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WEIGHTED ESTIMATES FOR SCHRODINGER-CALDERON-ZYGMUND
OPERATORS WITH EXPONENTIAL DECAY

ESTEFANIA DALMASSO', GABRIELA R. LEZAMA', AND MARISA TOSCHI?

ABSTRACT. In this work we obtain weighted boundedness results for singular integral operators with
kernels exhibiting exponential decay. We also show that the classes of weights are characterized by
a suitable maximal operator. Additionally, we study the boundedness of various operators associated
with the generalized Schrodinger operator —A + p, where 1 is a nonnegative Radon measure in R,
for d > 3.

1. INTRODUCTION AND MAIN RESULT

In [3], J. Bailey studied about harmonic analysis related to the Schrédinger operator £L = —A+V,
for V' a locally integrable function in R? with d > 3. Asking the question whether it is possible to
construct a Muckenhoupt-type class of weights adapted to the underlying differential operator and
whether this class can be characterized in terms of the corresponding operators, he defined new classes
of weights. These classes, named S‘fc and HI‘,{ »"*. are comparable under certain dependence on the
parameters m and c. The second one looks at the weights in the Euclidean distance, while the first
one is adapted to another distance depending on the potential V. Both classes of weights are strictly
larger that the class A;,‘,/’OO given in [7] (see §2.4).

Actually, since the classes can be described through a critical radius function associated to the
operator £, we will name the classes Sp., Hpe"' and AJ, respectively. This idea together with the
main tool used throughout the work, the decay of the fundamental solution of the operator L, leads
us to think about leaving particular examples aside, for the moment, and address a general theory
to prove the boundedness of singular integral operators having kernels with exponential decay on
weighted LP spaces. Regarding the weights, we will deal with the class Hj . since one can have
a better understanding of the behavior of the weights with respect to the Euclidean distance. An
analysis of the classes of weights is given in §3.1, including a simple example that shows the difference
between them.

In the spirit of [1, Theorem 5.1], we give an extrapolation theorem (see Theorem 4.1) on weighted
Lebesgue spaces for weights associated to the maximal operator defined in [3], and prove boundedness
results for certain collection of operators that we shall introduce in §2.3. In order to do so, we
first complete the work done by J. Bailey and characterize the classes Hp. as those that ensure the
boundedness of the mentioned maximal function, which is an important result by itself (see §3.2).

The article will conclude with the presentation of certain examples of operators associated with the
differential operator £,, = —A+p, along with their corresponding boundedness properties. Here, 11 is a
nonnegative Radon measure on RY, as considered in [ 1] and [3]. These operators include the imaginary
powers (—A + p)?7, the Riesz transforms R, = V(—A + ,u)_% and its adjoint R}, = (—A + u)_%v, as
well as operators of the form (—A + V)_j/ 2Vi/2 for j = 1,2 with V a nonnegative function belonging
to the classical reverse Holder class RH, for ¢ > %.
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Throughout this paper C' and ¢ will always denote positive constants than may change in each
occurrence. Also, by a < b we mean there exists a positive constant ¢ such that a < ¢b, and a 2 b is
the same as b < a. When both are valid, we simply write a ~ b.

2. PRELIMINARIES
2.1. Critical radius function and Agmon distance. We introduce the notion of critical radius
function as any function satisfying the definition given below.
Definition 2.1. A function p : R? — [0, 00) will be called a critical radius function if there exist
constants kg, Cy > 1 such that

ko

—1 o —y[\ |z — y| FotT
5ot (1+E21) < i) < Cuptery (14 E2 1) (2.1)

for z,y € R%.
Remark 2.2. It follows from the definition that p(x) ~ p(y) if |z — y| < p(x).

A ball of the form B(xz, p(z)), with € R?, is called critical and a ball B(x,r) with r < p(z) will
be called sub-critical. We denote by B, the family of all sub-critical balls, that is,

B, = {B(az,r) cxeRY P < p(:z:)}

It is well-known (see, for instance, [I] and [9]) that many phenomena involving the classical
Schrodinger operator Ly = —A + V', with a potential V', can be better described in terms of the
Agmon distance, which is comparable to the Euclidean distance locally, but is a Riemannian-like
distance obtained by deforming the Euclidean one with respect to a quadratic form involving the
potential.

In our setting, a notion of Agmon distance can also be given as:

1
dy(a) = inf [ o)1 1),

where the infimum is taken over every absolutely continuous function v : [0,1] — R? with (0) = =
and v(1) = g.

The following lemma establishes the aforementioned local comparison between the Agmon distance
and the FEuclidean distance.

Lemma 2.3 ([3, Lemma 2.2]). Let p : R — [0,00) be a critical radius function. If |z —y| < 2p(x),
there exists Do > 1 such that

1 |z —yl [z —yl
22U g (a,y) < DY (2.2)
Do p(x) g p(x)
The Agmon distance can also be compared with the quantity 1 + % as stated below.
Lemma 2.4 ([3, Lemma 2.3], [11, (3.19)]). Let p: R — [0,00) be a critical radius function. Then,
[ =y
dy(x,y §Co(1—|— 2.3

for every z,y € R?,
Moreover, when |x —y| > p(x), there exists a constant D1 > 1 such that

1 |z — y| ForT
dy(x,y) > Dr <1 + () ) . (2.4)
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2.2. Spaces of functions. Given a weight w, i.e., a nonnegative and locally integrable function
defined on RY, for 1 < p < oo we say that a measurable function f on R? belongs to LP(w) iff
1l zew) = (fga If (@) Pw(z)d) YP . For w = 1 we simply write LP(w) = LP.

