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NEW CHARACTERIZATIONS OF MUCKENHOUPT Ap DISTANCE
WEIGHTS FOR p > 1

IGNACIO GÓMEZ VARGAS

Abstract. We characterize the collection of sets E ⊂ Rn for which there exists θ ∈
R\{0} such that the distance weight w(x) = dist(x,E)θ belongs to the Muckenhoupt class
Ap, where p > 1. These sets exhibit a certain balance between the small-scale and large-
scale pores that constitute their complement—a property we show to be more general
than the so-called weak porosity condition, which in turn, and according to recent results,
characterizes the sets with associated distance weights in the A1 case. Furthermore, we
verify the agreement between this new characterization and the properties of known
examples of distance weights, that are either Ap weights or merely doubling weights, by
means of a probabilistic approach that may be of interest by itself.

1. Introduction

The theory of Muckenhoupt weights has been a central part of harmonic analysis for
decades due to their relation to the boundedness of important operators such as the
Hardy–Littlewood maximal operator and Calderón–Zygmund operators. These properties
make them suitable for obtaining various Sobolev-type inequalities and embeddings, which
are particularly useful for proving regularity properties of solutions to PDEs on a given
domain Ω ⊂ Rn. In this regard, and especially when the boundary ∂Ω is not smooth
enough to allow for the existence of well-behaved solutions in standard Sobolev spaces,
the use of weights of the form x 7→ dist(x,E)θ, where E ⊂ ∂Ω, has been considered
by numerous authors, since these weights are sometimes able to diminish the effects of
boundary roughness on the behavior of the solution and its derivatives (see [8, 2] and
references therein). We refer to functions of this sort as distance weights.
Due to their aforementioned applications, the problem of determining when a set ad-

mits distance weights belonging to some Ap class has become of increasing interest lately.
Let us observe that classical examples of Ap weights, often found in textbooks, are given
by w(x) = |x|−α with −n < α < n(p − 1), which can be considered as distance weights
associated with the set E = {0}. Furthermore, several articles have contributed to find-
ing sufficient conditions on the set E to ensure the desired properties of its distance
weights, both in Rn and in more general spaces. These conditions usually rely on measure-
theoretical characterizations of such sets, such as basic notions of porosity, dimensional
bounds, Ahlfors regularity and more [1, 2, 9, 10].
Focusing on the p = 1 case—meaning when dist(·, E)θ ∈ A1—we can affirm that there

has been major progress in the intended characterization. The first step was taken by A.
V. Vasin in his study of BLO functions on the unit circle, giving rise to the concept of
weak porosity [12]. Years later, Anderson et al. extended this notion to Rn and proved
that a set E is weakly porous if and only if dist(·, E)−α ∈ A1 for some α > 0 [5]—it
is worth mentioning here that only negative powers can give rise to non-trivial distance
weights when p = 1. Since then, weakly porous sets have been defined in more abstract
spaces in subsequent works [3, 11]. See also [4] for a one-sided version of this notion.
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NEW CHARACTERIZATIONS OF MUCKENHOUPT Ap DISTANCE WEIGHTS FOR p > 1 2

Nevertheless, in this paper, we will limit our discussion to Rn. Roughly speaking, a
weakly porous set E ⊂ Rn is a set such that all cubes Q in Rn contain a finite sequence
of pairwise disjoint dyadic subcubes Q1, . . . , QN which do not intersect E and whose
measures sum at least a fixed proportion of the measure of Q (see Section 6 for further
details). By recursively applying the former condition on a cube Q and some of its smaller
subcubes, it is possible to prove that the fraction of Q occupied by a collection of dyadic
cubes decreases exponentially as their lengths get smaller, showing that the weak porosity
condition has very strong implications for the global distribution of pores within any given
cube.

In this work, we consider the task of characterizing the sets E ⊂ Rn that admit distance
weights in the Ap class for 1 < p < ∞, which requires proposing a more general condition
than weak porosity on such sets due to the fact that A1 ⊊ Ap. As a result, we obtain two
new characterizations based on the distribution of dyadic pores in Q \E, where Q is any
cube in Rn. Among these, the second characterization is not only somewhat simpler, but
also more reminiscent of the weak porosity condition, and can be stated as follows. For a
fixed cube Q0 ⊂ Rn, consider the collection

DE(Q0) = {Q ∈ D(Q0) : Q ∩ E = ∅ ∧ πQ ∩ E ̸= ∅},
where D(Q0) is the dyadic family of subcubes of Q0 and πQ denotes the dyadic father
of a given Q ∈ D(Q0) (we refer to Section 2 for further details). The condition to be
established is then the existence of constants 0 < s < 1 and C0 > 0 such that

0 <
sup{L ≥ 0 :

∑
Q∈DE(Q0)∧l(Q)≥L |Q| ≥ s|Q0|}

inf{L ≥ 0 :
∑

Q∈DE(Q0)∧l(Q)≤L |Q| ≥ s|Q0|}
≤ C0 (1)

for every cube Q0 ⊂ Rn intersecting E and where l(Q) has been used to denote the side
length of Q. The main result of this paper is the following.

