the heat kernels at ¢ and j provided by the diffusion 8—? =Aru. O

As a general reference for the above see for example [3].

3. The case of AMBA (Buenos Aires)

In this section we effectively compute and sketch some families of balls, the metric
provided by d; in Theorem 2.1 for several natural instances of affinity matrices A;;
and some of their means and a couple of instances for the weights a; at each node.
All the underlying computations are performed in Python. In order to show our
results in a compact way we shall first introduce the families of affinities A;; that
we shall use and the weights a; that we consider.
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Our basic vertex set is V = {1,...,41} one for each city in AMBA. The first,
and perhaps more relevant matrix concerning the spread of COVID-19 in this set-
ting, is the matrix built with the data of SUBE provided by the public transport
in AMBA. This matrix takes onto account buses, subte (metro), trains and even
fluvial public transportation. We shall denote it by A°. We exhibit in Figure 3 the
full unnormalized form of the 41 x 41 matrix A°. We shall as well consider some
neighborhood matrices. With A' we denote the normalization of the matrix that
takes the value 1 at (7, j) if the cities ¢ and j share some points of their boundaries,
and zero otherwise. In Figure 2 we show a small part of A! (unnormalized). With
A? we denote a better quantified weighted approach of A' that takes into account
the length of the shared portion of the boundary between cities ¢ and j. See Fig-
ure 4. Since the population of different cities is in several instances quite different
for two neighbor cities, we consider still another matrix that we denote A%, which
takes into account the length of the shared boundaries and also the minimum of
the population of the two neighbor cities. Figure 5 depicts a part of this matrix.
For last, the matrix A* considers only the minimum of the populations of any two
neighbor cities. The matrix A% is partially showed in Figure/6.

Regarding the weights a, at the nodes, we shall.consideronly two @: the uniform
a, = L) and a normalization of the density of the disease in eachlocation

H7 ceey ﬁ
(total number of active infections over population) by July 2020, given by

@ = (0.0023,0.0009, 0.0004, 0.0014, 0.0015, 00009, 0.0012, 0.0030;0.0007,
0.0009, 0.0011,0.0015, 0.0008, 0.0016, 0.0049, 0.0005, 0:0006, 0.0018,
0.0015, 0.0031,0.0013, 0.0008, 0.0012, 0.0010, 0.0019, 0.0022, 0.0014,
0.0006, 0.0019, 0.0095, 0.0014, 0.0004, 0.0015, 0:0018, 0.0018, 0.0026,
0.0013, 0.0018, 0.0029, 0.0018, 0.0034)