When p = oo, f € L®(w) iff fw € L* and we write ||f|rec@w) = |fw|w where this quantity
denotes, as usual, the essential supremum of fw on R

Given a critical radius function p and a weight w, we say that a locally integrable function f belongs
to BMO,(w) if it satisfies

HX}|B;U||OO/ |f — fB] < C, for every ball B = B(z,r) with r < p(x), (2.5)
B
and
[xBW||so _ : -
B lfl <C, for every ball B = B(z,r) with r = p(z), (2.6)
B

where fp stands for the average of f over the ball B. As usual, the norm || f||gyo,(w) is defined as
the maximum of the infima constants appearing in (2.5) and (2.6).
It is a classical fact that

1 / . 1
sup —- f—wasuplnf—/ f—al.
PRV AL+ 0y A
This allows us to verify (2.5) for some constant a € R, not necessarily the average fp.

Moreover, as it was proved in [1], the space BMO,(w) can be characterized in terms of a suitable
sharp maximal function.

Lemma 2.5 ([, Lemma 2]). For any weight w and any f € LL (RY), | fIlBMO,, (w) ~ HMﬁ)C(f)wHOO
where

M@= swp o [ 17— pale s o [ g,
xeBeB, ‘B’ B x€B=B(y,p(y)) |B‘ B
2.3. Schréodinger—Calderén—Zygmund operators with exponential decay. In the following
results, we consider an operator T with a kernel K, understood in the principal value sense, that
satisfies certain Calderéon—Zygmund or Hormander-type conditions, having exponential decay. The
terminology used here follows [(] (see also [10]), although their operators, characterized by polynomial
decay, were previously considered in [4] without being explicitly named.

Definition 2.6. For 1 < s < oo and 0 < § < 1 we say that T is an exponential Schrodinger—Calderén—
Zygmund operator of (s,0) type if

(i) T is bounded from L (R%) to L* > (R%);
(ii) T has an associated kernel K verifying the following conditions:
(a) there exist constants ¢,C' > 0 and m > 0 such that

whenever |z — z9| < R/2;
(b) there exist a constant C' > 0 such that

1 1 C /r\®
— K(x,y) — K(xo,y)|°d <= (= 2.8
( B [ )~ Koy y> (%) (2.9

for every |x — x| <7 < p(z9) and r < R/2.

For the case s = 0o, we consider pointwise estimates instead, for which we introduce the following
definition.

Definition 2.7. Given 0 < § < 1 we say that T is a an exponential Schrodinger—Calderén—Zygmund
operator of (00, d) type if

(i) T is bounded on LP for every p > 1;

(ii) T has an associated kernel K verifying the following conditions:
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(a) there exist constants ¢, C' > 0 and m > 0 such that

C z—yl\"
| K (z,y)| < " exp <—c <1 + | @) |) ) , for every x # y; (2.9)
(b) there exist a constant C' > 0 such that
K(a) - Koo < s (1=l)’ (2.10)
RO T TN RV |

for every |x —y| > 2|z — xo.
2.4. Weights associated to a critical radius function. The class A introduced in [7] properly
contain the classical Muckenhoupt weights. For 1 < p < oo, they are denoted by Af) = Uezo Az’e,

where w € A5Y means that

p—1

(o) (o)™ =am(oe i)

for every ball B = B(x,r) with center z € R? and radius r > 0. Similarly, when p = 1, we denote by
Al = U A’l”e, where A‘f’e collects weights w such that

>0
r 0
/w§C|B <1+) inf w,
B p(z)) B
for every ball B = B(z,r).

Let us also consider A,’;’loc as defined in [5]. That is, a weight w belongs to the class Az’loc for
1 < p < oo if there exists a constant C' > 0 such that

p—1

() o) B

for balls B € B,, and for p = 1 if
/ w < C|B|inf w,
B B

holds for every B € B,,.
The weights involved in our main result where given by J. Bailey in [3]. For 1 < p < co and ¢ > 0 we
denote by Hj . := U0 HP", where HP" is the class of weights w for which there exists a constant

C such that 1 v
(o) () ™ =amten ({1 55)7)

for each ball B = B(z,r) with center € R? and radius 7 > 0.
When p = 1, for ¢ > 0 we denote by HY . := U, H{ ', Where w € H{?]" means that

1,c >

r m
w < C|Blexp | ¢ 1—|—> )infw,
/B B p(( po(x)) )b

for each ball B = B(x,r) with center x € R? and radius r > 0.
Clearly, for any 1 < p < oo, Hjey' C Hjen? whenever ¢; < ¢g and my < mo.
Notice that when ¢ = 0, we recover the Muckenhoupt A, classes. Moreover, it is easy to see that
the classes Hj. satisfy similar properties to those of the A, weights, as we establish in Lemma 3.2.
It is easy to see that the weights in HJ." satisfy the following doubling condition.

Definition 2.8. Let x > 1 and ¢ > 0. We denote by Df . := Um0 DER', where DL is the class of
weights w such that there exists a constant C' for which

w(B(z,R)) < C (f)dﬂ exp (c <1 + /@)m)ww(m,r))

for all z € R? and r < R.

