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VARIATION OPERATORS ASSOCIATED WITH SEMIGROUPS
GENERATED BY HARDY OPERATORS INVOLVING
FRACTIONAL LAPLACIANS IN A HALF SPACE

JORGE J. BETANCOR, ESTEFANIA DALMASSO, AND PABLO QUILJANO

ABSTRACT. We represent by {W§{,}i>0 the semigroup generated by —Lg,
where L is a Hardy operator on a half space. The operator L§ includes a
fractional Laplacian and it is defined by

LS = (*A)H‘;f2 +Az;%, a€(0,2,A>0.
+

We prove that, for every k € N, the p-variation operator V, ({tkafW/‘\lt}> is

bounded on LP(R% ,w) for each 1 < p < oo and w € A;,(]R‘i), being Ap(]Ri)
the Muckenhoupt p-class of weights on Ri.

1. INTRODUCTION

In this paper we consider the non-local Hardy type operator LY defined, in a
formal way, by
s CTVE/ARI
on RY :={z = (z1,...,2q4) €ER?: 24> 0}. Herejar € (0,2] and A > X, where
LGS (F <a+1> C 2 l\m )
"B T 2 ra-g)/

In order to give a'precise definition of the operator LY we consider the following
quadratic forms. We define, for every u,v € C} (Ri) (the space of continuously
differentiable functions having eompact support on Ri), when a € (0,2),

Q3 ) Byt Ny, | LD G gy, [ I,

2 | — y|dta vt 2
wheretA(d, @) := srarar F(F(((i;f%/)z)» and, when o = 2,
Qi (u,v) = Vu(x)Vo(z) dz + A M dz.
Ri Ri xd

By using the classical Hardy inequality when ao = 2 and those proved by Bogdan
and Dyda ([7, Theorem 1]), we have that for every « € (0, 2],

QS (u,u) >0, wu€ C;(Ri),

provided that A > X.. Note that Hardy inequalities proved in [7, Theorem 1] are
sharp.

According to Friedrichs’s Extension Theorem, the quadratic form @ defines a
self-adjoint and non-negative operator L in L?(R%) for which C!(R%) is a form
core. When f is smooth enough in Ri, LS f = LS f. The operator —L§ generates
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in L*(R%) a contractive analytic Co-semigroup of angle 5 ([12, Corollary 9]). We

denote by {W§' }rez>o0 the semigroup generated by —L§ in L*(R%). From [3,
Theorem 3.1], for every z € C with Rez > 0, W3, is an integral operator whose
kernel, denoted by Wﬁz(ac, y), is analytic in {z € C : Rez > 0} for every z,y € Ri.
In Section 2 we establish some estimates involving the kernel W', that will be
useful to prove the main results. '

In [16] and [17] we can find how the operators L§ appear related to censored
processes and the two-sided estimates for the heat kernels associated with the semi-
group generated by —L§ (see [17, Theorem 1.1] and [16, Theorem 1.1}).

We will now define the variation operator. Let p > 0 and suppose {az}s=o is a
set of complex numbers. We define the p-variation V ({a:}+>0) as follows

1/p

n—1
Vo ({at}i=0) = sup Z |atj+1 - Gy |p

0<to<+<tn, n€N \ 755

Assume that, for some p € (1,00), T} is a bounded. operatorron LP(Q, i) for
every t > 0, where (2, 1) is a measure space. The variation operator. V, ({7} }>0)
is defined by

Vo {Ti}his0) (F)(2) ==V {Ti(f)(2)}z0), [ € LN Qp).

In order to have measurability of the function V, ({T3}+~0) (f) we need to have
some continuity property in the time/variable for Ti(f) (see the comments after [14,
Theorem 1.2]). Boundedness properties of p-variation operator (also oscillation op-
erators and A-jump counting function) give us quantitative measures for pointwise
convergence of the family {Z#(f)}¢~0.

Lépingle ([31]) studied p-variations of martingales. He established strong LP-
inequalities and weak-type (1, 1)’estimates for the p-variation operator when p > 2.
In [24] an example with p =2 shows|that p > 2 isithe best exponent in the above
estimate (see also [#1])." Variational inequalities for martingales can be seen as an
extension of Doob’s maximal inequalities.

Bourgain, in a series of papers (see [8, 9, 10]) proved LP-variational inequalities
in ergodic settings. Bourgain’s ideas were the starting point for using the variation
operator in the ergodic theory ([26, 28, 29, 34, 43, 44]), probability theory ([I, 36,

) and harmonic analysis ([4, 6, 14, 15, 19, 20, 23, 27, 32, 33, 37, 39]).

Our‘objective is to prove weighted LP-inequalities for the p-variation operator
V, ({tk(’“)fo"t}Do) where £ € N. Our study is motivated by those ones in [2]

and [38] where the Schrédinger operator in R? with inverse square potentials is
considered. As it was mentioned, {Wy,}+~0 can be seen as the semigroup generated
by the Hardy operator type in a half space L. Frank and Merz ([22]) recently
have proved that the scales of homogeneous Sobolev spaces generated by L§ and

by (—A)gs are comparable.
+

Our first result is the following.

Theorem 1.1. Let0 < a<2,p>2, A>0andl < p < oo. Then, the p-variation
operator V, ({tkafWﬁt}bo) is bounded on LP(R%) for each k € N.

For the proof of this theorem, we shall start with the case A = 0. We denote by
{W%1,~0 the semigroup of operators generated by —(—A)* on R%. We have that

O<W00ft(x7y> :W()Oét(ij) §W§($,y), $796Rd+7t>0
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Then,
Wooft(a:,y) dy = / Woi(w,y) de < / Wi(z,y)dy=1, z¢€ Ri,t > 0.
R4 Rd R?
+ $
We deduce that, for every ¢t > 0, W, is a contraction in LY(R9) and in L>=(R%).
According to [30, Corollary 6.1] the p-variation operator V, ({t*df W' }i>0) is

bounded on LP(R%) for every 1 < p < oo and k € N.
In a second step, we prove that the p-variation operator

Vo ({0 (W5, = W)} o)

is bounded on LP(R%) for every 1 < p < oo and k € N. In order to dé so, we will
consider operators that control this p-variation operator.

