@ CONICET

I

ISSN 2451-7100

IMAL preprint #2022-0062

CHARACTERIZATIONS OF LOCAL A, WEIGHTS
AND APPLICATIONS TO LOCAL SINGULAR INTEGRALS

Federico Campos - Oscar Salinas - Beatriz Viviani

@ Publication Date: December 1, 2022

Publisher: Instituto de Matematica Aplicada del Litoral IMAL (CCT CONICET Santa Fe — UNL)

«a\  https://imal.conicet.gov.ar
7 https://imal.conicet.gov.ar/preprints-del-imal

Publishing Director: Dra. Estefania Dalmasso

a edalmasso@santafe-conicet.gov.ar



https://imal.conicet.gov.ar
https://imal.conicet.gov.ar/preprints-del-imal
mailto:edalmasso@santafe-conicet.gov.ar

ISSN 2451-7100
IMAL PREPRINT # 2022-0062 Publication date: December 1, 2022

CHARACTERIZATIONS OF LOCAL A,, WEIGHTS AND APPLICATIONS TO
LOCAL SINGULAR INTEGRALS

F. CAMPOS, O. SALINAS AND B. VIVIANI

ABSTRACT. In a general geometric setting, we prove different characterizations of a local version of
Muckenhoupt A~ weights. As an application, we obtain conclusions about the relationship between
this class and the one-weight boundedness of local singular integrals from L°° to BMO.

1. INTRODUCTION

As it is well known, a non negative and locally integrable function w belongs to the A, class of
Muckenhoupt ([Muc72]) if and only if

() () <4 <
sup | = | w — | w 1 o0, in the case p < 00,
5 \|B| /5 1Bl J5

1 1
sup | — [ w| ——— < o0, for p=1,
5 (|B| /B ) infp () v

and

wEAp = U A, for p= .
1<r<oco

Seeing the myriad of articles and books that have been published during the past 20 years and whose
subject is the study of properties or applications of these weights, it is absolutely unnecessary to talk
about how important these classes are in the fields of Partial Differential Equations and Harmonic
Analysis. The present work is related to some of those articles. The first of them is [Fuj78], due to N.
Fujii. There, the author introduces some characterizations of A, and uses them to identify a necessary
and sufficient condition for a weight w such that Calderén-Zygmund integrals T f, with g € L™, are of
w-weighted bounded mean oscillation. It is important to remark that the characterizations proved in
this article were used by Hytonen, Pérez and Rela ([HPR12]) as a basis for obtaining precise estimations
of the constants related to the Reverse Holder inequality and the boundedness of the Hardy-Littlewood
maximal function. Another paper this work is related to is [HSV19], due to E. Harboure and the
last two authors, where “local” versions of Muckenhoupt weights in a general geometric setting were
introduced (even though it should be mentioned that a one dimensional case in R was before considered
by Nowak and Stempak in [NS06]) and studied in connection with the boundedness of a local maximal
operator. In addition, the later result was applied to get interior Sobolev type estimates for solutions
of differential equations associated to the m-laplacian.

The aim of this work is to obtain a version of the results of Fujii for the local-A., weights and the
geometric setting considered in [HSV19]. In order to accurately state our results, we begin with a
precise description of the geometric framework.

Let X be a metric space satisfying the weak homogeneity property, that is, each ball B(x,r) cannot

T

contain more than a fix number N of points whose distance from each other is greater than 5. Also,
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let 2 be an open proper and non empty subset of X such that all the balls included in 2 are connected
sets.

In this context, given 0 < 8 < 1, we consider the following family of balls

fﬁ = {B = B((EB,?"B) B § ﬁd(.’bB,Qc)},
where zp and rp are, respectively, the center and the radius of B, and d(zg,2¢) is the distance from

zp to the complementary set of {2. Sometimes, we will refer to the balls in F3 as 8-local balls.

In addition, let 4 a Borel measure defined on €2 such that 0 < p(B) < oo and pu(B) < Cgu(3B) for
each B € Fg and every § € (0,1), where 6B denotes the ball with the same center and radius 6-times
that of B.

Let us note that p(B) is finite for all B € F = |J Fp but this fact is not necessarily true for every

0<B<1
ball contained in .

Our first result is about the boundedness of -local singular integrals from a weighted L space to
a f-local BMO. Here, the term “f-local” makes reference to a close relation with the families Fj3, as
we will see in the definitions and notation below.

Given 0 < 8 < 1, we will say that T is a S-local singular integral operator if it satisfies

(1.a): T is bounded on L2(£2,dy).
(1.b): There is a kernel K : Q x Q — R such that for any f € L>(Q, du) with support contained
in a finite number of balls belonging to F

Tf(z) = /Q K(2,9) /() duly) ae.x & supp(f),

and T'f(z) = 0 for z such that supp(f) N B(z, Bd(x, Q%)) =0
(1.c): The kernel satisfies
. d
a)‘ ‘K(I7 y)| S u(B(x,d(w,y)))’ .
d , . 0
b): |K(2,y) - K@)l + K (y,2) - K(4,2')| < zmaSeay (955
: for some &, > 0 and whenever 2d(z, z’) < d(z,y).

1.1. Remark. The second assertion in (1.b), which is the meaning of B-locality, can also be written by
asking supp(K) € {(w,y) : d(z,y) < fd(z,QC)}.