Remark 2.9. If w € Hp", by Holder’s inequality it easy to check that w € Dy .
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We will also deal with the reverse Holder classes of weights. In [7, Lemma 5] the authors prove that
a weight w € AD, 1 < p < oo, verifies the following reverse Holder inequality

() <o () ()

for every ball B = B(z,r) and some constants 5,C > 0 and n > 1.
Reverse Holder classes adapted to the context of weights with exponential growth will also be
needed.

Definition 2.10. Let n > 1 and ¢ > 0. We denote by RH}) . := J,,»o RH})", where RH}" is defined
as those weights w such that -

(1/wﬁ)%<0<1/w>ep<c<1+7ﬂ >m> (2.12)
i — X .
1Bl /5 ~ \IBl /B p(x)
for every ball B = B(z,r).

Clearly, (2.11) implies (2.12).

Remark 2.11. Note that when taking m = 0, RH{)),’S and D,ﬁ:g are the classical reverse Holder classes
and doubling classes, respectively.

3. AUXILIARY RESULTS

3.1. Some properties for H} . The importance of the following result lies in the fact that the
class of weights involved in Theorem 4.1 generalizes those presented in [7]. Additionally, the second
inclusion enables the application of established tools for Ag’loc. While this inclusion was originally
obtained in [3], we provide a direct proof that avoids the need for intermediate weight classes and
eliminates certain parameter restrictions.

Proposition 3.1. Let 1 < p < oo. For any ¢ > 0 we have

1
AP C Hp C ADC. (3.1)
Proof. The first inclusion can be found in [3, Proposition 3.2]. For the second one, we consider

w E H{fjgn for some m > 0 and a ball B € B,. We get

p

(/B w)’l’ (/B w—p%);l < C|B|exp (c (1 + p(;))m> < C|Blexp (2™) < C|B],

where the constant is independent of B. Hence, w € A5,

For the critical radius function p(x) = min {1, ﬁ} (which arises when dealing with the harmonic

oscillator whose potential is V' (z) = |z|?), we shall see that w(z) = el*l belongs to Hjj. for some ¢ > 0,
but w ¢ Ap.
Let B = B(y,r) be a ball for y € R? and r > 0. Then,

% 1 Jyltr
/eﬂdm < |Blre »
B
p—1
_ﬂ p 1_1 _‘ylf"‘
e p1dx S|Bl re P,
B
1 p—1
2l gz ) * “%1dz) | < |Blet”
e®ldx e r=ldx < |Bler'.
B B

for every y € R% and r > 0, since r =

and

which give

_r_

p(y)

(fomae)* (o)™ st (3 (1557))

Now, notice that r <
when |y| > 1. Thus,

ﬁ when |y| <1and r < rly| = p{y)
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meaning that w € Hﬁg.
p
In order to see that w ¢ Ap, we will follow the ideas given in [2, p. 367]. Let us consider the balls
By = B(0,¢) for £ > 1. On one hand, we can obtain

) 1 1
= P 20 1
(/ e'xdx> ’ > / ellde | = </ ettdldt> ’ > (e% — ee) .
BQ[ BQ@\BZ £

On the other hand,

p—1 e 1
_ lel P _ lel P B N _t
/ e r-ldx > / e rldx Z(e 1 —¢ P—1> Ze r.
Bay B2\ By
These yields
1 p—1
ol g ) ” “igr) Y
eldz e r=1dx > (e"=1)r,
BQZ BQZ

and since this estimate holds for any ¢ > 1, the left-hand-side cannot be bounded by any polynomial
on /. That is, w ¢ A5? for any 6 > 0, so w ¢ AL as we claimed. O

As it was observed in [5], the A} classes preserve the favorable properties of the A, weights. Similarly,
as the reader may verify, the H} . classes also exhibit these properties.

Lemma 3.2. The following properties hold:
(i) HY:e' C HYe" for every 1 < p < q < 0o and m,c > 0.
(it) If w € HEY for some 1 < p < oo and m >0, then o :=w' ™ € HET
(iii) If wy € Hf::fl and wy € Hf’CTZQ for some my, ma,c1,co > 0, then for every 1 < p < oo there
exist m,c > 0 such that wlw;_p € Hpe".

Next lemma states that HJ . weights satisfy the reverse Holder condition given above. The proof
follows the lines of [7, Lemma 5], with some modifications that we will provide.

Lemma 3.3. Given 1 < p < oo and ¢ > 0, for any w € Hj ., there exist constants n > 1 and ¢* > 0
such that w € RHT/]),C*'

Proof. Since w € HEZ" for some m > 0, by Proposition 3.1 we get w € A5'°°. We follow the proof
given in [7], where an important tool is Proposition 2. It guarantees the existence of a sequence of
points {x;} jenC R? that satisfies the following two properties:

o R? = Ujcn B(xj, p(24));

e there exist constants C, Ny > 0 such that for every o > 1, ZjGN XB(z;,0p(x;)) < CoM,

When estimating the integral of w” on B, for n > 1, the same arguments can be applied to get that

dkg(n—1)

(/B w")%sw<c<x,r>3>p<x>‘“’7” (1+p(;)) T

)ko/(ko+1)

where c(z,r) = 403 (1 + @

In the context of our class of weights, we use Remark 2.9 to obtain

w(c(z,r)B) < exp (a <1 + p&))m> w(B),

where & = 4cC3p and 1 = m% + m. Therefore we have

(o) = (3 L)oo (< () )

d(ko+1)(1-1) } 0

where ¢* = ¢+ 1 and m* = max {m, ;
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We also have the following property for RH} . families of weights, which gives us an openness
property. It is important to clarify that in the hypotheses of the following lemma the parameters c
and c; are not necessarily the same, which broadens the result.