Suppose that F': (0,00) — C is a differentiable function on (0, 00). For n € N;j
let 0 <ty <---<ty,. We have that

n—1 /e n—1 tit1 0
S - P | <Y | Pl < [l
j=0 j=0 [/t 0

Thus,
Vo ({F(0)}es0) < /0 |E/(s)| ds.

From this inequality we deduce that
Vo ({850 (W3 = W5} oo JA6) < [ F@KR () dy. weRE, (L)
+

where

For m € N, we consider the®perator Ty defined by
T T @)Wy, @ € R
4
with

o0
I3 (. y) =/0 e oy (Wi (z,y) = Wey(z,y)| dt,  z,y € R

Taking into account (1.1), to see that V, ({tkaf (W)‘f‘t - Wé’t)} 0) is bounded
: e

on LP(R4) it will be sufficient to show that the operator T ™ has this property
for m =0 when k£ =0, and for m =k — 1 and m = k when k£ > 1.
We will split the operator 7)™ into two parts, determined by the sets
G =G1 UGy
={(x,y,t) € R‘i X le_ X (0,00) : g Vyqg < tl/o‘}
U{(z,y,t) € RE x RL x (0,00) : xq Vyq > tY/*, 2|z —y| > 24 Aya} (1.2)
and
L:= (RL xR x (0,00)) \ G. (1.3)
Here, the letter G stands for global and the letter L means local.
Hence, for m € N, we decompose Ty as follows

am __ po,m a,m
T =T o T giob
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where

a,m _ a,m d
Tt oD@ = [ T (e W) dy. @ € B,
+
being
o0
, 1 d
T;,{Onc(x’y) = / |tm8;n+ (Wkoit(x’y) _W(i‘t(‘ray))|XL(xay)t) dt) T,y € R )
0
and

T (,y) = T (2,y) — Tyiee(2,y),  z,y € RY.

Actually, the cancellation in W¢',(z,y) — W¢(z,y) is only relevant for 7337 ; in
the global operator this cancellation does not play any role.

In Section 3 we will prove the LP-boundedness of the operators T3} and T gﬁ)b
for a € (0,2), and we shall deal with the case & = 2 in Section 4. We distinguish this
two cases since the estimations for the heat kernel Wﬁt(m, Y), &Y € R‘j_ and ¢t >0,
are different (see Propositions 2.1 and 2.2).

We now establish the weighted LP-inequalities for V, ({tkafWﬂt}Do). First of

all, we recall the definitions of the Muckenhoupt and Reverse Holder classes in Ri.
A weight in Ri is a non-negative measurable function defined on R‘i. A weight w
is said to be in A,(R%) with 1 < p < co when

o i ) oy )

where the supremum is taken over.all balls B in Ri.
If 1 < g < oo, we say that a weight w belongs to the class RHq(Ri) if there
exists C' > 0 such that

(ﬁ/}gwq(x) dx)l/q < Cﬁ Bw(x) dx

for every ball B in Ri.
The p-Lebesgue space with weight w is denoted by LP (Ri, w).

Theorem 1.2. Let 0 < a <2, p>2, A>0, ke Nand 1 <p < . Then, the
p-varialion operator V), ({tkafWﬁt}Do) is bounded on LP(RY,w) provided that
w € Ap(RL).

Throughout this paper ¢ and C' will always represent positive constants that may
vary on each occurrence. The expression a < b will indicate that a < Cb for some
positive constant C', whilst a ~ b means that both a < b and b < a hold.

2. HEAT KERNEL ESTIMATES

Our goal in this section is to establish estimates for the time derivatives of the
heat kernel Wy, that will be useful in the sequel.
We define the exponent p as in [22]. We consider

M, — a ?fae(O,Q),
o ifa=2,
and, for every a € (0,2], we define

Qo : (-1,M,) — R

s Qu(s) = % <F(a) sin % +T(1+ s)I'(a — s)sin 7r(252a)) .
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We understand Qa(s) = s(s — 1), s € (—1,00), and Q1(s) = 2(1 — wscot(ms)),
s € (=1,1). The main properties of the function 2, can be found in [22, Appendix
A]. For every A > ), there exists a unique p € [25%, M,) such that Qq(p) = A.
Note that p depends on A and « but we write p instead of p(A, a). We have that
(a) p = max{a— 1,0} := (o« — 1)4, when A = 0;
(b) p> (a—1)5, when A > 0;
(c) p=3(1+V1+4X), when a = 2.
For simplicity, we shall denote with v = (aw — 1) for any « € (0, 2].
The following pointwise bounds for the heat kernel W¢',, ¢ > 0, were established
in [22, Theorem 9 and Theorem 10].

Proposition 2.1.
(a) Let oo € (0,2) and A > 0. Then, for every z, y € RL and &30,
d+a
« Tq P Ya P —d/o tl/a
Wi (2, y) (1/\—t1/a) (1/\—tl/a> t 1A Tyl .
(b) Let X > —1/4. Then, for every z, y € R% and#> 0,
2 - Tq \P Yd AP —d/2 _M
W/\)t(]], y) = (1 A t]-?) (1 AN W) t € t .
Here the symbol < means the same as ~ but admitting different walues of c in the
exponential function in the upper and lower bounds.