1.2. Definition. Given 0 < 8 < 1 and a non negative function w integrable over balls belonging to F,
we will say that a function f belongs to BMOP if the following two conditions are satisfied

(1.2.a): There exists C > 0 such that
),
—— [ |f=mpfldp<C
o(B) Jg el

for every B € .7-'%, where mpf = ﬁfodu.
(1.2.b): There exists C > 0 such that

1 /
—— [ |fldp<C
28 J5
for every B € Fg — Fs.
6

If f € BMO? we will use [f]BJWOg to denote the norm given by infimum of the constants satisfying
(1.2.a) and (1.2.D).
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1.3. Definition. Given 0 < 8 < 1 and 1 < p < oo, we will say that an integrable over balls in F and
non negative a.e. function w belongs to the B-local Muckenhoupt class Ag if

1 1 __1 p—1
s Gy ) gy [ <o

The case p = oo is defined as A5 = |J AL
1<p<oo

1.4. Remark. It can be easily proved that w € Ag if and only if w € Ay for every o, B € (0,1).
We will consider a new class of weights
1.5. Definition. Let 0 < S <1 and p > 0. We say that a weight w belongs to the class Bg if it satisfies
wp ABG) / w(y)
Barers W(B@,7) Js,(Bar)—B@r HB@ d@,y)))d(x,y)P

where Sg(B) = LEJBB(a:,Bd(x,QC)).

du(y) < oo

Now, we are in position to state our first result.

1.6. Theorem. Let 0 < 8 < 1 and T be a B-local singular integral. If w € AS N Bgo, where &y is the
exponent appearing in (1.c) associated with T, there exists C' > 0 such that [T'f] 5,08 < C|f/w|lec for

every f.

Our following result is a characterization of the class A2 (Q) that involves the maximal operator
associated with each family F3 defined as

1
(L.7) Mpfw) = swp = /B (@) dp,

rEBEFz M
for f € Li, (Q) and z € Q.

loc
1.8. Theorem. Given 0 < 8 <1, the following conditions are equivalent
(1.8.a): we AL
(1.8.b): There exists C > 0 such that

[MB(wXB)dMSC/ wdp,
B ip

for every B € Fg, where B=5Bif 5B ¢ Fs and B =Nz(B):= U V if5B¢ Fp.
VEF
VﬂB;z(D

(1.8.c): There exists C > 0 such that
/ wlog™ Ldu < C’/ wdp,
B mpw 1B
for every B € Fg.

(1.8.d): The weight w is doubling on Fg and, for each ¢ € (0,1), there exists 6 € (0,1) such that
if B€ Fz and E C B satisfy p(E) < 0u(B), then w(E) < ew(B).

In the particular case X = R"™ with the usual euclidean metric and the Lebesgue measure, Theorem
1.6 has, in a certain sense, a converse. In order to enunce it we need the Riesz transforms and same

local versions. We recall that the j-th Riesz transform, j = 1,--- ,n, of a locally integrable function f
is given by
Tj—Yj
(19) Rif() =pav. [ U pa)
’ e |z =yt
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On the other hand, given 0 < 5 < 1 and a smooth radial cut function 7 defined on R such that
0<n<1,n(t)=1,if|t| <% and n(t) = 0 when || > 1, we will say that the operator

(1.10) R ) = v [ 2 (S50 )y

o lz—y[m !
is a B-local j-th Riesz type transform.

With these operators we can add a couple of statements to Theorem 1.8.

1.11. Theorem. Given 0 < 8 < 1, when X is the usual euclidean space R™ equipped with the Lebesgue
measure all the statements in Theorem 1.8 remain equivalent and, in addition, equivalent to each of the
following conditions:

(1.11.a): There exists C > 0 such that

/|Rj(wXB)|dx§C/wdx
B B

forj=1,...,n and every B € Fg.
(1.11.b): Given n as before, there exists C > 0 such that

[|Rf’"(wXB)‘dx§C/wdx,
B B

forj=1,...,n and every B € Fg. In both statements B is defined as in (1.8.D).
The latter Theorem allows us to get, as we said before, a certain kind of converse of Theorem 1.6

1.12. Theorem. Let0 < 5 < 1 and let Rf’",j =1,...,n a B-local Riesz type transforms. If there exists
C > 0 such that {Rf"f} Bi10? < C’||£HOo for every f satisfying £ € L>*(Q) and every j,j =1,...,n,
then w belongs to A% (Q) N Blﬁ.

The structure of the paper is as follows: Section 2 is devoted to the proof of Theorem 1.6. Section 3
contains the proof of Theorem 1.8 and a local version of the Calderén-Zygmund decomposition inter-
esting by itself. Section 4 focuses on the proof of Theorem 1.11. Finally, Section 5 contains the proofs
of Theorem 1.12 and some properties of the classes Bg.

2. PROOF OF THEOREM 1.6

In order to prove Theorem 1.6, we need two previous results. The first one is the reverse Holder
inequality for Muckenhoupt weights in spaces of homogeneous type. We recall that a space of homoge-
neous type is a non empty set Y equipped with a quasi distance 7 and a doubling Borel measure v. By
a quasi distance we mean a function 7: Y x Y — R{ verifying

(2.a): 7(z,y) =0 x=y.
(2.b): 7(x,y) = 7(y,z) for every z,y € Y.
(2.¢): 7(z,y) < K(7(x,2) + 7(2,y)) for every x,y,z € Y and a certain constant K.
In addition, we say that a measure v is doubling if v(2B) < Cuv(B) for every ball B in Y. In the

usual euclidean space R™ with the Lebesgue measure it is obvious that each ball B is, in turn, a space
of homogeneous type in itself. This is not necessarily true in any space of homogeneous type. However,
Macias and Segovia, in [MS81], proved that, for any space (Y, 7,v) as before, there exists a metric §
satisfying § < 7 < 34 such that every d-ball is a space of homogeneous type with the measure v. This
remarkable achievement allowed them to prove that a well-known result due to Coifman and Fefferman
([CF74]) is still valid for A, weights in spaces of homogeneous type (i.e. weights satisfying inequality
in Definition (1.3) but for every ball in the space). Their extension can be stated as follows.
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2.1. Theorem. ([MS81]) Let (Y, 7,v) be a space of homogeneous type. If w satisfies condition Ay, then
there exists € > 0 and C > 0 such that

1 " 1 14-¢
2.2 /w Edfo(/wdv)
22 o) Js o(B) Iy
holds for every ball B.