0l o[ 0] o o] o] o o|a|o]o| o oo el o of o| of of o] o o| 0| o] o| 0| o] 0| o] 0| o o| 0§ of 0|
oooooooooooooooooaooouoooooooo o/ o[o[o[ofo[0]o]0[0
o o[ of[ 0] 0] 0] 0[ O] O 0] 0] 0] 0j 0] 0 0] 0] 0] o] 0] 0] 0] 0] 0| o] 0] O[f[ 0] 0[ 0] 0[ 0] 0[0[ O] O
0] O o[ o[ o[ o[ 0 0] O 0| 0].0[°0[ 0] 0] 0[ 0] 0] 0] 0 0] O] 0|F| o] 0] 0] 0| 0[ 0] 0| 0] G|F| 0[ 0 0 O
0/ o o[ o[ o[ o] of o] of of of o|F 0| of o|FEF( o] oo of o] o] [ o] o[ 0] o o] 0| o o] o|F of o[ o[ a[ o[ @
o[ o[ o[ o[ o[ o[ o]0 0] o[ 0["0[ 0].0[ 0[-0] 0| 0] O|F o] 0] 0] 0] 0] 0] 0] 0| O[F] 0| o[ 0[ 0] 0] 0] 0] O
0] 0 0] 0|.0]-0[.0] 0] 0 0] o[ o] o["0[ o[ 0["0] of o] of ofF| o] o] o[ o] o[ 0] 0| 0 0/ 0 | o 0
0] 0] aj-0[ o[ 0] 0[.0[ 0 0| o ofF[ o[ o[ o[ 0] o[ 0] 0| 0] o[ 0 0] 0| O] O[5 o[ 0] 6] 0] O O o[ 0
o[ aj@| o o 0| 0] 0 0].0[ 0] o[ o[ o[o[ofofo]ofofo]a ofofofaf o0 ol o[ o[o[olo[0] 0
o[ o[ o] o[ 0 00 0| 0].0] 0| 0] 0] O] 0| O} 0| OJJ] 0] 0] 0] 0] 0 0] 0| 0] 0[ 0] 0] O 0] O O[] ©
[0 [ of1] o[ 0 o[ 0[] 0[.0] o o] o o[ of &[0 o[ o[ 0[ O[O O] 0] O] O oooohﬁooo
oo | 0] 0| @] 0] o] o[ d[ o o[@] oo o[ o]o]alofofc]o]0 o[ o[ o[ o] o[ o[ o[ o[ 0] o[ o[ 0] 0] &
0]°0] 0] o[FE[0[ 0] o[ 0[ 0] 0] 0] 0 0] O | o[ o] offE o[ 0 o[ o[ o[ o[o[o[o[o[o[a[o[o[o[0] O
0| o['0| o|.0] o o] o o[ o] o[ o] o 0] 0 1] 0] o[ o] of o o of ofF] o] o] o o] o[ o] o[ o[ 0] 0] O
0| o[ of o[ o] o] off| o[ o[ o[ o[ o[ 0] 0 0] o[ o[ 0 0] o] o] o] o[ o[ o[ o[ %] o] o] o] o o o o o 0] 0|
ol o[ o] o[ 0] o] o o[ o[ of o ofF] o] 0 0| o[ o off o[ o[ o[ o[ o[ o[ o] o[ o] o[ o[ o[ o[ 6 o[ 0] o[ 0]
0| 0] 0] 0[;#| o[ o[ o[ 0] 0] 0] O &[ 0] 0 o[ 0[ 00 0| 00/ 0[ 0] 0[ 0] 0[O o[ o[ o[ 0[ 0[O
o o[ ofa{ o[ o[a[ o[ o[ o[ 0[ 0[O O o[ o[ o[ 0 o[ o[ o[ o[ o[ o[ 0] 0] o[ © o[ o[o[ o[ 0
0| 0| 0] o[ o[ o0 o] o[ o] ofF o] 0 o[ o[ o[ 0 of 3] o] o[ ofF] o] o] o[ o] 0| o] o| o ofF o] 0]
o[ o[ o[ o[o[o[o[o[0[ 0] 00| o 0 o[ o[ o[ 0 0 [ 0] o[ o[o[o[o[o[0[0[0
Figure 2: Unnormalized submatrix of A (20 x 41)



ISSN 2451-710
December 7, 2021

Publication date

IMAL PREPRINT # 2021-0056

Lyqiqeqoad o3 Surzifewrion a105oq NS Aq popiaoid eyep oYy s300Pa1 JeY} |/ XMIR]\ :¢ 0InSL]