Our next objective is to extend the upper bounds in Proposition 2.1 to the
complex plane. Note first that from (a) we deduce that

" P 1/a d+a
o x4 Yd —d/a t

W < " - 2.1
>\7t(l',y),\, <$d+t1/a) (yd+t1/0‘> (tl/a+|$_y|> ’ ( )

for every z, y € R‘i and ¢ > 0.
Since the function ¢(s) = 4o+ S » —a, is increasing for every a > 0, it follows
that

d+o
‘xl p |y| p 4 tl/a
Wa , < t e s 2.2
Aal® V'S <|x| /e )y e /o + [z —y] 22

for every @, y € Ri and t > 0.
By using [13, Proposition 2.2(a)] we obtain that if « € (0,2), A > 0 and € € (0, 1),
for every z € C, |arg(2)| < er/4, and z, y € R%,

(d+a)(1—e€)
] ’ [l P [/
W (z,y) < t e T .
Xl y) S <|x| + 1z ) \Jyl + |2/ 2]V + |z =y

By wusing the Cauchy integral formula we deduce that, if « € (0,2), A > 0 and
ke N,

. " 1/a (d+a)(1—e)
t

tkakmra , < |‘T| |y| tfd/a e

POyl 3 (|x et/ ) [yl + 1/ t/e + |z —y| ’

for every z, y € Ri and t > 0.
In a similar way we get that if « =2, A > —1/4 and k € N

tobwd el < () (S et oy
t W\ Y X |:L‘|+t1/2 |y\+t1/2 e ¢ .

for every z, y € R‘i and t > 0.
However we need to improve (2.2) and (2.3) by replacing |z| and |y| by x4 and
Yq respectively.
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Proposition 2.2.
(a) Let o € (0,2), A >0, e € (0,1) and k € N. For every z, y € RL andt >0

p P 1/a (d+0‘)(1_6)
@ Zq Ya —d/«a t
tROFW e (1, y)| < ULl L .
| t )\,t(x y)|~ <J»‘d+t1/a) (yd+tl/a> (tl/a+|x_y|)

b) Let \> —1/4 and k € N. For every z, y € R andt > 0,
YT,y +

tow? ol s (—22 ) () et
t VAT Y S Tg + 1172 yq + t1/2 N

Proof. We prove (a) first. According to (2.2) and proceeding as in the proof.of [12,
Proposition 3.4] (see also [13, Proposition 2.2(a)]) we deduce that
o C
(w(za, 2) W3 (z,y)w(ya, z)| < PLCh (2.4)

for z, y € R% and z € C, |arg(z)| < m/4, where

s —p
wls:2) = <s+zl/0‘) ’

for s > 0 and z € C, arg(z) < w/2. Indeed, since the operator L is self-adjoint
and non-negative, for every s > 0, the operator Wil his contractive in LQ(R‘i). In
order to prove our claim it is sufficient to see that

_d
WXl L1 e w1y L2 (Re ) (W5 | L2rd ) swr=®d) St >0,

where wL>(R?) = {f measurable in R®s wf € L2(R9)}.
Suppose f € L*(R%). According, to (2.1) and using [12, equation (18)] we get

p
W@l < [ (V) )y

yd+t1/a tl/a+|x,
2 1/2
bl \" t
<
N </ Coror) wmpmymm| @) Wl

_a
St e ey

for:z:ER‘_f_ and t > 0.
In a similar way we can see that

4
”W)(\X,tf”Lz(Ri) St Hf”Ll(R«jr,wfl),

for f € LX(R%,w™") and t > 0. We conclude that (2.4) holds.
On the other hand, according to (2.1) it follows that

d+a
tl/a
@ 7d/a -
|’LU(Id,t)WA,t(x,y)w(ydat” St <t1/oz + |x—y|>
<14 LAt TA
~ tl/«a

=g\
St/ 1+< ty > :

for z, y € R? and t > 0.
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Let us define the function b(z) = (1 —1—51/”‘)_01_&, s > 0. It is clear that b is
bounded and decreasing in (0, 00). Then, by [21, Proposition 3.3], for each € € (0,1)
and 0 € (0,en/2) there exists C' > 0 such that

(o)) () o

E

p p

Tq Yd

Yd + 2

Wi (z,y)| <C
W3 ()| < €| =

for z, y € (0,00) and z € C such that |arg(z)| < 6.
If z € C and arg(z)| < 6, with 0 < 6 < 7/2, then

la + 2| = /(a + Re(2))2 4+ (Im(2))2 > /a2 + |22 = a + |2|, a >.0.
We conclude that for each € € (0,1) and 6 € (0,e7/2)

P p 1/a (d+a)(1=€)
a Tq Yd “d/a |2|
WA,z<x,y)|s( ) ( ) B (——w ) 7
x4+ |2| Ya + |2| |zt + |a'="y|

(2.5)

where z € C and |arg(z)| < 0. Note that Re(z) ~|z| for z € C with | arg(z)| <.6.
Estimates like (2.5) can also be proved by using the methods in [35, Theorem 2.1].
The Cauchy integral formula allow us to obtain«(a). In order to.prove (b) we
can proceed in a similar way. We can also prove(it using Davies method as in the
proof of [18, Theorem 3.4.8] and the Cauchy integral formula. O

3. PROOF OF THEOREM L.l FOR a.€ (0,2)
3.1. Global part. We define, for k €N, k > 1,

o0
Iy (@, y) :/0 Loy (W () s WEi(z, 9)) | xa(z,y,t) dt,  x,y € RY,

(3.1)
where G is as in (1.2).
By using Proposition 2.2 (a) we get

J)(\x’k(xay)‘ S /0 (|tk_18é€Wﬁt(.’E,y)| + |tkilafw(it(x7y)|) XG(xvyat) dt

</OO 1 Z4 v Yd v
~ 0 tl+d/a :Ed+t1/a yd+t1/a

tl/a (d+a)(1—e)
)l Ly, t)dt, z,yeRL,

where 0 < ¢ < 1 and, as we set before, ¥ = (o — 1);. Here, we can actually use
that the power p can be replaced by any non-negative number less or equal than p
in the estimate given in Proposition 2.2 (a).

We shall split the last integral over G; and G3, and denote

go B o0 1 x4 K Ya K
e,j(xvy) - 0 titd/a \ g, + tl/a yq + /e

(/o (d+a)(1e)
N e (z,y,t)dt, j=1,2.