Lemma 3.4. Let w € HS . N RH} ., for somen > 1, ¢,c; > 0, and p > 1. There exist § > 1 and

¢ >0 such thatweRHT’])ﬁ

Proof. Let w € Hf.N RH},. Then, there exists m,m; > 0 such that w € Hpx' N RHY(". Using
both conditions, we get w” € H} ., with ¢ >0 and ¢ = n(p — 1) + 1. Indeed,

1 n(p—1)
( 1 / 77) np—1)+1 < 1 / _ (pn 1)>n(?—1)—0—1
— [ w — [ w -
1Bl /B |B| /B

n(p—1)
n(p— 1)+1 _ 1 n(p—1)+1
(oo (o () ) o)™ (k)
p(z B

n r % n(p— 1)+1

<o (o 1+ > WG L) G L)
np—1)+1 p(z) |B| /B |B| /B

56Xp< <—1>+1( : eXp( ]1)>+1<”p<w>>m)
gexp<02(1+p(;)> )

with cp = % > 0 and mgy = max{m,m1}.
Then, from Lemma 3.3 there exists 8 > 1 and ¢ > 0 such that w"” € RH g »- Using again that
w € RHf ., we gethRHSBEWithE:cl+%>O. O

3.2. Maximal operators associated with a critical radius function. For f € LlOC (Rd), we
recall the definition of the local maximal operator over sub-critical balls, studied in [7] and [5]:

Mo f(2) = sup é /B 1F()ldy (3.2)

reBEB,
As it was proved in [7, Theorem 1], for any 1 < p < oo, w € Az’loc if and only if M}JOC is bounded on
LP(w).
In a similar way, the classes of weights Hp . are related with the boundedness of certain maximal

functions that capture the exponential growth. This operators were already considered by J. Bailey
in [3], but we define them below for the sake of completeness.

Definition 3.5. Let c,m > 0 and let p be a critical radius function. For f € LlOC(Rd) and € R? we
consider the maximal operator given by

Mped@) = o — ) f... fwi (33)

p(z’)

and its centered version

—~ 1
M/ch(:c) ;= sup

225 oxp (C ( s >m> ]é o) |f(y)ldy. (3.4)

For any z € R? and f € Ll (R 4), the inequality Mgfc = Mv;’fc f trivially holds. The following
proposition states that the reverse inequality also holds under some restrictions on the parameters.

Proposition 3.6 ([3, Proposition 3.5]). Let p be a critical radius function with constants Cy and ko
as in Definition 2.1. Given cy,ca,mi,mg > 0 with my > (ko + 1)ma and ca > ¢1(2Cy)™? we have

M < MM (3.5)

psc1 P2

for every [ € L%OC(Rd) and x € R?.
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The following theorem is significant in its own right, since it allows us to characterize the weight
classes Hyp . as those that ensure the boundedness of the maximal operator M}".. This result will be
useful to give an extrapolation tool in Section 4.

Theorem 3.7. Let 1 < p < oo. Then, w € Hj. if and only if there exists m > 0 such that M;?C 18
bounded on LP(w).

Proof. The necessity of the class Hj . was already stated in [3, Proposition 3.6] using Proposition 3.6.
We shall prove the sufficiency.
Let w € Hj.. Then, w € Hp"" for some my > 0, i.e., there exists C > 0 such that

(/B w>1/p </B wp*)v < C|B|exp <c (1 + p&))m) (3.6)

holds for every ball B = B(x,r).
Let m > 0 to be chosen later. We can split the maximal operator as follows,

M f(x) < MO f(2) + M@ f(x) (3.7)
where
MO f(z) = sup o £ @y
r<p(z) exp (c (1 n m) ) B(a,r)
and

— _ 1
M) f () s - (C (1+ %)m) ]{BW) |F(w)ldy

p(x)
By Proposition 3.1, HE, C AZ'°° and since M;flc’(l)f(ac) < M},"Cf(z), we deduce that M,TC’(I) is
bounded on LP(w) for any m > 0 and w € Hp .
We will now deal with M, P w2 f. Let {Q}j~ the covering given in [7, Proposition 2| of critical balls
Qr = B(wg, p(ry)). We fix 2 € R? and set Rj_: {r: 207 p(x) < r <27p(z)}. Then, for any Qi 3 z,

~m, _ 1
V(o) = s — () £, 1fwd

p(x)

[

= sup sup

i>1v€R; exp (c (1 + ﬁ)m> cgrd /B(w) | f(y)|dy

1 1
< sup SN / d
j>1 exp (c(1+2/-1)™) <2j_1p(x))d B(o.270(s) |f(y)|dy
2-Jd

<
~ I exp (e (1+ 2 0)™) p(ap)? /Cij |f(y)|dy

where ¢; = 29 (Cp2% + 1) can be obtained from the definition of p, and we have used that p(xx) ~ p(z)
as T € Q.
Finally, from Holder’s inequality and (3.6) we get