0 govz [ez1  [covt [etv [eTor [coe® [roor [¢ [v [0 EEE o Juer  [ece  [or  [econ e otzzT [6TT 8T [61 [z [rbT  [100T [8T |86 [oew [vo0z [or [ozz [ve¥ [ovT (12 [zoT [T [0 £0T
sovz [0 T 969T [6z0L |96 e oz jo [or o ZT6ET [0T A EEER e st EaES €7 o Jo [sv covT o 625 |aror [tosL [tv [e€ 6cr [e0z [er [zse [er o 5
6t [1e o so1 sz [ewvs [orr et [T [t [ov  ostsz [msmt [t [sL os1  [oer[e9 T €0t [ozirr Jees Jer [ [emeor Jrze [vor [or Jee [es Jo Jeviw [sT v viz [o1 |1 [sv [sces
SOt [969T [80T |0 EREEEI AR S8ZIC |69 [z [eez [188jeT  [o6ter |IsT otoT |8 c6c |eT |0 [sor [esz |z €9 |z [es1s [ss [e6 ozve |9z [6v [er ¢ [T [e0z
viv  |ezoc [sz 6z |0 €t ot feez Jo Jor T 6v/8 |2 EERESE Bos e EZES Ed ot v z18s 1 zzo [teov [soeT [s1 [ov 9 fo9 it fresz o9 ¢ [z
6101 [o6 evvs [1se  [ee1 [0 cgoe [sc o [T 6 o vee  [oos” [ezer [eec  [ef €cc  [o9eT [eeerT |to1 [sf [sese |teor (oo [ver |eL  [vic o eoter |8 [re  [ssoz Joor [ [er [eszoz
<068 |eiF |9/t  |6¢88T [9/1 |SE9E [0 osor 1T 1 | Immﬁ < |ers |10 [ve  [eTes fleve e1sT [e0b, [esze [vse [¢ [czs  [eect |ez |61 [e61 |recz |se [1z6  |eswT fozz [sse fos et [90  [swot
voo1  [cosz [vT rs8s rgz |sc osor |0 e e [0 EE 0 Jore [ees [0 I R E T Jo [ie oz v ve gz [sss [es ez s8s [oeT |6 9 Je o Joe
B o T A o o [TT B o o Jo 3 o o o 0 0 BN 0, B 0 o Jo o B 0 o 0 2z T [o T z 0 o o o |t
v ot T v ot |1 T z 0o o Jo 86 o o1 [sT 9 0 i o _ o st 0 0 0 o Jo o ot 0 T €67 |SE vot [ 0 oz o o ozt o o
0 o E 0 T 6 v 0 0o o Jo et v o 1 1 B o EENEEER T E B o Jo [ S E T T i o [z 0 0 S 0 0 [zse v
B¥OZE [c16£T [95T8T [SBTTZ |67r8 [69L5H Imﬁm v |86 [zer o [+o0vT [sov [reseT |sworT |oEES [sowor 00SOT [vT09Z [2621Z [o£89T |6vS |/c [e269E |Wuv |6.0c [8S6S |67er [T4BEC |6v6 [TESGE [0/09 [B6TZ |(ES. SEcy [EEV |sSe |GEGWE
59 ot izstT |69 iz evs |seT [g 0 [0 Jor [roorT [0 z [t 2 & 9 05 29 stz [s |8 [veer [ezr [ [tz [or [z NG om0 e 1 Jov [z19
9 v T E CEE B g 0 Jor Jo i i 0 [es 9 0 o & & E B o o s €1 0 S oz e s [t 0 A B et Jeontt ¢
v [8o0E [SL 66 |1999 [v6€ |61 [oIE [0 [8T |T Le87T 1€ 6s [0 Tesr oz [se osze 19T |09 v8 z Jo [os Svay £ 0216 [18v2 21z [81 [o8 9 [or [ez fes [z o [18
658 [090T |osT |res  eowe [90s  [c10T |ees o |9 [T SYOLT [ve o Jrzse |o 65 |[oer vier [eS09 [es1 [se1 ¢ |0 [wT  [zs001 |6 zoes [e1s1 [o9or [1 [so1 [esr [siT [ps  [w0z Jze Jo lesT
3 L (GG < £LTT 0 0 |0 T 0EES  |6E 0 0T 6% 0 1T 0 0F TL 66T BN EEE 9g6  |S T L 0 0TL 4 0 B 0 o ST6S
EEEEE O6veT [80€ [e6T 129 Jeer|v |0 E=aE 0 ez [oer [T o €91 [G19 [T oer |10 [T [sst 9 |9 [ve ecz Juiec foet [ew1  froww [wws Jor [e9 e [T o