From the definition of G; we can write

(e}

e,l(xvy)

_ /00 T4 Y Ya o tl/"‘ (d+a)(1—e) i
Jwavgaye \za+ ) \yg+ e/ ) \te 4 ]x —y| {i+d/a
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If we suppose that ,y € RY with |z — y| < zq V ya, we get

> (Taya)” (Taya)”
a < _\%dyd) _ \waya)”
S¢i(z,y) S /( Trajataga O < O(M V) 0<e<l.

zaVya)®

On the other hand, if |z — y| > 24 V yq,
531(354!)

B /Iw yl” 1/ (dra)(i=e)
 Javyae \za+ 7 va + ci) (i +lz—y] (/e

n /OO tl/oc (d+a)(I<e) dt
lz—y|o l‘d+t1/°‘ yd+t1/o‘ ti/e 4 |z — y| tltd/a
x— o (d+a)(1—¢) e’}
N e (waya)? tt/ ) b+ (®aya)l gt
~ 0 tl+d/a+2q/a ‘LL' _ y| | tl+d/a+2q/a

z—y|

lz=yl" (et a_2
lera)ll—e) 3 d_ 29
< (-’L‘dyd) (x _y|(d+a 176) /0 t [ o o dt

o dt
+ o—ylo t1+d/o¢+2q/a

< (waya)”
™ w -yt

provided that (d+a)(1—¢€)—d—24> 0, that is, whenever 0 < € < (a«—27)/(d+a).
Note that this is possible since v = (@ — 1) implies oo — 2y > 0.
We conclude that

S"‘l(x y) < (xdyd)w

(| = y| Mz Vyg)dt2r’

when 0 < € < (=27)/(d + @).
For j = 2, we take into account that |z — y| > (x4 A yq)/2, so we have

ge (x y) < /(zd\/yd)n g A Y vy 11/« (d4a)(1—e) i
ey Ta A ya + /e tt/e + |z —y tl+d/a
A /(wdAyd)“ T4 A Ya ¥ 1/ (d+a)(1—e) dt
a 0 Tq AN yq+ /e tl/e 4 |z — vyl t1+d/a
+ / o™ ¢ wgpya N[tV N0 a
(zanva)e \Td AYq + 1t/ tt/e 4]z — y fi+d/a
< /(ﬁd/\yd)a tl/a (d+a)(1—e) dt
~Jo |z — y| t1+d/o

(zaVya)® md/\yd y tl/a (d+a)(1—¢) dt
G ONC=") [

TaAyd)®

x,yeRi

dt

(zanya)™ t(d+a)(176)/a717d/a
<
~ A |.T _ y‘(dJrOt)(le)
tw_l d_ oy

(zaVya) < —4_2x
.
+ (a4 A ya) /0 7 = @) dt

< (@anya)! IO (@ Aya) (2a Voya) OO
“’L' —y|(d+a)(17€) |.T—y|(d+a)(1*€)
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1
< _(x,V (d+a)(1—€)—d—v Ta A vy
~ oo y|(d+a)(17€)( dV Yd) (a A ya)

provided that (d + a)(1 —€) —d—v > 0,ie,0<e < (a—7)/(d+ a). Actually,
this is possible since the restriction obtained in the case 7 = 1 implies this one.

Recall that the above estimates for S¢;, j = 1,2, are valid for any non-negative
power less or equal to p = +; in particular, for power zero. Thus, in this case we
get

1 ( )(xd\/yd)(d+a)(1—e)—d
|z —y|VaqVyq)? + X{|z—y|>2aged YT Y |z — y|(@Fe (G50

I )| 5 ¢

whenever 0 < € < a/(d + ).
Fix now 0 < € < o/(d + ). We define now o/ = (d + «)(1 — €) — d. Hence (see

[22, p. 31]),
1 < (|x—y|\/xd\/yd)°‘/
(Jz =yl VaaVya)? ™ (lr —y| V(@a Aya))dre
and
(4 V ya)® (|l y| Vg V ya)®

— x < :
7 — gl le-yiz a3} (8.9) S iEr U Eme S T

Therefore, by proceeding as in the proof of [22, Proposition,19, Step 1], we
deduce that
/]Rd—l

being y/:<y17"'7yd71)- ),
By considering wg(z,y) = (z—j) , X,y € ]Ri and 8 > 0, we get, as in [22,
Proposition 19, Step 24 that forany 1. < p < oe,

sup /R w(a@yg)"?

a md\/yd)a/
Ik @,y dy S ( =
2] WIS G =l e A

Jf"k(fv,y)‘ dy <oo, 0<B/p<l,

z€RY| 4
sup / wﬂ(a:,y)_l/p’ J;fk(a:,y)‘ dr < oo, 0<pB/p <1.
zcR? JRY

According to Schur’s test with weights (see, for instance, [25, Lemma 3.3]), we can
conclude that the integral operator defined by

I () (@) = / I @) fy)dy, @ € RY,

d
+

is bounded on Lp(Ri) for every 1 < p < oo.