Mm@y < / Mm@ g
e < S i

k>1

9—jdp P
< 2D e (5 5 ™ </Q d ') (L")
< S

3 [ o) ([ w)”
up —— w wr—1
kZl ]21 eXp (C(l +2J 1) )p(xk)dp Cij, Cij

y Cj X mi

ey e e (o (1G] )
su -

= 2050 exp (cp (1+2-1)7) p(a)? i

/

/ w
¢ Qk

J

|f[Pw
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ik m
< (C’o2k0 + l)deSup exp (cp (1+27(Co2™ + 1))™) / | f|Pw

k>1721 exp (cp (1 + 2j71)m) Qe
<Zexp( (1+29) mlm Z/ | f[Pw.
7>1 k>1

Since D Xe;Qp < ch,vl ~ C2IMN

Mm,(?) p </ P 93y Tm 2jN1</ P
[tz s [ 1S e ()™ ) 2% g [ g,

j>1

provided that m > mq 4+ Ny is chosen. O

4. BOUNDEDNESS RESULTS FOR EXPONENTIAL SCHRODINGER—~CALDERON-ZYGMUND OPERATORS

We first present useful tools for proving our main theorem. While many of them follow the approach
outlined in [5], additional considerations may be necessary in this new context. For this reason, we
will provide details whenever clarification is required.

In order to get the boundedness on LP(w) for exponential Schrodinger—Calderén—Zygmund opera-
tors, we state an extrapolation result from the extreme point pg = co. Since many of the operators
arising on the Schrodinger context are not bounded on L*°, the following result will allow us to include
them by establishing their continuity from L>(w) to BMO,(w), for certain classes of weights.

Theorem 4.1. Let ¢ > 0 and let T' be a bounded operator from L*(w) into BMO,(w) for any
weight w such that w™9 € Hlp’c, with constant depending on w through the constant of the condition

w9 e Hf’f. Then T is bounded on LP(w) for ¢ < p < oo and every w € Hg/qc

Proof. First we observe that from Lemma 2.5 and the hypothesis on 7', for every f € L°°(w) we have

1M (T Fwlloo < T fllemopa) < ClEllLew) = Cllfwlls (4.1)

whenever w is a weight such that w™¢ € HY

Now, we need to state that Hp . is in the context of [4, Corollary 4], that is, it is a class of weights
associated to the boundedness of a certain family of operators and they verify similar properties to
those of the Muckenhoupt weights. Indeed, both conditions hold by Lemma 3.2 and Theorem 3.7 with
the maximal operators M »c- Hence, we can obtain the boundedness of M, ) T in LP(w), whenever
q<p<ooandwe H ]’: Jac Finally, Proposition 3.1 allows us to apply [, Corollary 5] to finish the
proof. [l

The next two propositions show that, for certain parameters, the exponential Schrodinger—Calderén—
Zygmund operators of (s,d) type for 1 < s < coand 0 < § < 1, fall under the hypothesis of the theorem
above.

Proposition 4.2. Let T be an exponential Schrédinger—Calderon—Zygmund operator of (00,d) type
as given in Definition 2.7 with constants ¢; and my in (2.9). Then, T is bounded from L°°(w) into
BMO,(w) for every weight w such that w™! € Hlp:gm with ¢ < ¢y.

Proof. Let xg € RY, r < p(x0) and B = B(wo,r). We consider

[ =1IXx2B + [XB(zo,20(x0)\2B + [XB(x0,2p(x0))c = J1+ f2+ [3.

Here, we need to observe that as w™ € H{"""", from Lemma 3.3 there exist 7 > 1 and ¢* > 0 such
that w € RHﬁ o+~ Therefore there exist a constant C' depending on m and ¢* such that

1 1/ 1
_ - < (O— -1
<1B|/B“’ ) =5 /"

since r < p(xp).
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Using that 7' is bounded on LY(R%), and that w™! € A’f’loc (by Proposition 3.1), we have

I;w/B!Tfl(xﬂdx < (’; /B T fl(x)de) 1y
< (i1 [, |f<w>wdx>” 7
<ol (g5, w”(xm)” '
< Ol fwlloe (y;/Bwﬂ(x)dx)

< C|lfwllco infw_1

||fw||oo
HwXBHoo
To estimate |1 f3(x)| for € B, we denote by B, = B(zo, p(z¢)) and BS = 2*B, for each k € N.
Thus
m
Lottt [ ot < Cexp (e (14 251)™) T (4.2)
BEF! BET? ||wa;;+1 [loo

for each k € N. Then, by the size condition (2.9) on the kernel K with ¢; and mj, applying the above
inequality and Remark 2.2, we get

Th(a |<Z/,M K (2, )| £(2)ldz

k>1

1 2k=1p(z0)\™
< CZ_:/BHl . W exp (—01 (1—i— w) ) |f(2)|dz

k>17 Be " \Bp ()
1
< C’Zexp ( c1 (1 + ZkCOZkO BkH] / z)|dz
k>1
< Czexp ( Cl _ C) (1 _|_ 2k+1>m1) M
<= Hf los Zexp( —c) (1 + 2k+1>m1>
Twxsls

where the series converges since ¢ < ¢;.
The bound for fa follows as in the proof of [1, Proposition 5], since only the smoothness condition
is required, and the operator T" under consideration satisfies [, (41)], which is precisely (2.10). O

Proposition 4.3. Let T' be an exponential Schriodinger—Calderdn—Zygmund operator of (s,0) type
as given in Definition 2.6 with constants c1 and my in (2.7). Then, T is bounded from L*>(w) into
BMO,(w) for every weight w such that w=* € HY!™ with ¢ < s'ey.