6 s [t st e €L v Jezifo o EEE o Jor A3 B petz 0o [z 6 v i B ECG @@ 0 S ot ssr [ |6 8 |z v B s o [z
3 Tz otvz |88 or  [esv i1 [z Jo |oeer [sove fovoe [¢ [ew 3 S z o LT 05 605z [ovT 0T [coT [oro [SB pe, foz [tz Jov s |z it v vr [T [v |soTe [zev
S65T  [S921I |97 1z [escr [o8 cgs [0 [z [0 00s0T |9 z1  [osze [vTeT [0 esT [6 |1 [o S6zT |67 E4 o o Ais EVBT |2 ¥zt [s8se |Tvos [soT |ce vo1 frzv [eT  [sevT [oe [0 [z
oTzzT [oe¥T [eoT [OTOT |[cz8 [ess  [eisT w6 [0 [0 [T ¥109z [0s [e1 [sTor [esos [oe  [s19  [vz  [os  [sezT |0 26 ssT ¢ [0 [eer, [er1o |8 Tz oer [sesT foz [ov1  [ovT [86 9 [esz [er o ceT
61T |9z [gzIIT |c8 iz foser |eor [z |0 [0 |ov [eszie [zzz9 [T oo 6T |zz |9z T 60SZ 6T 26 0 0oy o1 /[sT [sisz \[rez [s9 ([ep [ez [sz EEE czz v |1 |1 [1sse
18T [ez  |a/s [sec |9 [eesir |esze [e8 [0 [0 [T orgar [siz [¢ |18 881 62 [0€T |8 |ovT |SCT sst  oor [0 coe |6 [sse [ene |ize [Jog |z e v [eezz [svr et fissc [ez |1 s Jeste
33 o 3 €T [0 EEE 0 o Jo 6vs  |S G € BE SE |0 0 B 0T 0 Jo [ [0 T ot i/ o 1 6 0 oo E T €00T [0 T [0 B
T [0 1 0 T 53 T 0 0 o Jo L5 B o o 0 G [0 €01 [0 0 ST 3 o Tl ¢ o 89t [o 0 o o vt 0 0 1 0 0 [z 5
vbT  [cb  [eTEOT [o0T v |sece [cz¢ |18 [0 o [T1  [eze0E [reeT [ oo opT  [poE [ccT ¢ oo [1C 671 [ctez [s26  [vz L o 6wz - [0z et |[vv [oiT |8 [oovoT [zz [T [eew [oT [T [TT |omzE
1901 [covT |rze [s9z  [c18 [1z01 (gecT furz [e [or g vb8vy (62T €1 [cvBv [/800T (89 [cv9 [zz  [s8  [ew8T |ev19 [vBe  [eTe  [oT |0 . |6t [O 8¢ [ezze [ssiz [rzef |on [tee  [ev1 [ezT [or  [seet [z
8T o w1 L T 996 e v 0o o [e 697 [6€ o [z 6 9g6 |9 o [, |z B S9 e [e1 [ese |ogr (82 0 i 2 [+ 0 [sts e 0 81 [T 0
86 6zs  [sv czo vz fee1 v o [T T S < EZE v s |z [y [uz er E3 o o [sv e ¢ o 60 (029 [r |[sE sz e [or [ezs [T
oer  [ocaT [zE EAm et |czz o eer [T 6zzL |01 0z 6LT [T 3 T [v2  [g8se [oer |6 53 T Jo | 88tz v 60€ [0 levze |99z [oe v [otel 8 ozos |rzz
vooz  [tooL [zs zsis [eoer [viz |z [s88 [ |se [T 18T [t B 9991 L 1162 [ce1 1v0s [8/ST [8T €9 6 [0 [sit |am e loza [ewee [o 609 [v. se6C [ocww [6€  [819 [1€
0T e <5 9 3¢ s [T [vor Jo 6v6 [T 8 8T 0 ozt e < B T v o Jo |z B 0 [v 9oz [609 [0 [ oz [es |1 6z |1t
97T 6 oFTy |66 99T6T |TL6 €T 0 |€ L TCS6E (987 [T 98 = 0T [evT 6 ¥9T  |LE 9FT B68T (T6CT (09 [¥T [90OT |TZE STSf (S 0F 7L H 0 1€ M3 T20T (ST (4
v |6zv  |8T 018 E3 zavT [s88 [T fo [0 0r09 o N 661 |t covy |18 [t [voT otT  [iT sw [z o [z T e gz [vo  [seez [oz [1e 0 ost o1 [z 1
ovT  [e0z |v 9z |99 [1e ozz  foer ¢ oz |o 86TZ 0T . i fetr o s [z |v izr (86 i €T T Jo st [F2ED) e [oteT [oebt [te6 [cT ost [o B €0T |[vT