3.2. Local part. According to Duhamel formula we can write, for every z,y € Ri
and ¢t > 0, that

t
D;’\"’?(x,y) = )\/ Wet—s(w,2)25 “Wi ((2,y) dzds
0

d
R

/2
3 [ [ W) W) deds
o Jri ’

t/2
+ )\/ Wo's(w, 2)z, “WL (2, y) dzds. (3.2)
o Jrd
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We have that Df\‘y’?(m, y)=t¥oF (t_l/o‘x, t_l/ay), T,y € Ri, t > 0 (see comments
after [22, Theorem 9]) for certain smooth function F : RY x RY — R. Thus, for
every k € N, there exists an smooth function Fj, : R4 x R? — R for which

O DI, y) = Y, (t_l/o‘x,t_l/ay) . zyeRLt>0.  (3.3)

Given k € N, from (3.2) we can write

k—1
a, j « —ank—1—j «
BfD)\ﬂ?(x,y) = Zaj,k ./Rd 8iWO,t/2(xvz)Zd o, JWA,t/z(Zvy) dz
j=0 e
/2
+ A ; g 85W&t_s(x,z)z;aw/\”"s(z,y) dzds
+

t/2
+ )\/ We's(x, z)z;o‘afW;t‘s(z, y)dzds, =,y € Rt >0,
o Jrd

where a; € R foreach j=1,...,k—1.
Assume now that z,y € RY with |z — y| < (z4Awq)/2 and 0 < Y < 24V 4.
Taking into account the scaling property (3.3), we are going to estimate
oF DY (x,y) L

We define, for every j = 1,..., k — 1, the integrals involved in the above summa-
tion as

Hj(z,y,t) = /Rd Bgngt/z(% z)z;o‘afflfij"t/Q(ay) dz, m,y€ Ri,t >0,
+
and we decompose each/one of them as follows
H(e.0.0) =f AW o . VBT O IWS o) d
{ZGRi:zd>zd/2}

+ [ O, ol 2)2 O W ey d
{zERi:zded/Q}

= j,l(x7y7t)+Hj,2(x7y7t)7 $7y€Ri,t>0-

We notice first that, since xg ~ yq (because |r —y| < (24 A yq)/2), when t =1
we have zq ~ yq = 1.
By using Proposition 2.2(a), for € € (0,1) we have

vy \@ D LN\ ) (d+a)(1-¢)
mibawisa [ (C2) (25) ()
R \Td+ 1 za+1 1+ |z — 2|

( Y >(al)+ < 24 )(041)+ < 1 )(dJra)(lf)
X T dz.
yq+ 1 zg+1 1—|—\y—z|

We define o' = a(1 — €) — de and consider 0 < € < a/(a 4+ d). Then, 0 < &/ <
a < 2, and we get

(@' =1)+ 2(a’ 1)y ('=1)
B T4 Zd Yd
H; z, 71 NEFE
| j,l( Y )|N d /]RdJr (xd+1) (Zd+1) (yd+1>

( 1 )dJrOL/ ( 1 >d+a'
X | ——— —_ dz.
1+ |z — 2| 14y — 2|
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According to [22, Theorem 9], we have

Hiale D S35 [ W3 (o, W5 o) d
R+
= Cag " Wh(a,y)

o' — a'— d+a’
< xp7e Tq ( D+ Ya ( 1) 1 +
~rd \ag+1 ya+1 L+ |z —y|

We now estimate H;o. If zg < xq/2, since | — y| < (xq A ya)/2; we deduce
that |yq — 24| ~ ya ~ zq and |zg — zq| ~ x4. Then, if z; < 24/2;we have

|z — 2] ~ |2/ = 2| + x4 and |y — 2| ~ |y — Z/| + z4. By [22, Lemma 22| with
N=d-1>1,8=a(l—¢)+1—deand r =s =1+ x4 we get that whenever
za < wa/2,

L.

WG ow.2)| _|

O IWE oy fae

t=1

- ( T4 )(041)+ ( 24 )(a1)++¥3 < Y )P
“\zg+1 zqg+1 Ya£1
y / 1 (d+a)(1—e) 1 (d+a)(1—e) oy
ra—1 \ 1+ |2/ = 2| + x4 1+ |y — 2| + xa

- g (a=1)4 24 (a=1)44p Y p 1
~M\zg+1 zq+1 Yat+ 1 x3(1*6)+1*d6

1
Wt aa+ Iy —a)oa

- Tq (a—1)4 24 (a=1)++p Y p 1
~\zg+1 zq +1 ya + 1 x3(1—6)+1—d6+(d+a)(1—6) ’

From [22, p. 26] we also have that

xq/2 = (a=1)++p d
d Zd 11—«
— ~ 1, In(1 1.— 1o<1.
/0 <Zd+1> o >1+ (In(1 + z4)) 1+ <1

Then,

1 Tq/2 24 (a=1)++p dzg
mg(l—e)+l—de+(d+a)(l—e) /0 (Zd + 1) g

< 1 1
~ x3+(d+a)(176) I(lif (d+a)e

(d4a)(1—e)
gdllgl(l) ,
g HF 09 ™ g N1+ [o —y|

provided that 0 < € < o/(d + o) and x4 > 1.
‘We consider now

<1a21 + (ln(l + l'd))].a:l + x}liala<1)

t/2
Hy(x,y,t) = / / 8fW5’ft_s(x,z)zd_o‘Wﬁs(z,y) dzds
0 {zeRi:zd>zd/2}

t/2
+/ / EWE,_ (0, 2)27 WS (21) deds
0 {zERi:zdgwd/ﬂ»

= Hk,l(xay7t)+Hk,2(x7y7t)a x7yeRiat>0
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First, we estimate both terms using (2.1) and Proposition 2.2(a).

p>(a—1)y, for £ =1,2 we get

|Hkll'ya |

f Lo
X(u—

Sl/a
>< e —
st/ + |z —y|

We define, as before, o/ = a1 —¢€)

(1—s)l/e

s)te + |z — 2|

><d+a><1e>

—k—d/a
(1—s)to + x4y

(d+a)(1—€)
)
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Recalling that

Lq

)(04—1)+
P
gd/a

(3.4)

(a=1)4 2
(1 —s)ta 4 24

)

Yd
st/e +yq

Zd
st/ 4igy

dzds.