In our present geometrical setting Harboure, Viviani and the second author proved ([HSV14]) that
the construction devised by Macias and Segovia can still be carried out to get a metric § equivalent to
the d given. Moreover, they proved that each d-ball Q) such that 4Q C € is a space of homogeneous
type with § and the restriction to @ of the measure p. It was also proved in [HSV19] that a weight w in
Ag(Q) for 8 € (0,1) given, is a weight in the class A, defined on the space @ for every d-balls Q with
4Q C Q. Then, Theorem 2.1 allows us to get inequality 2.2 with B = ) and v = y for every d-balls @
as before. A careful monitoring of the constants involved shows that they only depend on . It is an
easy consequence of the relation between ¢ and d that the same result holds for every d-ball B € Fg
whenever 8 < %

The second previous result is a technical one about the sets Sy (B) for a ball B given.
2.3. Lemma. Let gy € (0,1]. Then, given X € (0,e0) we have A+¢e2 € (0,&9) and Sx(B) C B(xo, (A +
g9)d(z0,2°)) for every ball B = B(zg,r) € Feyx, with 0 < &1 < 3 min (1, %}i‘\) and g2 = £1(A\? + N).

Proof. Let B = B(x,7) € Fe,x, with &1 to be chosen later. Then, for x € B and z € B(x, Ad(x, Q%))
we have

d(xo,2) < d(xo,x) + d(z, 2)
< g1 Ad(xo, Q°) + Ad(z, Q°)
< e1Md(20, %) + A1 + e1M\)d(xo, Q%)
= (A +e1) +e1A?)d(zg, Q°).

Now, choosing g2 = £1(A 4+ A?) with 0 < &; < % min (1, %), from the last inequality we easily

obtain Sy (B) C B(zg, (A + &2)d(x,2°)). Furthermore, it is clear that 0 < A + &2 < €. O

Now, we can proceed with the proof of the Theorem.

Proof of Theorem 1.6 The first step in proving Theorem 1.6 is to ensure that a S-local singular
integral operator T is well-defined on functions f such % € L*°(Q,du). Towards this aim, we start by
recalling that T is a (1,1)-unweighted locally weakly bounded operator (see Theorem 4.1 in [HSV19]).
Then, given g with support contained in a ball belonging to some family F, and such that £ &

L>(Q,du), we have Tg finite a.e. in § since |g| < ||g||oostupp(g), and the right member of this
w

inequality belongs to L'(£2,du). This reasoning together with Lemma 2.3 allow us to assure that, for
f such that £ € L>(Q,du), we have T'(fXs,(p)) finite a.e. for each ball B belonging to a family F,
with v small enough.

Now, given balls B; and B in F,,, and F,, respectively, with 71 and v small enough to get Sg(B;)
and S3(Bs) contained in balls of F, we can write

T(fXs,(8:))(2) =T (f(Xsy(B1) — Xss(B2))) (2) + T(fXs,(B,))(2)
= T(fXsy(B1)-55(82))(2) = T (fXs,(B2)—55(B1)) (2) + T(f Xs5(8,))(2),

for a.e. z € By N By. Note that B(z, 8d(z,Q¢)) C Sg(B1) N Sz(Bs) for z € By N By. Then, taking into
account that supp(K) C {(z,y)/d(x,y) < Bd(x,°)}, the last equality lead us to
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T(fXSg(Bl))(Z) = T(fXSB(Bz))(Z) a.e. z € By N Bs.

On the other hand, we know (see Lemma 2.3 and Remark 2.4 in [HSV14]) there exists a numerable
covering {B; }; of Q, having finite overlapping and contained in a family F., with v as small as we want.
In particular, we choose 7 small enough to have Sg(B;) C DgB;, for every i and some constant Dg > 0,
with DgB; € F (see Lemma 2.3 above).

With all these results in mind, we define T'f on Q = U, B; as

Tf(x)=T(fXs,B))(x)  x€ B

where the inequality is to be understood in the a.e. sense.

Now, let w € A% N B?O. Then, we know that w belongs to Ag for some p > 1. Given f such that
£ € L*(Q,du) and By = B(zg,r) € Fs, we split f as g+ h, where g = fX>p,. Now we can write
6

1 1
2.4 Tf —mp,Tf| du < /T—mOTd
(24) iy o 117 s ildn < s [ (70— ms gl
1
+ Th —mp,Th|d
W(Bo)/Bol b [y
=I+1I

From the reasoning followed at the beginning of the section we know that g belongs to L(Q2, du) for
q = 1+ ¢ where ¢ is the exponent given by Theorem 2.1 applied in our context. Then, since T is
bounded from L7(Q,du) to LI(Q,dp) (see [HSV14]), Holder’s inequality allows us to get

2
(2.5) <o | (7ol

< o112 (u(1130) L, d");

f

where the last inequality follows from Theorem 2.2, which, as it is clear from the discussion before this
proof, holds for 2By, w and pu.

In regard to II, applying (1.c), we can estimate it in the following way.
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1
R0 1< s /B 0 /B [Th(z) = Thiy)| dp(@)y)

< S o o a3~ K 2 d)dne)in)
Cu(@;& /3,3<230>_2BO #(Blro, d &fz)))) (a0, e )

<110 S [ B T e )

<0},

where the last inequality follows from the hypothesis on w.

So, altogether (2.4), (2.5) and (2.6) give us all the information we need about the behaviour of the
oscillations of T'f on the balls in ]-'%.