Proof. Let o € R, r < p(xg) and B = B(zg,r). We consider
[ = Fx2B + IX(B(eo,20(x0)\2B) T [XB(w0,20(z0))c = J1 + f2 + [3.

Here, we need to observe that as w™* € HY . and r < p(z0), the estimates of the average ﬁ [ |T f1ldz
follows using Kolmogorov’s inequality and the hypothesis on w as in [5]. Then we have

1wl
T d:): <(C——=—
\Br/ Th@lde < O el

To estimate |T'f3(x)| for x € B, we denote, as in the previous proof, B, = B(zo, p(zo)) and
B/; = QkBp for k € N. From the condition on the weight we can obtain

1/s

1/s
/ /s
/ ’f’s < waHoo / w™* < C’exp (E/ (1 + 2k+1>m1) ’B]ngrl‘ s M
o ; Tx g e
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From this inequality and (2.7) with ¢;,m; > 0, we estimate

Tha <Z/M K (2, 2)||(2)ldz

k>1
1/s 1/s’
<3 ( [ <x,z>|8dz) ( [ !f(Z)IS'dZ>
—d/s' m m /s’ Jwlloo
<05t 4o o 1 2) s (5 (142 o L
f
||’L’UXU;!T’OOO ;lexp ( (cl — —) (1 + 2k+1> )

where the series converges as ¢ < s'cy.
The bound for f> can be obtained as in the proof of [1, Proposition 6] since (2.8) implies [4, (45)]. O
5. APPLICATIONS FOR OPERATORS ASSOCIATED TO —A + p
We consider a Schrédinger operator with measure  in R%, with d > 3,
‘cu =-A + My

where p is a nonnegative Radon measure on R? that satisfies the following conditions: there exist
constants d,,C, > 0 and D, > 1 such that

w(Bla, ) < Gy ()

u(B(x, R)) (5.1)
and
u(B(w,2r)) < Dy (u(B(z,r)) +r'=2) (5.2)

for all z € R? and 0 < r < R, where B (x,r) denotes the open ball centered at x with radius r.
From (5.1) and (5.2) it can be proved that (see [11, Remark 0.13])

du(y) w(B(z, R))
e Rl = o ©3)
and if 9, > 1 then we also have
du(y) w(B(z, R))
<C 5.4
e e 54

for all z € R? and R > 0.
For any nonnegative Radon measure p on R? verifying conditions (5.1) and (5.2), the function given
by

pu(z) —sup{'r>0 ng}, z € RY (5.5)

is a critical radius function (see Definition 2.1).
It is immediate from the definition of p, that for every x € R?

n(B(@, pu()))
pu()?=2

The following technical lemma for the Agmon distance will be an important tool for the examples
below.

~1. (5.6)

Lemma 5.1. Let p: R — [0,00) be a critical radius function. Then, there exists a constant C > 0,
depending on Dy, D1 and kg, such that

dy(z,y) > D7 (1 + ‘i(;f‘)kolﬂ + Dy <1 IC)) >_1 —c (5.7)
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Proof. We will consider two cases. If |z — y| < 2p(x), by Lemma 2.3 we have

1]z —y
d,(z,y) > Dyt .
P( ) 0 p(:L‘)
Since
-1
e =yl 5 eyl :<1+ p(x) ) 7
p(x) ~ plx) + |z -yl |z =y
we get

-1
e = 0" (14 75)

1
As 1+ ‘z(_x%l < 3, we can take C > D1713’€0+1 to get the desired inequality in this case.

On the other hand, if |z — y| > 2p(x) we can apply Lemma 2.4 to get

1
- ISE—.yI)’f0+1
dy(x,y) > D 1<1+
P( ) 1 ,O(:B)

Trivially, 1 + % > 1, so choosing C' > Dy gives (5.7) for |z — y| > 2p(x). Finally, taking

1
C = max {Df%m, Dal}, the proof is finished. O

Now, we shall apply Propositions 4.2 and 4.3 to some operators that were considered by Z. Shen
in [11].

Remark 5.2. 1t is worth noticing that, as a particular case of a measure p we will be able to consider
dp =V (z)dz, with V' > 0 in the reverse Holder class RH 4, that is,
2

2
1 / Vighhdy | <O / Viy)d
T N Yy Yy S U y)ay,
‘B(.%’, T)| B(z,r) ‘B(.T, T)| B(z,r)

for every z € R? and r > 0. Under this condition it is easy to see that y satisfy conditions (5.3) and
(5.4) for some d,,C,, > 0 and D, > 1. In this context, we recover the operators studied in [12].

Hereafter, we denote by I',, the fundamental solution of £,, = —A+ p and by I', 4y the fundamental
solution of L, 4y = —A + (u+ A) for A > 0. As observed in [I1, p. 554], the measure p + A verifies
(5.1) and (5.2) for any A > 0. Also, we may write d,, and d, to indicate the Agmon distances
associated with the critical radius functions p, and p,; defined as in (5.5) for the measures p and
1+ A, respectively.

We refer to [!1, Theorems 0.8 and 0.17] for the following results. Actually, although the estimate
(5.9) given below is not explicitly stated in [11], it is essentially contained within the proof of [I1,
Theorem 0.19] (see also [3, Theorem 4.2]).