—defor0<e<a/(d+a)sold<a<a<?2

Thus, from Proposition 2.1(a) with A = 0, we have

1/2
|Hk,1(m7ya N /

/.
—1)4

(@/=1)%
( l—sl/a—&—xd) ((1—3)1/a+zd

2q

)(a'—1)+

o 1 Yd (e 24 Sl
sd/a Sl/a+yd Sl/a+2d
(1—s)t/ dto’ sl/a d+al .
(1 —s)t/a 4|z — 2| sl/e 4+ |2 — g
- 1 1/2/ oy (a/=1)4 2 (a'=1)4
Y35 o ey \TT— N ) = 1T + 2

% Yd
(Sa//a)d/o/ (s(x /a)l/a' + 4

(e ~1)4 24
()T 2

)(0/1)+

’ ’ d+o’ ’ ’ d+ao’
. ((1 _»8)a /a)l/a (Sa /a)l/a « dods
@ O e —21)  \GT Ay

1 Y2 ,
~ Wa _5)a'ta (m,z)W&SO,/(,(z,y) dzds

d JO

e
S — we / / dzd
S [ W) s
- 1 1/2 Tq a’'—1)4
S I \ T v 1z,

y Y (a'=1)4
(1 /a+8a’/a)1/a +yq
o’ +d
1 —'S o Ja e /a)l/a
ol 7 7 dS
1—8 /a+sa /a)l/a |£C—y‘
a’ — a’'—1 - o' +d

< i/ ( D+ Ya ( )+ 21/ s
ng 0 92— 1/a+xd 271/a+yd 21/o¢+|x7y|
<L < T4 )(a e ( Ya >(a/_1)+ ( 1 )O‘/er
~ag \1+zq 1+ yq 1+ |z —y ’
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In order to estimate Hy 2, we notice first that from [22, Lemma 22],

/ (1 s/ (d+a)(1—e) /o (to)a-9
_— dz
ra—1 \ (1 = s)1/a + |z — 2| st/ 4|z —y|

T e
~ Jrar \ (1 —s)V/e +xq + |2/ — 2|

1/a (d+a)(1—e€)
X ( > ) dz'
gl/«a + x4+ |Z/ _yl|
< ((1 _ S)S)(d—i-a)(l—e)/a 1
~ m34(175)—de+1 (xd + |x/ _ y/|)(d+a)(175) )

provided that z4 < x4/2.
Then, by taking 0 < € < (o — p)/(d + «) (which is possiblesince p < «), from
(3.4) we get

12 pral2 &, (a2,
mtesns [ [ (e A Y
1—81/0‘+xd (1—s)t/et 2,

- Yd Zd P
d Sl/a+yd 1/a+zd gd/

1— (d+a)(1-e)/a 1
X ( izfze)fdeﬂ T @i “ads
z, (xd + |z" = y'})

- /!L’d/2 /1/2 24 (—1)% 24 p
~Jo 0 (1 —s)t/> + 24 sl/a 4 z4

((1 _ S)S)(d—ka)(lfé)/asfd/a Zd
(md 4 |.’IJ/ _ yl|)(d+a)(1—e) ds (x(l €)—de+1

dzq

N 20 pH(a=1)
3 /0 a(1—e)—de+1+4(d+a)(1—e) (I'A zq) *dzg.
Zq

Here,we have used that, for the values of € indicated above,

gld+a)(1—¢)/a—d/a (1 A )‘“ _ (Sufe(dm)/a)/p A (Sufe(dm)/a)/pfl/a) Zd)”

gl/a
< (1 A s(a—p—e(dm))/(amzd)" < (1A z)P.

Finally, since 0 < € < a/(d + «), by proceeding as in page 11 we get

1 1 (d+a)(1—e€)
Hyo(z,y, )| < — [ ———— . xg > 1
Heae 015 22 (771) ’
In a similar way, we can also see that
_ 1 1 (d+a)(1—e€)
Hy(z,y, ) < — [ ———— . oxg > 1,
| Hy (2,9, 1) S g(1+xy|) d

where o
ﬁk(x,y,t) = / W(;st(:az)z;aafwgt,s(z,y) dzds.
0 RY

By putting together all of the above estimates, and using the scaling property
(3.3), we obtain

th— lakDocO (z,y ‘N

)

t—d/a tl/a (d+a)(1—¢)
(za V ya)* (tl/“ + |z — y|>
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for 0 <e< (a—p)/(d+ ).
Consequently, recalling the definition of the local part L in (1.3), for certain
constant C' > 0 we have

[ ]| psien)| ..o deay
re Jo

(xaVya)® tfd/a tl/a (d+a)(1—¢)
S / / o < 1/ > dtdy
{yGRi:C*ldedeCId} 0 (‘Td \ yd) e+ |J) - y‘
(Czq)® tl/a (d+a)(1=¢)
S e il (L dyat
~ d o d tl/o‘ + |$ _ |
0 {y€R+:C lz4<ya<Czq} )

B (Cza)® » /e (d+a)(1—¢)
gazda/ t /a/ (1/0¢> dydt
0 ra \tY* + |z —y|

< (Czq)® 1
a” dydt
~ /0 /Rd (1 + |2])(d+a)(1=e) Yy
S

for each z € R%, provided that 0 < € < (o —p)/(d + o).
By symmetry, we also deduce that

/d/ ‘t’H@fDi‘j?(z,y)}xL(x,y,t)dtdx51, y € RS,
]R+ 0

when 0 < € < a/(d+ «).
Schur’s test allows us to conclude thet the integral operator

[ ]
BEN@ = [ 0 i .0 ) dedy, xR
¥
is bounded on LP(R% ) for every 1 < p < cc.

4. PROOF OF THEOREM 1.1 FOR oo = 2

4.1. Global part. For the case o = 2 we know, by Proposition 2.2(b), that

y - Tq \P ya \* 1 eyl
I 8tW/\7t(a:,y)|,<v(1/\tl7) (1+t17) e

b P 1 t1/2 d+2
S(n LY (g ey L0 )T
~ t1/2 t1/2 td/2 t1/2+\x—y|

for any z,y € R‘i,t > 0.
With this estimate, we can proceed as in the case a € (0,2) (see §3) and prove
that, for every k € N, k > 1, the operator Ji’k given by

Jiyk(f)(lf) :/]R Jf’k(x,y)f(y) dy, zeR%,

i
whose kernel Jf’k(x,y) is as in (3.1) with o = 2, is bounded on LP(R%) for every
1<p<oo.