Now, let us take care of the averages on balls belonging to Fg — Fs. Let By = B(zo,r) be one of
6
them. Then, reasoning as before, we obtain

1

1

w(Bo)
u(Bo) .

S G f, TR o)

where, once again, ¢ = 1 4 ¢ with € given by Theorem 2.1. Theorem 41 in [HSV19] lead us to

1 M(BO) 1 q %
w(Bo) /Bo R CW(BO) (M(Bo) /Sﬁ(Bo) J du>

f w(Bo) 1 / ‘
< Ol *loo wld .
<ClIZl oBo) \ 5 Bo) Js, ) i

It is obvious that Sg(Bo) C |J B, for any ' € (8,1).
BE]'—B/
BNBy#D
Denoting the latter set by Ng (Bp), as in [HSV19], Lemmas 2.3 and 3.1 there allow us to get

a finite number M of balls B; = B(z;,r;) such that Ny (By) C UBi,u(Bi) ~ u(By),w(B;) =~

/ IT(f Xy (y)| dp

w(Bo), §d(x;, Q%) < r; < ad(x;, Q°) for some fixed a < 8’80,1 =1,---, M, with M only depending
on 8 and f'. Consequently, if we chose 8’ close enough to S, Theorem 2.1 can be applied for each B;

to get

1 foo w(Bo) 1
(Bo) /B Tl < Ol Slloe SB0) uiBo) /B w dp

f
:C”*”om
w

(2.7)

which completes the proof of our Theorem.
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3. PROOF OF THEOREM 1.8

The proof of Theorem 1.8 requires having a local version of the Calderén-Zygmund decomposition.
Our proof of it is based on techniques developed by H. Aimar and R. Macias in the setting of spaces of
homogeneous type ([Aim85], [AM84]).

3.1. Lemma. Let 0 < 3 < 1. Given B € F3 and a non negative function f € L} (Q,du), with

loc
supp f C B, for each A > mpf there exists a sequence {B;} of disjoint balls in Fpg such that
(3.1.a): méjf <A< mg,f, for every j;
(3.1.b): my f <A, for every V € Fg whose center belongs to Q — UBj;
J

where B; is defined as in (1.8.b).

Proof. Let us assume E = {y € Q; Maf(y) > A} # 0. If E = (, then (3.1.b) holds for every V € Fp

with center in  and the Lemma follows. Clearly, if ' = {V € Fg/my f > A}, we get E = |J V. Now,
Ver
it is obvious that V N B #  for every V € I, which implies B C N3(V) and V C N3(B). So, we have

1 1
(3.2) N5 (V) /./\fﬁ(V) T U BN (V) /J\/}s(V)ﬁB fdu< X

for every V € I. Taking V = B(z,r) € T, we define
Vo = sup{t S (07ﬂd(xagc))/m3(;v,t)f > A}v

which verifies r < v, < Bd(z, Q°). If r < 75, we take § in (0, %fy,:), and t, in (max(r,v; — 9),7.] such
that mps,)f > A If 5t < Bd(x, Q°), since 5t, > 5(7, — 0) > 7z, we have mp(, 5:,)f < A. Then,
taking this and (3.2) into account, we have

mé(zytz)f S )\ < mB(w’tz)f.

On the other hand, if r = ~,, we get the above inequality by choosing t, = =,. Proceeding in this

way for each € A := {y/yis center of a ball inI'} we obviously obtain a covering of E by the sets B,

where B, = B(z,t,). Note that these balls are in N3(B). Then, from Lemma 2.3 in [HSV14], it follows

that their radii are uniformly bounded. So, Lemma (1.11.a) in that paper (local Vitali) allows us to

get a numerable disjoint subfamily of {B,}.ca, say {B;} such that E C |J B;. This is the sequence we
J

were looking for. O

With this Lemma we are in position to prove Theorem 1.8.

Proof of Theorem 1.8. Suppose (1.8.a) holds, that is w € A% . Then, by definition, we get
w € Ag for some p € (1,00). Let B = B(zg,r) € Fg. If r < gd(xm Q2°), from the discussion preceding
Lemma 2.3, we know w satisfies a reverse Holder’s inequality on B for some exponent ¢ > 1. In case
gd(xo,QC) < r < Bd(zg,Q°), from Lemma 2.3 in [HSV19], we can cover B with the union of a fixed
number M, not depending on B, of balls belonging to Fs and having finite over lapping. Moreover,
the union of such balls and B have comparable measures.3 It follows that w satisfy a reverse Holder’s
inequality on B with the same exponent ¢. With this in mind, taking into account that Mg is bounded
on L9(Q, du) (Theorem 1.1 in [HSV14]), Holder’s inequality allows us to get
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1
q

/BMB(WXB)dM < (/Q Mg(wXB)qdu> w(B)a

<C (/B wl du) % u(B)'

SC’/wdu,
B

which, taking into account that w is doubling on Fg, lead us to (1.8.b).
Now assume (1.8.b) holds. Let B € Fg. If 5B ¢ Fp from our hypothesis it follows

(33 / Myfdu— | Mjf dp
{Mgf>mpuw} Ng(B){Mp f>mpw}
< C/ w dyt,
iB
for f = wXp. On the other hand, if 5B € F3, (1.8.b) lead us to
(3.4) / MgfduSC/ wdp
{]\/Igf>m3w} %B

+/ Mg f dp.
(Np(B)—5B)N{Mgf>mpw}

It is not difficult to see that B C 2V for every ball V' € F3(€) such that VN B # ) and VN (N(B) —
5B) # (). Then B C V and so u(B) < Cu(V), which, in turn, implies Msf(y) < Cmpw for every

y € Ng(B) —5B. In consequence, from (3.4), the weak type boundedness (1,1) of Mz (Theorem 1.1 in
[HSV14]), and the fact that w is doubling on Fj (it is obvious from (1.8.b)), we get