For a measure p satisfying (5.1) and (5.2), there exist positive constants Cj,Ca, Cs, €1, €2 and €3
such that

e_eldu(xvy) 6_62dll«(mvy)
1@ <Tulz,y) < CZWa (5.8)

and

~csd(2.9) )
VAT, y)] < Gy / du(=) (5.9)
B(alr52l) |

|z —y|*2 2=l e -y
for z # y. Also, for 6, > 1 we have that there exist C, e > 0 such that

—ed (i[,y)
VAT, (2, y)| < O for « # y. (5.10)

|z — yld-1”
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5.1. Imaginary powers of £,. For v € R, we consider (—A+ )" to be the operator defined in [11]
where, by functional calculus, we can write as

(A + )" fz) = /Rn K (z,y) f(y)dy,

being

sin(myi)

K‘/(xvy) = - /0 /\iWI‘lH_/\(x’y)d)\.

Proposition 5.3. Let pu be as above with 6, > 0, and let €1 > 0 be as in (5.8). Then, the operator
(—=A + ) is an exponential Schrédinger—Calderén—Zygmund operator of (co,d) type as given in

Definition 2.7 with constants ¢y = 25[1)1 and mgy = ﬁ.

™

Proof. In [11, Theorem 0.19] it was proved that (—A + p)? is a Calderén-Zygmund operator for
9, > 0, which gives (2.10) and implies its boundedness on LP(RY) for every 1 < p < co. Moreover,
from (5.8), by using that (see [3, (21)])

du(w,y)Jr@Iw—y!, (5.11)

N | =

Q) 2 5 (u(e,9) + dy(2,)) 2

and Lemma 5.1, we get

1
__“ <1+‘z—y|> ko+1

e g)| < OO e T
T, Y)| < — = =
! & — y|t=2 o —ylt=2
for every x # y and the condition it is satisfied with the desired parameters. O

As a consequence of Proposition 5.3, Proposition 4.2 and Theorem 4.1 we obtain the following
result.

Theorem 5.4. Let p be as above with 6, > 0, and let & > 0 be as in (5.8). Then for any ¢ < 33—,

mo = =g and w such that w™' € HPM, we have that (=A + )™ is bounded from L**(w) into
BMO,(w) and is also bounded on LP(w), for every 1 < p < oo.

5.2. Riesz transforms. We consider the Riesz transform R, = V(—-A + ,u)_% and its adjoint
R:=(~A+p) "2V asin [11].
The Riesz transform R, can be expressed, for f € C2°(R?) and x ¢ supp(f), as
1 oo
Rof(2) = — / N V(A 1t A f(2)dA
0

s

1 />
_1 / A4 / VL ,x (2, y) f(y)dy dA.
0 R4

™

By Fubini’s theorem,
1 [ 1
Ruf@) = [ 2 [T @i @y = [ Kurw
]Rdﬂ' 0 Rd

where K, is the singular kernel of R, given by

1 [~
Ku(x,y):/o A2V T, a (2, y)dA, (5.12)

s

The adjoint R}, can be written as

Rif@) = [ Kitwn oy = | K.y

By [11, Theorem 7.18] we know that R, is a Calderén-Zygmund operator when ¢, > 1, so it
is bounded on LP(RY) for every 1 < p < oo. By duality, R}, is also bounded on L? (R9) for every
1 < p < o0. There also is proved condition (2.10). Moreover, we have that (see [11, Theorem 0.17))

Kyl < €

LY s —7,

g & — y|

for some € > 0, and the same estimate hold for [K}(x,y)| (see also [3, Lemma 4.3]). Then, by

Lemma 5.1 we obtain the following classification for the Riesz transform and its adjoint.
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Proposition 5.5. Let u be a measure verifying (5.1) and (5.2) with 6, > 1. Then, R, and R}, are
both exponential Schrédinger—Calderéon—Zygmund operators of (00,0) type as given in Definition 2.7
with constants ¢ = ﬁ and m = ﬁ

As a consequence of Proposition 5.5 above, Proposition 4.2 and Theorem 4.1 we obtain the following
boundedness result for the case 6, > 1.

Theorem 5.6. Let ;1 be a measure verifying (5.1) and (5.2) with 6, > 1. Then, for any c < 5D

moy = m and w such that w=! € H{" mo, we have that R, and R;, are both bounded from L>(w) into
BMO,(w) and is also bounded on Lp( ), for every 1 < p < co.

When 0 <4, <1 we consider the adjoint operators R}, and the estimates given in [3, Lemma 4.3],
which establishes the existence of constants C, e > 0 such that

e~cdu(@y) dp(z) 1
Ki(z,y)| < O / + , 5.13
| /L( )| |x_y|d71 B(y,@) |Z_y‘d*1 |:E_y| ( )

for all z,y € R? with = # y.
Before determining the type of operator that R}, is for 0 < 4§, < 1, we will need to make the following
generalization of a known property for the case where du(x) = V(z)dz, as given in [, Lemma 1].