4.2. Local part. When dealing with the local part and o = 2, we keep the notation
used in Section 3.2. We recall that in the local part, we are considering x,y € Ri
with |2 — y| < (x4 Aya)/2 and 0 < tY/* < 24 V yq.
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Let j = 1,...,k — 1. According to Proposition 2.2(b) we get the following
estimate

1+4+p p
[Hja(x,y,1)| Sxf/ 2d = _Yd ) a2yl g,
’ R 14+ x4 14+ 24 14 yq
1+4+p p
S x,;Q/ 2d “d _Ya e~ 5le—yl® o= 5l—yl* g,
Rt \1+Zd 1+ 24 1+yq
p
o () () o Lo
Zd Yd Rd

2, §lo—yl?
Sx ;e .

Therefore, for z,y € R‘i with |z —y| < (xqg Aya)/2 and 1 < 24NV yq, we get

o) < & (— )
1z, y, ) S 5 | ———— )
PR Y 22 \1+ |z -y

Similarly, we get

d+a
1 1
Hyo(,9,1)] < (*) .

22 \1+ |z =g
On the other hand, Proposition 22(b) leads to

|Hk71(xvya 1

)|
(7] g N s ()
~Jo {2€R% 2> q/2} (1—35)Y/2 + 24 (1—8)1/2 4 24
p

p 2 2
o (v ZIC AL NESTCE
X 2z (81/2+yd> <51/2—|—zd> sd/26 dzds

ly—=|2

1/2 P T — 2 _% s
<m72/ rd Yd e*%%/ € dzds
~ d 0 (1*5)1/2+l‘d 51/2+yd Rd 5d/2

1/2 P _
<x_2/ ZTd Yd e*%‘ﬁfﬂz ds
~oE o (L—8)2 4 ag \sY2 4y,

-2 _—§|z—y|?
/Sxd e 2 )

for(z,y,1) € L.
We now study Hy . Using again Proposition 2.2(b), it yields, as before,

IHk,2(x7ya 1

)|
< /1/2/ (1 _ S)—k—d/Q ( Zq ) ( 2d )
~ 0 {zERi:zdgmd/Q} (1 - 8)1/2 + x4 (]_ — 5)1/2 + zq
p

b 2 2
-2 Yd Zd 1 7C‘T':zs‘ 7C\z:;y\
X z4 <31/2+yd> <51/2 +2’d) ST/QG T dzds.

Note that, for each s € (0, %), we can write

_ele' =22 _olwl? _
/ e s TS dY S e ¢ dw < s4TD/2,
Rd—1 Rd—1
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Then, for s € (0, 3),

P 2 2
Zd Zd _o _clz==1" _ lz—vl
z, e T—s s dz
/{zeRi:zdgxd/z} <(1—5)1/2+2d) (51/2+2d) ¢

< /“/2 Zd I Y PRy L D EU L,
~ d d-
0 (1= 812424 ) \ 812+ 24

Combining the above estimates, we get

zq/2 1/2 p
Hia(z,y,1)| S (a-1)/2 o - -
|Hpo(2,y )|N/O /0 S (1— )12+ 24 S1/2 {5g Zd

. 1/2 d+4
X ( (L—s) ) dsdzy

=2 gty — o

za/2 p1/2 p
< (d—1)/2 A ( Ld)
N/o ; S (1/\(1_5)1/2> 1/\51/2 ds

« dzd 1 4
25 \za+ly —a|

wa)2 p1/2
5/ ¢ / S(dfl)/271/4(1/\zd>1+1/4d_22d 1
0 0 Z

AW
d Lg
1 [ee)
d—3/4 dzq 1
S/Zd /dzd+/ 2 a4
0 1 g Iy
1

S o
Ly

2
Sy N
x5 X1+ [z =y 2

In a similar way, we deduce that
B, (1) < — S
Z,Y, ~ 24T . ; Zg = L.
R 22\ 1+ |z — y] d
We now put all of the above estimates together obtaining

1 1 d+2
ez (<4 (— 1 )"
‘t 3 y)t:INIZ 1+ |z —y

Therefore,
£1/2 )(d+2)(1—e) 1

1
tkflakDZO ’ < (N 12)2
‘ t L\ (x7y) ~ td/2 tl/Q (-’L‘d\/yd)27

+lz =yl
with 0<e< (2—9p)/(d+2) = (a—p)/(d+ o).

5. PROOF OF THEOREM 1.2

We proceed as in the proof of [38, Proposition 3.5] and of the weighted property
in [2, Theorem 1.1] by using [11, Proposition 2.3] (see also [5, Theorem 6.6]). We
define, for every t > 0,

(;,t = (I - W)(\X,t)ma
for m € N to be fixed later.

For every z € R, 7, s > 0, let B(z,7) = {y € R?: |z — y| < r} be the usual ball
in RY, sB(z,r) = B(z,sr) and B(z,r) = B(z,r) NR%. Also, let us consider for a
ball B C R?, the sets So(B) = B and for j € N, j > 1, S;(B) = 2/B\ 271 B. We
denote also, for B C R? and j € N, S;(B) = S;(B) NR%.
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From now on, we will assume that 1 < p < ¢ < co. Suppose that B= BN Ri,
where B = B(zp,rp) with zp € Ri, rg > 0 and that f is a smooth function
supported in B.