zr  |eiz [er  |t1 [ssoz [ese [ o Jo s Lest |9 A 3 862 [9v N CE ES ez [tssc [eooT [T [ser [ 81 o1 A8 3 G 0 g 0
EEEGNE 72 Teoz [00T  |os 9 o os |o sezr |g zet eczs [ewoz [e 29 B EEEEE 4 o Jo [t SEoT [T oz9s [s19  [e2 [ST € [s0f |9 0 Eg
1 el [T v 09 s [zt B 0 ozt o €EF [T cott 11 |c€ 0 B s v 0e S 1 T T o |t I3 0 e [te ERE i vz o G
0 [0 Ed T T B o 0 0 Jo [ese [ v [t Jo 0 0 1 [0 So1L [0 0 e < NG T 1 [0 i T o [ 0 0 € 0 0
£9T SE CGER  |90C 43 T8LOT mgﬂ 3 T [0 L4 BESPE (CTO T 18 78T STesS |09 TT  [g8y |2T CET TCSE (€8T (€€ (GC [SWLE  |LTY EVBT (S T 3 S £T09 E 0T 808 (6T 0




IMAL PREPRINT # 2021-0056

ISSN 2451-710

Publication date: December 7, 2021

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 [10,5)133| 0O

1] 0 0 1] 1] 0 0 1] 1] 0 0 0 1] 0 0 0 1] 0 0 0

0 ) 0 32 0 ) 0 0 0 0 [752)|40,5| 0 ) 0 0 0 ) 0 0

0 0 32 0 0 0 0 0 0 0 26 |6,26| O 0 0 0 0 0 0 0

o 0 0 o o 0 0 o o 0 0 0 |122] 0 0 0 |[183)216( 0O 0

0 0 0 0 0 0 0 0 |367|166(11,1| 0 0 0 0 0 0 0 0 0

o 0 0 o o 0 0 o 0 [435] 0 0 o 0 0 0 o 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 9,8 0 0 0 0 0

0 0 0 0 0 [367] 0 0 0 0 (154 0 0 0 0 0 0 0 0 0

0 ) 0 0 0 (16,6435 0 0 0 [9,84] 0 0 ) 0 0 0 ) 0 0

0 0 [752) 26 0 (111] O 0 |[154)984| 0 0 0 0 0 0 0 0 0 0

o 0 [40,5)|6,26| O 0 0 o o 0 0 0 o 0 0 0 o 0 0 0

0 0 0 0 |12,2] 0 0 0 0 0 0 0 0 0 0 [299|336]| 0 [(11,1] O

1] 0 0 1] 1] 0 0 1] 1] 0 0 0 1] 0 0 0 1] 0 0 [7,69

0 ) 0 0 0 ) 0 9,8 0 ) 0 0 0 ) 0 0 0 ) 0 0

0 0 0 0 0 0 0 0 0 0 0 0 |259]| 0 0 0 0 0 0 0

o 0 0 0 |183| 0 0 o o 0 0 0 |336]| 0 0 0 o 0 0 0

10,5| 0O 0 0 |216]| O 0 0 0 0 0 0 0 0 0 0 0 0 Q 0

13,3 o 0 o o o 0 o o o 0 0 |1L,1| O 0 o o 0 0 o

o 0 0 o o 0 0 o o 0 0 o o (769 0 o o 1) 0 o

Figure 4: Unnormalized submatrix of A% (20 x20)
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Figure 5: Unnormalized submatrix of A3 (20 x 20)

The result of Section 2 generate a diversity of metrics on V = {1,2,...,41}
provided by any choice of A € {A% A A% A% A%} and @ € {d@;,d»}. Moreover
from Preposition 2.2 in Section 2 any convex combination of matrices A provides
a Laplacian and a corresponding family of metrics on V. Sometimes we shall use a
convex combination of A° and A* with i = 1,2,3,4,i.e. A=0A° + (1 —0)A® with
0 < 6 < 1. In this cases we write di’e;j to denote the metric provided by Theorem
2.1 with B = 0A° + (1 — 0)A" and b = @;. We shall use the standard notation for
balls keeping the above notation, precisely

By (k,r) = {t eV di® (k, () <r}

forkeV,r>0,1=0,1,2,3,4and 0 <6 < 1.
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Figure 6: Unnormalized submatrix of A% (20 x 20)

A way to schematically depict the unrestricted paths of COVID-19 propagation
from the point (CABA) with higher initial concentration of diseases is toconsider
for each metric the balls centered at CABA (30) and«growing radii.