(3.5) / Mgfdu<C / wdp +mpwu({Msf > mpw})
{Mpf>mpw} Y]

§C/ wdp.
B

Besides that, taking A > mpw, Lemma 3.1 gives us a sequence {B,} of disjoint balls in Fg such that
UBj c{Msf >y JB;
J J

Applying (3.1.a) we can obtain

p({Mpf > A}) > ZH’(Bj)

J
5

>~ fdp
)\ Ujéj
C

> — fdp
A Jig sy

> ¢ fdp.
A {f>x}

Integrating both sides with respect to A, Fubini’s Theorem together with (3.3) and (3.5) lead us to
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w oL

> =

(/ fdu> A<C [ M > ) i
{f>X} mpw
<c/ My f dp
{Mgf>mpw}
< C/ w dft.
1B

Recalling that f = wX'p, Fubini’s Theorem again allows us to get

o0
[ rawmn= [ gLy
mpw {f>A} {f>mpw} mpw

— [ o 2 dn,
B mpw

which, together with (3.6), obviously proves (1.8.c).

Let € € (0,1). Given B € Fg and E C B such that u(E) > 0, we define Ey = {z € E/w(z) >
55 Jpwdp}. Then, assuming (1.8.c) holds, we obtain
w(E) JB

(3.7) log™* (;ﬁ;) / g [ wios () du

§C’/wdﬂ.
B

On the other hand, we have

/ wdp < EM/ wdp
E—E 2u(E) B

S
<= dp.
,2/BOJM

This inequality assures us that if w(E) > ew(B), then w(Ey) > Sw(B), and so, from (3.7)

eu(B) w(B) 2C
log™ 2uE) = Cale) <

_2C

Consequently, %ef%,u(B) < pu(E). Finally, taking § = Se™ "=, which belongs to (0, 1), and noting that

(1.8.c) implies w is doubling on Fg, we prove (1.8.d).

In order to see that (1.8.d) implies (1.8.a), we consider again, as in the beginning of section 2,
the metric § such that § < d < 3§ and each d-ball Bs(xo,r), with r < (8/3)d(x0, ), is a space
of homogeneous type endowed with the restriction of p. Given one of these balls, say Bs, we have
Bs C 3B4, where B, denotes the d-ball with same centre and radious as Bs. Then, since By € F 5, We
get

w(3Bd) < Dw(Bd) < Dw(B5),
where D denotes the doubling constant of w associated to Fg.

Let us prove that (1.8.d) holds for d-balls as well. To this aim we take a d-ball Bs as before and
consider £ C Bs. Then E C By, where B, denotes, as before, the d-ball with same centre and radious
as Bs. Then, choosing € € (0, 1) such that eD € (0,1), we get 6 € (0,1) such that
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w(E) < w(E)D
OJ(B(;) - w(3Bd)
whenever p(FE) < 0u(Bs), since u(Bs) < u(3Bg). This proves (1.8.d) for these d-balls.

A careful examination of the proof of Theorem 2.1 in [MS81](Theorem (2.1) there) reveals that it
can be done by assuming (1.8.d) insted of the A, condition. Then, there exists ¢ > 1 such that the

inequality
1
(1/wqd,u>q <Ci/wd,u
w(B) Jp - wB) /s 7

holds for every ball B € Fs. By denoting dv = wdpu, the above inequality can be written as follows.
3

1 1 K
R ——— gy < 07/ d .
wa_ldv/Bw U( Jpwtdv Bw K

8
It follows easily that w™! € A, 1 but with respect to the measure v instead of y. Then, since (1.8.d)

< De,

imply w is doubling on F3, Theorem 2.1 can be applied again to w™! with the measure v to obtain a
8
reverse Holder inequality for w™! respect to v. Reasoning in a similar way as before we get w € A}
with respect to p. Finally, from Remark 1.4 it follows w € A% | as we wanted to prove. O
4. PROOF OF THEOREM 1.11

Here we are in the particular case X = R"”,d the euclidean metric and p the Lebesgue measure. Let
us start proving the following proposition.

4.1. Proposition. Let w be a non negative function in L} (Q,du) and 8 € (0,1). The following
statements are equivalent.

(4.1.a): There exists C > 0 such that

/~|Rf’"(wXB)|dx§C/wdx,
B B

forj=1,--- n and every B € Fp.
(4.1.b): There exists C > 0 such that

/|Rj(wXB)|dx§C/ wdzx,
B B

forj=1,--- ,n and every B € Fg.

Proof. Given B = B(xg,1) € Fg3, notice that Rf’"(wXB) and R;(wXp) are finite a.e. in € since the

operators are of weak type (1,1) (in particular, for Rf " this result was proved in [HSV19], Theorem
4.1). Let us see that (4.1.a) implies (4.1.b). For each j is clear that

B (wXp)(@)] < | B (0Xpap 0, 2 dg.000) ()]
+ |RJ(WXBch(m,§d(x,Qc)))($)| =1+1I,

for almost every x € 2. We can estimate I as follows

=Y z —y|
R (wXp)(z) — / Sy ( l )wXB dy
’ e(z,Bd(e.00)) 1T — Y™\ Bd(z, Q)

< 1B @) o) + (g ) o

I=
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On the other hand, for z € B we have

2 n
= (m«m) /B“dy'

Then, from the estimates of I and 11, we get

(4.2) /B|Rj(w2c,3)|dxg/B|R§?"7(wx3)|dx

<2(5) U awem) (o)

If 5r < Bd(xo,2°), it follows that 57‘(% —1) < d(z,Q°) for every & € 5B. Then

dx c
13 | e < | aa=c.
3 5 @0 = 77 o

In the case 5r > fd(zo,Q°), we have B = Nj3(B). Following the proof of Lemma 2.3 in [HSV14] (see
p. 616), we know that there exists a constant C, independent of B, such that d(x,Q¢) > Cr for every
x € Ng(B). In consequence, we can obtain (4.3) again. Finally, (4.1.a) implies (4.1.b). Taking into

account that

R ite)) = Rylwtn)(o) = [ 21 (M)wdy

for almost every z € (2, a similar reasoning as before allows us to get that (4.1.b) implies (4.1.a). O

Proof of Theorem 1.11 Proposition 4.1 proves that (4.1.a) and (4.1.b) are equivalent. Let us
see that (4.1.b) implies (1.8.b). With this aim in mind, we take a ball B = B(xzg,r) € Fs and denote
f(z) = w(z)Xp(x) and g(z) = — f(x + yo) with yg € R™.