Theorem 1.1. Let E ⊂ Rn be a non-empty set. Then, the next statements are equivalent.

(I) There exist C0 > 0 and 0 < s < (1 + 2n)−1 such that (1) holds for every cube
Q0 ⊂ Rn intersecting E;

(II) For any p ∈ (1,∞), there exists θ ̸= 0 such that dist(·, E)θ ∈ Ap.

When examining the condition stated in Theorem 1.1 (i), we observe that it does not de-
pend on the so-called maximal dyadic pore—closely related to the quantity ess infQ0 dist(·, E)−1,
which plays a central role in the A1 case—in contrast with the weak porosity condition
to be discussed in Section 6, which strongly depends on this object. Instead, there ap-
pears to be a balance between the side lengths associated with the s-fractions of both
the smallest and largest dyadic pores within Q0 \ E, which aligns more closely with the
nature of Ap weights. We will show that, between the two, weak porosity is the more
restrictive property. In particular, every weakly porous set E ⊂ Rn satisfies condition (1)
for suitable values of s and C0. Furthermore, we aim to demonstrate throughout this work
that the proposed characterization has strong implications for the global distribution of
pores in Q0 \E, in analogy with the phenomenon previously discussed in the p = 1 case.

The structure of the paper is as follows. In Section 2, we establish some basic facts
about distance weights. Section 3 introduces fundamental concepts such as the t-fractions
of the smallest and largest pores, which will be essential in Section 4 for obtaining a first
characterization of the relevant sets in the case p > 1. A second, simpler characterization
will be proposed in Section 5 and shown to be equivalent to the former. In Section 6, we
prove that weakly porous sets satisfy this condition. Finally, a probabilistic approach will
be presented to analyze well-known examples of distance weights introduced in previous
papers.
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NEW CHARACTERIZATIONS OF MUCKENHOUPT Ap DISTANCE WEIGHTS FOR p > 1 3

2. Preliminary results on distance weights

The setting of this work will be the Euclidean space Rn and, as usual, we denote by
|A| the Lebesgue measure of a measurable set A ⊂ Rn. Due to the particular notions of
porosity we will have to deal with, it will be convenient to make use of cubes and systems
of dyadic subcubes within them. A given set Q ⊂ Rn is said to be a cube if it can be
written as a product of the form

Q = [a1, b1)× . . .× [an, bn),

where |bi − ai| is constant for every index 1 ≤ i ≤ n. We refer to this quantity as the side
length of Q and denote it by l(Q). In particular, the cubes considered here are half-open
and parallel to the coordinate axes.

For a given cube Q0 ⊂ Rn, we refer to its dyadic system as the collection

D(Q0) =
⋃
j∈N0

Dj(Q0),

where each Dj(Q0) is uniquely defined as the family composed by 2jn pairwise disjoint
cubes Q, with l(Q) = 2−jl(Q0) and such that Q0 =

⋃
Q∈Dj(Q0)

Q, for each j ∈ N0. The

cubes Q ∈ D(Q0) are referred to as dyadic (sub)cubes of Q0, and if Q ∈ Dj(Q0), we say
that Q is a dyadic cube of generation j and write gen(Q) = j. Clearly, the generation of
any Q ∈ D(Q0) is well-defined and unique. Other properties of dyadic cubes worthy to
mention are:

• If Q ∈ Dj(Q0), where j > 0, then there exists a unique cube πQ of generation
j +1 such that Q ⊂ πQ. We say that Q is a dyadic child of πQ, meanwhile πQ is
the dyadic father of Q.

• Each Q ∈ D(Q0) has exactly 2n dyadic children.
• If Q,Q′ ∈ D(Q0) and Q ∩Q′ ̸= ∅, then either Q ⊂ Q′ or Q′ ⊂ Q.

On another note, we say a function w : Rn → R is a weight in Rn if w > 0 a.e. and if it
is locally integrable. For 1 < p < ∞, the Muckenhoupt class Ap is the set of all weights
w defined in Rn for which there exists some constant C > 0 such that(  

Q

w(x)dx
)(  

Q

w(x)−
1

p−1dx
)p−1

≤ C (2)

for every cube Q in Rn. Here,
ffl
A
w(x)dx = |A|−1

´
A
w(x)dx stands for the mean value of

w on A, where A ⊂ Rn is a measurable set with 0 < |A| < ∞. For p = 1, the A1 class is
made up of all weights w for which there exists C > 0 such that 

Q

w(x)dx ≤ C ess infx∈Qw(x) (3)

for every cube Q in Rn. For a given weight w, the best possible constant for which either
(2) or (3) holds is known as the Ap or A1 constant and denoted by [w]Ap or [w]A1 , as
appropriate.