Lemma 5.7. Let u be a measure verifying (5.1) and (5.2) with 6, > 0. Then there exist a constant
C > 0 such that for any o € R and R > 0

N
p(B(xo, R)) < CR™ <1 § p(io)) ’

for all N >logy Dy, with Dy, as in (5.2).
Proof. Let us first consider the case R < p(zg). By (5.1) and (5.6),

d—2+6,
/um%ims(MZQ 1 (Bleo. plao)) < B2

Now, if R > p(xg), let jo € N such that 2901 p(z) < R < 29°p(z) and use (5.2) jo times to get
p(B(wo,271)) < D p(B(x0,7)) + Diord=220o~1)(d=2),

Then, again by (5.1) and (5.6)

R

d—2+46 )

d—246,
S (o) (D (Bloo. o)) + Diplaa)-2206-016-2)
=\ 30 (a) wh B z

R \* (D,\”
<otz (L) ()
- p(zo) 20u

Finally, since log, < (zo)) < jo <1+ logy ( R ))7

p(zo

mmmﬂ»s(

D]()2 Jodp <D +10g2(p(§0))2*5u IOgQ(,,(%Q)

<D, Dbg?(”( >)< : > O
o)

() ()

Therefore, in both cases we obtain the desired estimate. O

Proposition 5.8. Let y1 be a measure verifying (5.1) and (5.2) with 0 < §, < 1. Then R}, is an
exponentz’al Schradinger—Calderdn—Zygmund operator of (s,0) type for some 0 < § < 1 and every

€

1D and m =

1<s< 65 as given in Definition 2.6 with constants ¢ = k01+1'
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Proof. Condition (i) of Definition 2.6 follows from the proof of [ 1, Theorem 7.1] for every s’ > 2 —4,,

i.e., for every 1 < s < ?:gz.

2—
172“ Lemma 5.7, we have that,
i

We now prove condition (2.7). Using [11, Lemma 7.9] with 1 < s <
whenever |z — 29| < R/2,

d ( ) s 1/s d ( ) s 1/s
z z
R<|zo—y|<2R B(y,w) |z =yl B(z4R) \JBar) |2 — Yl

1 (B(x,12R))
<C RA1—(1/s)—1

logy Dy,
< CRYs1 <1 + pf;) : (5.14)

Then, by Lemma 5.1 and (5.13),

1 He 1 7L<1+ R >k01+1 R logy Dy, 1 70(14» R )m
), Kiealtdy ) 5 e B () T2 (14 T g e ()
R Jp<|zo—y|<2R R p(x) R

To prove condition (2.8) we follow the ideas given in the proof of [I 1, Theorem 7.18]. There exists
51 € (0,1) such that for xy € B (x, @)7

|vlru+/\(y7 :L‘) - V1Fu+>\(y7 33‘0)|

01

Tr — X

S (', ’) sup (Vi (y, w)
=yl ) weBz-yl/2)

01
5 (’.’L‘ — 1‘0’) sup e—egle_A(y,w) 1 -, / dﬂ(23_1 + 1
==yl ) weB@|e-u/2) ly — wl B(yluz) |2~y jw =yl

< |z — @0l o I du(z) 1
“Nle=ol ) wen@iun o =l \ Sy =i o —y)
weB(w,|x—y|/2) y—w B(vay) z—y w—1y

where we have used (5.9) and (5.11).
By taking the supremum on w we obtain

€331/2
,I)\/

4 0o
1K a) — K (30| < ('xmo') ety )
y S RN £ Y] ly — 242 \ U y—ap 12 =yl Ny =z ] Jo  AV2

<<lwmo|>‘” () dul) 1
~\ |z -y ly — 242\ V@, jy—ap 12 =yl |y — 2

Finally, proceeding as in the estimate of the kernel size and using (5.14), we obtain (2.8), completing
the proof of the proposition. [l

5.3. Operators associated to a potential. In the particular case where the measure p is given by
dp(z) = V(z)dx, with V' a nonnegative function belonging to the classical reverse Hélder class RH,
for g > %, we will be able to study the operators T; = (=A + V) 79/2V3/2 for j = 1,2. Actually, they
can be found in [4], where weighted estimates were proved for weights in the class Aj.

Condition (i) of Definition 2.6 holds for T}, j = 1,2 when s > 2¢g and s > ¢, respectively (see [12,
Theorems 5.10 and 3.1]) and condition (2.8) is contained in the proof of [8, Theorem 1] when s = 2¢
and s = ¢ for T} and T5, respectively, and some § > 0.

Now, from the results in Section 4, we shall obtain estimates for weights in H} ., for appropriated
parameters, where we understand by p the critical radius function associated to the potential V. In
order to do so, we will see that the size condition obtained in [/, Theorem 8] can be improved in order
to have (2.7) for the kernels of T}, j =1, 2.
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For each j = 1,2, we have
Tjf(x) = (~A+ V)PV f ()
1 o . .
= [N [ Pra VP @)y
R

™

0
= | Kj(z,y)f(y)dy,

and by the estimates for the fundamental solution of —A + V' given in (5.9), (5.11) and Lemma 5.1,

there exists €; > 0 such that
1
€j lz—y| ) ko+1
exp <_2Djl (1 + o(z) ) 0 >

|z — y[d—2

|Kj(z,y)| < C V(y)? j=1,2 (5.15)

Then, condition (2.7) follows in the same way as in the proof of [1, Theorem 8| considering s = 2¢
and s = ¢ for the cases j = 1 and j = 2, respectively.

Therefore, we get that both T} are exponential Schrédinger—Calderén—-Zygmund operators of (s, 6)
type for s as above and some ¢ > 0.

As a consequence of Proposition 4.3 and Theorem 4.1 we obtain the following result for each 7.

Theorem 5.9. Let V be as above with q > % , and let €; > 0 be as in (5.15), j = 1,2. Then, for
any ¢; < %, mo = ﬁ and w such that w=* € H’fgo, with s = 2q when j = 1 and s = q when
J = 2, we have that Tj is bounded from L>(w) into BMO,(w) and is also bounded on LP(w), for every
s <p<oo, forj=1,2.
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