Claim: It is possible to choose yg € R™ such that |yo| = dr with 0 < § < %, and

(1.4 [ vt +gliz<c [

Rn
with C' a constant not depending on B.

Assuming the claim is valid and proceeding in an analogous way as in the proof of (ii)=-(iii) in
Theorem 1 of [Fuj78], we obtain

Miw) < (1B [ rartspl((r+0) < P,

for every z € B, where M denotes the classical Hardy-Littlewood maximal and P is the Poisson kernel.
Then, integrating both sides over B, we get

/BMgfd:cg/BMfdx
<c([ fans [ swl(s+9)s Plds),

As in [Fuj78] it can be proved that the second integral on the right side is bounded by a constant
times the first. This allows us to obtain

/Mg(wXB)deC/ wdz.
B B

A careful examination of the proof that (1.8.b) imply (1.8.c) (see Theorem (1.8)) leads to the conclusion
that considering the inequality above instead of the one in (1.8.b) allows us to get the inequality in
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(1.8.c) but with w(B) instead of w(3B) on the right hand side. This, in turn, lead us to (1.8.d) but
without assuring the doubling condition. However, in the particular case of p being the Lebesgue
measure in R"”, this is enough to prove w is doubling on F3. In fact, taking ¢ = % its corresponding 6

in (0,1) and t = (1 —60)"Y/", we get

p(B—t7'B) = (1 —t"")u(B)
= 0u(B)

for every B € Fg and, in consequence,

w(B),

DN =

w(B—-t"'B) <
which obviously imply w(B) < 2w(t~!B). So, (1.8.b) can be obtained.

Let us see that our claim is valid. To begin with, we take yy € R™ such that |yp| = dr with 0 < § <
%. Note that |yo| < (1 — 8)Bd(zg, Q) < (1 — B)d(x0, ). Then, B(xo + yo,7) C B(xo, d(z0, 2°)).

If B = B(xg,7) € Fs, noting that 2|yo| < 4r, we get
5

L 4.0
Tj — % T —Z tyj

- dzd
|.’L' _ Z‘n+1 |.T _ Z+y0|n+1 zZax

L RGalae< [ we /|||

<c /B w(w) da,

where yo = (y?,- -+ ,y2), since the kernel of R; satisfies a Hormander’s condition.

On the other hand,

(4.5) / IRy(f+g)ldo < / IRy flda / Ryglde

We can estimate the last integral as follows.

/ IRyg| do < / IR, f| du
5B B(z0,57+|yol)

S/ \ij|das+/ |R; f|dz
6B—5B 5B
dzx
é/w(y) / T dy+/ |R; f| dx
B ar<|z—y|<Tr |z — yl 5B

§C/wdx+/ |R; f| dx.
B 5B

Then, from (1.11.a) and (4.5), we obtain (4.4), since B = 5B.

Now, if B ¢ }—%’ we have B = N(B). Note that 2|y| < 8(1 — B)d(xo, Q%) < Bd(z,Q°) for every
z € B. So, B(z,t) € Fg for every t € (2|yol, Bd(z,°)), which implies that x € Ng(B) for every z such
that |z — z|] < 2|y for some z € B. In consequence, from Hormander’s condition,
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Tj — % zj 2+ Y

(4.6) |R;(f+g)ldz < | w(z) - S| dadz
R"— N5 (B) Rn_ N (B) |17 — 2P 2 — 2+ o

0

T — 2: + Y
J d I\ dedz

\J;—z|”+1 |x — z + yo |t

/ o [
|z—2|>2|yo|
SC’/wdz.
B

On the other hand,
(@.1) | R raldes [ Rf@lde [ Rl do
Np(B) Ns(B) Ns(B)

§C/wdx+/ |R; f| dx
B Ng(B)+yo

SC’/wdw—i—/ |R; f| dx.
B (N5 (B)+yo)—Np(B)

In order to estimate the last integral, we recall that x € Ng(B) for every z such that |z — z| < 2|yo|
for some z € B. In addition, appealing to the proof of Lemma 2.3 in [HSV14] (see the proof of
Claim 3 on p. 616) once again, we get d(xo,°) < cr with ¢ not depending on B. This implies
|z 4+ yo — 2| < |z — 2| + |yo| < er for every © € N3(B) and z € B. Then, we get

d
/ \ij|d:c§/w(z) / 736” dz
(N5 (B)+yo)—N5(B) B 28r<|z—z|<Cr |z — 2]
SC/ wdz.
B

This estimate, together with (4.6) and (4.7) proves (4.4) in this case, concluding the proof of the
claim.

Taking into account that R? " is bounded on LP(Q,dz), 1 < p < oo, the reasoning applied in section
3 to prove that (1.8.a) implies (1.8.b) can be used again to prove, this time, (1.11.b). This finishes the
proof of the theorem.