For any non-empty set E ⊂ Rn, we denote by dist(x,E) = infe∈E |x − e|, this is,
x 7→ dist(x,E) is the distance function to E. As discussed in the introduction, we are
interested in determining when a set E admits distance weights dist(·, E)θ ∈ Ap for some
θ ∈ R and 1 ≤ p < ∞, in such a case, we colloquially refer to E as an Ap set. Since
dist(·, E) = dist(·, E) (where E stands for the closure of E), clearly E is an Ap set if and
only if E is an Ap set. With this in mind, we will generally assume that E is closed in
order to avoid cumbersome notation.
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NEW CHARACTERIZATIONS OF MUCKENHOUPT Ap DISTANCE WEIGHTS FOR p > 1 4

It turns out dyadic cubes are useful to discern when these kinds of weights happen to
verify Muckenhoupt’s conditions. Recall from the introduction that

DE(Q0) = {Q ∈ D(Q0) : Q ∩ E = ∅ ∧ πQ ∩ E ̸= ∅},

resulting in a non-empty collection whenever Q0 intersects E. In this case, such collection
allows to cover Q0 \E by a family of dyadic cubes which happen to be close to the set E,
as shown in the following result.

Lemma 2.1. If E is a closed non-empty set with |E| = 0 and Q0 is a cube such that
Q0 ∩E ̸= ∅, then DE(Q0) is an infinite family of pairwise disjoint dyadic cubes such that⋃

Q∈DE(Q0)

Q = Q0 \ E.

Proof. Since |E| = 0, Q0 \ E is not empty. Thus, for each x belonging to this set we can
find, using that E is closed, some cube Q ∈ D(Q0) containing x and with Q ∩ E = ∅.
Let Qx be the largest cube with this property. Then, by maximality, Qx ∈ DE(Q0). This
shows that DE(Q0) ̸= ∅ and

Q0 \ E ⊂
⋃

Q∈DE(Q0)

Q ⊂ Q0 \ E.

On other hand, if Q1, Q2 ∈ DE(Q0) are such that Q1 ∩ Q2 ̸= ∅, we claim that Q1 = Q2.
Notice that either Q1 ⊆ Q2 or Q1 ⊇ Q2 because of the properties of dyadic cubes. Let
us assume, without loss of generality, that Q1 ⊊ Q2. It follows that πQ1 ⊆ Q2, but then
∅ ̸= πQ1 ∩ E ⊂ Q2 ∩ E, which contradicts the fact that Q2 ∈ DE(Q0) and so the claim
holds.

It remains to show that DE(Q0) is infinite. Assume, on the contrary, that DE(Q0) =
{Qi}Ni=1 and let m = max1≤i≤N gen(Qi). Next, pick y ∈ Q0 ∩ E and let Q∗ ∈ D(Q0)
be the cube such that y ∈ Q∗ and gen(Q∗) = m. Let us consider the intersection Q∗ ∩
(
⋃

1≤i≤N Qi). If this intersection were empty, then

Q∗ ⊂ Q0 \
⋃

1≤i≤N

Qi = Q0 \
⋃

Q∈DE(Q0)

Q = E,

by the first part of the proof. But this is a contradiction since |E| = 0 < |Q∗|. So we
must have Q∗ ∩ Qi ̸= ∅ for some 1 ≤ i ≤ N . Since gen(Q∗) ≥ gen(Qi), this implies
that y ∈ Q∗ ⊂ Qi which, once again, is a contradiction since Qi ∈ DE(Q0) and y ∈ E.
Consequently, DE(Q0) contains infinitely many dyadic cubes. □

Lemma 2.2. Fix θ > −1 and let E ⊂ Rn be a closed non-empty set with |E| = 0. Then,
there exist constants 0 < C1 ≤ C2 < ∞ depending on n and θ such that

C1

∑
Q∈DE(Q0)

l(Q)θ
|Q|
|Q0|

≤
 
Q0

dist(x,E)θdx ≤ C2

∑
Q∈DE(Q0)

l(Q)θ
|Q|
|Q0|

, (4)

for every cube Q0 for which Q0 ∩E ̸= ∅. Furthermore, a constant C1 > 0 so that the first
inequality above holds can be found for every θ ∈ R.