We consider first the case o = 2. By using [2, (2.17)], from Proposition 2.2 (b)
we deduce

1 1/q (2%
2 q p
<|S< B)] S<B>|AA’T2’3(f)<x)l dz) Copera (IBI/f |d$> ’

for 7 € N where C > 0 does not depend on j, 8 or f.
On the other hand, the arguments in [2, pages 13 and 14] allow us to obtain that

1/q
1 . w —7 m
<|S ( )‘ 5,(8) ‘ P({tkafw)\7t}t>0)([ - Ai,ré)(f)(xﬂqu) S 2 i(da+2 )fq,Ba

1/q
where f, g = (\Tlﬂ I |f(a:)|qu) and the constant, does not'depend on j, Bior f.
We choose now m € N such that m > d/2. Then

Z 9—i(d/q+2m—d) oy
j=1
According to Theorem 1.1, the p-variation operator Vp({tkafWit}Do) is bound-
edon L4(RY ). By using [I 1, Proposition2.3] we conclude that V, ({t*0f W3  },50) is
bounded on L’“(Ri, w), provided that p < r < g and w € AT/p(Ri) ﬁRH(q/T)/(]Ri).
Taking p = 1 we obtain that Vp({tkafWit}Do) is bounded on L"(R%,w), pro-
vided that w € A,(RY) NRHy(R%), 1 < r < /s < oo. Since, if w € A,(R%)
with 1 <7 < oo, there exists 8> 1 such.thatw € RHz(R%) we conclude that
Vp({tkafo,t}Do) is botinded on L™(R% , w) for every 1 < r < oo and w € A, (R%).
Assume now 0 < a/< 2. According to Proposition 2.2 (a) and by proceeding
as in the proof of {7, Theorem 5.1] we deduce that if 1 < p < ¢ < 00, £ € N and
0 < € < 1, there exists € > 0 such that for every ball B = B(zp,rp) N R%, with
zp € RY and@rp > 0, every ¢ >0and j € N, we have that

1 1/q
(IS (B)] |tfafWﬂt<f><w>|de>

S;(B)
rB d/p B d
Scmax{(tw) () }
fraYa o g N~ -9 /v
1 , 14+ —— Pd 1
W(oa) (o) (g fere) e

for every f € LP(R%) supported in B, and

1 1/q
<| ItlafWﬁt(f)(w)quw>

SiB)| Js, )
227’3 d/p QZT’B d
< -2 .
Nmax{<t1/a) ’<t1/a) (5.2)

) _ _ 1/p
tl/a)d/q< 2““3) (d+a)(1—e) 1
x (14 = 1+-2 — |f(x)Pdz |
( 2rp t1/e 1S;(B)| Js, )

for every f € LP(S;(B)).
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According to (1.1) we obtain
V, ({t*0F W3 hso) () () < /OOO |0:(t* 0y W3R (F)(2))| dt, @ € RE.
Now, for £ € R\ {0}, we consider the operator
T = [ oW )@, o € R

Assume that j € N and let B = B(zp,rp) NR%, with zp € RY and rp > 0. By
using Minkowski inequality we get

1/q
( 5 / (1= W,y ) (f))(:v)l"dw>

1/q
b <5j<16>| sy R - Wirg>m<f>><x>lqu> ar
1/q
</ / ) ( B)| Js;5) |te18£Wf’t((l_Wf,rg)m(f))(x)lqu> dt
= I1 + IQ.

We now adapt the arguments in [38, p. 15 and p» 16]. We begin analysing I;.
First observe that

e s
« m (6%
(I W§,e) :/ /0 Doy o Doy Wity ovs, oy,
0

Then, by (5.1) and calling § = s1 +:-»+ s,,, and ds = dsy ... ds,,

a o 1/q
o0 TB ’I‘B 1
Igg/ /O /0 ( (BI/ [t 040sp. .. 05, Wty (f )(x)|qdz> dsdt
TS J
<[ 8] oo
e Jo 0 o (tHE)mE

um oW L (f)(2)|

u=t+s

. 1/q
dzr dsdt
<|5( B)| S,(B)‘ )
rB d/q <t+5)1/a d/q
1 -
st ([ i () (557
(d+a)(1—e)
2]7“3
X <1+(t—|—5)1/0‘> dﬁdt)
(29rg)®  prd B N 1/ d/q
< - (= -
qu’8</rg /0/0 tm+1(tl/a) <2j7"B> dsdt
o o e ()
@irpaJo o TR g/ Yrp

(2.7'7,3)& o1
S e
T

o

B

4 ma— a)(l—e & :
w pg (e )+/ 2dﬂ/qr%mtm1dt>
(

2irg)e
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< fuB (2—j<d+a><1—e> + 2—j(am+d/q))

< f,p2 i@ 0=0)

d+o¢_ﬂ

provided that m > W 1 by choosing 0 < e < 1

(d+a)(1—e) B

. Hence, if m >

such that m > 4 the estimates hold.

We can conclude that
I, < CQ—j(d+a)(1—6)fq 5.

On the other hand, we can prove by using (5.2) (see [38, p. 15 and p.16]) that
I, < 0279t g o

where 0 < e < 1.
‘We obtain that

1/q
1 .
_ a ym q < —jld+a)(1—e)
<|53(B)|/Qja”|7z<cr WE )™ ()@) dm) <2 fis,

provided that 0 < € < 1 and m > M —4 i

Let € € (0,1). According to (5.1) we deduce that

1/q
1 . 4
<|SJ(B)| S;(B) (I = AR ) () ()] )

m l/q

) o i
;<|SJ BRC
m 1/p ,L'l/oz a/q 2] —(d+a)(176) 1 1/p

_— _ p
> (o) o857 (B 3e) (@1 /)
=1
. 1 1/17
52ﬂWﬂmhﬂ(/Lﬂmwm) |
|B| /5

We define a;j = 2-i(dFa)(1-¢) 5 ¢ N. We have that Zj‘;l @;j29% < oo provided that
0<e<afld+a).

By/[Ll, Proposition 2.3] (see also [5, Theorem 6.6]) and by proceeding as in the
case a = 2, we conclude that the operator 7, is bounded on LP (Ri,w) for every

1 <p<ooand w € A,(R%). Hence, the p-variation operator V, ({tkﬁfo)t}bO)

A

A

is also bounded on L*(R%,w) for every 1 < p < oo and w € A,(R%).
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