5. PROOF OF THEOREM 1.12

We are in the same geometrical setting as in section 3, that is, X = R™, with the euclidean metric
and the Lebesgue measure. The proof of Theorem 1.12 will require some previous technical results.

5.1. Lemma. Let0< 8 <1 and v = %. Then S, (B) C Eg(3B) for every B € Fa.

Proof. Let B = B(zg,r) € Fa. Then, forz € Band y € 1B, we have
(5.2) |x—y|<\x—xo|—|—|x0—y\<r+1r<1—0’;d(xo,ﬂ°)
On the other hand
d(x0,0°) < |z — 2| + d(z,02°)
< oo, ) +d(z,2°),

for every z € B, which implies
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(1- %)d(xo,m < d(z,9°).

Consequently

T
2(1 - 15)
for every z € B. Then, from this and (5.2), we get

5
%d(mo,ﬁc) < d(z, Q) < grd(z ),

(5.3) |z —y| < %d(:m 0°),

for every z € B and y € %B7 and so

|z —y[ <[z —z[+ ]z -yl
7
(5.4) < (e, ) + Td(@,0%) = Trd(@, ),

for z € B(z,vd(z, Q).

From (5.3), we can also obtain (1 — Z)d(z, Q) < d(y, 2¢) for every « € B and y € $B. Then, from
(5.4) it follows

T
_ L 0°
=3l < g ey )
= Bd(y, Q)
forevery z € B,y € B and z € B(x,vd(z, 1)), which obviously proves B(z, yd(x,Q¢)) C B(y, Bd(y, Q%))
for every z € B and y € 1B, that is S,(B) C Eg(1B). O

The next lemma shows an important property of the classes Bg. It is not difficult to see that it holds
in the more general geometric setting of sections 2 and 3 as well.

5.5. Lemma. Given 0 < <1 andp >0, ifw € Bg, then w satisfies a doubling condition on Fga, i.e.:
there exists C > 0 such that w(B) < Cw(3B) for every B € F.

Proof. Let B = B(zg,7) € Fg. Then, if w € B{j, we can write

T ntp 1
w8 < | (i) wody+wE)
 <lzo—yl<r \|Zo — Yl 2

r n+p w(y) 1
<cp)™ | _ W gy w(iln
2 Ss(3B)— LB |0 — y["tP 2

< CW(QB%
and the lemma is done. O
Now, we introduce a definition that will be useful to proof other properties of Bﬁ’ .

5.6. Definition. Given 0 < 8 <1 and p > 0, we say that a weight w belongs to Bg whenever

1
w(B) < Cr (),

for every B € Fg,t > 1 and some constants C > 0 and € > 0 independent of B and t.

The following couple of technical results will allow us to connect the classes Bﬁ and Bg .
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5.7. Lemma. Let M > 0 and ¢ be a non decreasing and non negative function defined on (0, M ] such

that
M
1
(5.8) / ‘/’TQ ds < C, ‘/’() and (1) < Cap(51),
t
for every t € (0, M] and some positive constants C1,Cs and r > 0, not depending on t. Then, the
function g(t) = “”t(f) is quasi-decreasing on (0, M] (i.e.: there exists C > 0 such that g(t2) < Cg(t1) for
t; <ts).
Proof. Tt follows easily from the conditions on . O

5.9. Lemma. Let ¢ be a function as in Lemma 5.7. Then, the condition (5.8) is equivalent to each one
of the following statements.

(5.9.a): There exists a > 1 such that p(t) < “—;ga(%) for every t € (0, M]
5.9.b): There exist positive constants C and € such that o(t) < COT°p(L) for every 8 > 1 and
2 g
€ (0,M].

Proof. The lemma can be proved following the same ideas with obvious changes of those applied in the
proof of Lemma (3.3) in [HSV97]. O

5.10. Lemma. Let o, € (0,1) and p > 0. Then B;} = Bg

Proof. Note that each weight w in Bg is doubling on F,, and, in consequence, on F,, for every v € (0,1).
The lemma is an immediate consequence of this fact. O

5.11. Lemma. Let p >0 and 3 € (0,1). Then B C Bg.

Proof. Let w € Bg . Taking into account Lemma 5.5, it is not difficult to see that there exists C > 0
such that w(B) < Cw(B — 3B) for every B € F2 5. With this in mind, we denote Sy = 23 and take

B = B(xo,7) € Fs,. Then, for m € N satistying Tg?%d(xo, Q) <r< %d(ajo, Q°)
2

B
L,
TP S5(B)—B |To — Y[t

m—1 (B ($07 Lod(;ig{ﬂc)) - B (Io, ‘ﬁo;dg(?lf?c))>

V

C

- cy\ ntp
Pt (Bod(;ﬁ%ﬂ ))
m—1 [iod(ro 0C)
S w(B(zo,u))
>C g ————=du
Bod(zg,2C) untp+l
=0 SR F1
B0 4(z0,0° ) w
5 [0 w(B(xo,u))
> )
= C/ S ountptl du,

~ ~ Bo
with C and C' independent of r and xg. This inequality and Lemma 5.9 imply w € szo. Finally,
Lemma 5.10 concludes the proof. O

The following Lemma shows that the classes Bg, like Bg and Ag , are independent of .
5.12. Lemma. Let o, 3 € (0,1) and p > 0. Then By = Bg.