Using a prescribed scale of colors we can run our algorithm in Python in order to
obtain a diversity of images for propagation due to the above deseribed notations
of neighborhood and transport and their convex combinations. With the above
introduced notation we give the following illustration of the results. In Table 1 and
Table 3 we use always t = 0.25 and j =A, the other parameters are explicitly given.
The center is always 30 (CABA), the growing radii are colored according to the
given scale.

Table 1: Distances to CABA. Left: graph; right: map.

)
65 65
60 60
55 55
50 50
45 as
40 a0
3s 35
30 30

Some global comparison of the different metrics are in order. In Table 2 we shall
show the comparison of the metric induced by public transport (SUBE) with the
metrics induced a convex combination of the SUBE data and some of the neigh-
borhood matrices defined above only for the case of a;, the uniform distribution
(ai = ﬁ) of the vertices of the graph. Here we compute the relative deviations with
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respect to the metric induced just by public transport. Let us precise the above.
Set

0,0;1 i,0:1
401 g H

1,0 _ ’
o 0,0;1 ’

€t

where d?%! is the metric matrix associate to the public transport only and d:%*
are the metrics defined above. The norm considered here is the Euclidean one, i.e.

. 2 n . 2
[0t = a7 = 7 |0t ko) - i (k)
k=1

and

e - S )

Table 2: Relative differences
¢, 7 | 0.12035607 | ;" | 0.0609088

& | 017173178 | €97 | 0.091446
;0 1.0.0644136 | €°° | 0.0306021
e;° 110.09062579 | °° | 0.04661433

In Table 2.we observe that, as it could be expected and as it reflected by the
colored maps in Table 3, the largest relative differences with the metric provided
by the public transport are those given by matrices A' and A? which only take into
account neighboring, with no reference to the sizes of populations. On the other
hand, for matrices A3 and A* which take into account populations, the results are
closer to that of the pure public transport matrix A®. All the interpolation cases
show, at least with § = 0.5 a closer behavior to that of A°.
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— Table 3: Distances to C1A(}35%
dy a5 (30, ) dys (30,)

dy5y (30, -)

TREHE
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4. Comparison of the metric closeness with the ac-
tual spread of COVID-10 in AMBA

As we show in Section 3 all the versions of the diffusive metric that we consider
provide in some way the paths of propagation of COVID-19 associated only with
transport of AMBA. Our model is based only in the proportional volume of people
moving daily from each city to another without taking into account the restrictions
imposed in each district. At this point it is important to mention that there are two
different administrations in the system of the 41 cities of AMBA. One for the City of
Buenos Aires, CABA, node 30 in our graph, and other administration ruling in the
other 40 cities of AMBA. The restrictions imposed by both administrations during
the pandemic course, were sometimes coincident and sometimes not. The current
available data allows us to have a precise picture of the dynamics of the growth of
infections in AMBA. For each one of the 41 cities we computed the time passed
until the number of infected people surpass the threshold of x%. of the population
with x = j - j =1,2,...,20. The maps obtained are of'the type depicted in
Figure 7.

1
10°

45

40
35
30
25
20
15
10
5

Figure 7: Days up to 0.1% of infections over the population (from 0.1% of CABA)

We shall only concentrate our analysis in the two largest cities of AMBA, CABA
and La Matanza. Numbered 30 and 35 in our graph. Ciudad Auténoma de Buenos
Aires (30) has a population of 3.075.000. La Matanza (35) has a population of
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2.280.000 people. They share a boundary of about 10 kilometers. All the metrics
in the models of Section 3 place La Matanza as the closest city to CABA. This
fact is by no ways reflected by the actual spread of the pandemic in AMBA based
in our percentual thresholding scheme. In fact while for CABA we have the red
distribution as a function of time in Figure 8, for La Matanza we have the blue one.

219 Population
1.8 ¢

1.6 ¢
1.4+
1.2+

1 4
0.8 1
0.6
0.4
0.2 1

— N I SN

10 20 30 40 50 4 60 . 70 80
Figure 8: Evolution of cases in CABA (red) and La Matanza (blue)

At this point, it is worthy noticing that the administration of CABA has almost
always been looser than the administration of La Matanza, regarding the quaran-
tine, isolation and restriction measures associated with the pandemics COVID-19.
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