Proof. Let w € By. If B < a, it is obvious that w € Bg, since Fg C F, and Sg(B) C So(B) for every
B € F3. Let us assume a < 3. From Lemma 2.3, with g =1 and A = 3, we get 51% and g5 € (0,1)
such that 0 < 8+ e2 < 1 and Sg(B) C B(o, (8 + €2)d(zg, ) for every B = B(xo,r) € F-, 5. Then,
for such balls, we have
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(5.13)

Tn-l—p/ U.}(y) < n+p/ W(y)
Sp(B)-B |T0 — Y[t T T B(a0,(B+e2)d(0.90))— B(xo.c1 fd(z0,2)) |To — y["+P

+ T"+p / w(y) dy
B

(0,61 8d(20,.2€))~ B [To — Y|P

rntp
= (e18d(zo QC))n+pw(B(x0a(B‘f’fz)d(xo,QC)))

_|_,,,n+p/ W(y) - dy,
S.(B)-B |To —y[" TP

Ftp (B + e2)d(wo, Q9)\ " °
<C <(515d(x0,90))n+p ( 2 ; 0 ) + 1) w(B),

< Cw(B),

dy

where we have applied Lemmas 5.10, 5.11 and the hypothesis on w.

If B € Fg — Fe, 3, since Sg(B) C Nj3(B), it is an easy consequence of Lemma 3.1 in [HSV14] that
w(Ss(B)) < Cw(B) with C independent of B. This implies

,rn+p/s w(y) dy < Cw(B),

5(B)—B |zo =y
which, together with (5.13), proves w € Bg. |

Our last result is the converse to Lemma 5.11.
5.14. Lemma. Let p > 0 and B € (0,1). Then Bg c Bj.

Proof. Given 8 € (0,1), we know from Lemma 2.3 that we can choose constants ¢; and 6y such that
Ss(B) C B(xo,01d(x0,0Q°)) for every ball B = B(wxg,r) € Fp, and 0 < 3 < 61 < 1. Then, we can
obtain

(515) o[ Dy [ Uy,
Se,(B)—B |To —y[" TP 7~ Ss(B)—B |To — y["TP

< w(B(zo, 01d(0, 2°)))
S CW(B(I'Ov 7’)),

for every ball B = B(xg,r) € Fp, — Fe, . Note that, in addition, we can chose 6, such that 50, € (58, 1)

2
5

whenever 8 < % Then, taking B = B(zo,7) € Fa,, for Ky € N such that 5507 < 6yd(z,0Q°) <

5Kot1q(r, QC), we get Sp, (B) C S, (5%°B) C B(xo, 01d(x0, Q%)) C B(wo, %51(07") and B(xo, %5[{07") €
Fro,- With this in mind, we can proceed as follows.

(5.16) r”“’/ _wly) dy < Tn+p/ _wly) dy
Se,(B)—B |[To —y|™ TP 7~ Sp, (550 B)—5K0 B [To — Y™ P
w(y)
b / S
5K0B—B |T0 — y[" TP Y
=I1+1I.

Let us estimate I. Assuming %B c 550 B, we get
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I S ,r,n-&-p /9 w(y)n+ dy
501 50 g5 g |Tg — Y|P
2

G2y o
= w(y)
< 30 ELIC/RE,
N 501 K41 50 s [T — Y|P

K=0 ) oy

Kop—1 —n—
. 560, e 5601
n+ E K Kyl
S CT' p <925 7') w ( 9 5 + B

K=0 2

Ko—1 —n—p n+p—e
501 K) (591 K 1)
<C E —5 ——5%+ w(B
- (92 0 (B)

2

< Cw(B),
where we applied that w € éﬁ
On the other hand, if 5%°B %B, we obtain

I < rn+p/ w(y)n+ dy
01550 g3 p [zo —y["HP
2

02

+ ,rn+p / w(y) dy
56
02

1 g_p |0 — Y|P

The first integral on the right side can be estimated as before, while the second one is clearly lesser
than a constant times w(B). Let us see II.

Ko—1

D N Tt
=0 Jsxriposip [To —y[" P
Ko—1
<C Z 5—K(n+p)5K(n+p—a)w(B)
K=0
< Cw(B),

where we used once again that w € Bg
Finally, from (5.15) and (5.16), the estimates of I and II, and Lemma 5.12 we get w € Bg. O

Now, we are in position to prove the main result of this section.

Proof of Theorem 1.12. Let B = B(x¢,7) € F5. Notethat 2B C Es (B) = (1,5 B(x, gd(x, Q).
8 2

In addition, if y € B(x, gd(x, Q) for some z € Q, we get 1 (Bifz_é‘c)) = 1. Then, following an anal-

ogous reasoning to that used in the proof of Theorem 2 of [Fuj78] (see p. 533) we can obtain

5.17 7“"“/ % dy < Cw(B),
(5:17) By (B)-B |z —y[" ! (B)

with C' independent of B. Then, since FoCFs for v = %, from Lemma 5.1 it follows
8

rn+1/ W(y) — dy S CW(B),
s (B)-B 1T —y["
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for every B € Fa. Consequently, w € Bflo and, from Lemma 5.12, w € Blﬁ.
On the other hand, if B € Fg, by reasoning as in [Fuj78] (see the proof of Theorem 2 there) it can
5
be proved that

(5.18) / |R}(wXp)| da < C/ wdz
5B B

5
§C’/wdm
B

where the last inequality follows from the fact that w is doubling.

In the case B € Fjg — Fy, we know, from Lemma 2.3 in [HSV14], that Nz(B) can be covered with a
finite number of balls, say P, --- , P, belonging to Fs. It is clear that for each P; we can pick a ball
B, € Fg— ]-'g such that P;(B; # ( and B; (B # 0. Isf we choose balls P} € Fg— }"g concentric with
P;, we get P C N3(B;) and B; C Ng(B) for each i. Then, we have

IR (wXp)|de < /|R/-3’"(WXB)|d:E
‘/-/vﬁ(B) ! ; Pi* !

3

IN

w(P) [ R (ws)|
i=1

< Czw (N3 (Bi))

BMO#?

<

S CiW(Bn

<C> w(WNs(B))
=1

< Cw(B),
which, together with (5.18) and Theorem 1.11, proves w € A2 and finishes the proof. [
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