Proof. Fix a cube Q0 satisfying Q0 ∩ E ̸= ∅. If θ = 0, then (2) holds with C1 = C2 = 1.
Suppose then that −1 < θ < 0. Let Q ∈ DE(Q0). Since Q ∩ E = ∅, we have thatˆ

Q

dist(x,E)θdx ≤
ˆ
Q

dist(x, ∂Q)θdx = C2(n, θ)|Q|1+
θ
n = C2(n, θ)l(Q)θ|Q|,
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NEW CHARACTERIZATIONS OF MUCKENHOUPT Ap DISTANCE WEIGHTS FOR p > 1 5

where the hypothesis θ > −1 is needed to ensure the second integral is finite. On the other
hand, if y ∈ Q, because πQ ∩ E ̸= ∅, it follows that dist(y, E) ≤ diam(πQ) = C(n)l(Q),

so dist(y, E)θ ≥ C1(n, θ)|Q| θn . This shows thatˆ
Q

dist(x,E)θdx ≥ C1(n, θ)|Q|
θ
n

ˆ
Q

dx = C1(n, θ)|Q|1+
θ
n = C1(n, θ)l(Q)θ|Q|,

which holds even for θ ≤ −1. Recalling that |E| = 0, we can combine the previous
estimates with the fact that 

Q0

dist(x,E)θdx =

 
Q0\E

dist(x,E)θdx =
∑

Q∈DE(Q0)

|Q0|−1

ˆ
Q

dist(x,E)θdx

to easily arrive at (2). The case θ > 0 follows analogously. □

The next two results state some basic facts about distance weights, serving as a starting
point to begin tackling the considered problem.

Proposition 2.3. Let E be a non-empty subset of Rn. Also, let 1 ≤ p < ∞ and 1 < q <

∞. If there exists θ ∈ R such that dist(·, E)θ ∈ Ap, then there exists another power θ̂ with

the same sign as θ such that dist(·, E)θ̂ ∈ Aq.

Proof. If u ∈ Ap and 1 ≤ p < q < ∞, it is known (see [7, Proposition 2.5 (a)]) that
u ∈ Aq with [u]Aq ≤ [u]Ap . Meanwhile, in the case that 1 < q < p < ∞, [7, Proposition

2.5 (b)]) tell us that u
q−1
p−1 ∈ Aq with [u

q−1
p−1 ]Aq ≤ [u]

q−1
p−1

Ap
. The result then follows by taking

u = dist(·, E)θ and either θ̂ = θ or θ̂ = θ(q − 1)(p− 1)−1, depending on the case. □

Proposition 2.4. Let E be a non-empty subset of Rn and assume that w(x) = dist(x,E)θ

belongs to Ap for some θ ∈ R and 1 ≤ p < ∞. The following statements hold.

(i) If p = 1, then w can only be a non-trivial weight in the case θ < 0.
(ii) If p > 1, then w can be non-trivial as long as θ ̸= 0. Furthermore, if θ ̸= 0 and

we let 1 < q < ∞, there exist α, β > 0 such that dist(·, E)−α and dist(·, E)β both
belong to Aq.

Proof. If (3) holds for every cube Q ⊂ Rn and with w = dist(·, E)θ and θ > 0, it is easy to
see that w = 0 a.e. and E = Rn. Also, if θ = 0, clearly w = 1 ∈ Ap for every 1 ≤ p < ∞.
The weight dist(x, {0})−α = |x|−α belongs to Ap when −n < α < n(p− 1), so it serves as
a non-trivial example of a distance weight both when p = 1 with θ < 0 and in the case
p > 1 with θ ̸= 0. This proves (i) as well as the first assertion in (ii).

In order to prove the second assertion in (ii), let us fix 1 < p, q < ∞ and θ ̸= 0

until the end of the proof. By Proposition 2.3, there exists θ̂ with same sign as θ such

that dist(·, E)θ̂ ∈ Aq. On the other hand, by the classical duality argument given by [7,
Theorem 2.1 (i)]), we have that dist(·, E)θ0 ∈ Ap′ , where θ0 = θ(1− p′) and p′ is such that
1
p
+ 1

p′
= 1. Thus, applying once again Proposition 2.3 with p and θ replaced by p′ and θ0,

we can assure the existence of some θ̂0 with opposite sign to θ such that dist(·, E)θ̂0 ∈ Aq.

The proof concludes by taking either α = −θ̂ and β = θ̂0 if θ < 0 or β = θ̂ and α = −θ̂0
if θ > 0. □

By Proposition 2.4, not only we can omit the power θ = 0 in the search for sets
admitting non-trivial distance weights dist(·, E)θ, but we can also restrict the search for,
say, negative values of θ. Indeed, we will generally look for closed sets E satisfying
dist(·, E)−α ∈ Ap for some α > 0, in line with previous works done for the A1 case.
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NEW CHARACTERIZATIONS OF MUCKENHOUPT Ap DISTANCE WEIGHTS FOR p > 1 6

3. t-fractions of smallest and largest pores

In the analysis of A1 sets, the maximal pore size plays a crucial role in their character-
ization, owing to its relationship with the essential infimum of the function dist(·, E)−1

within a given cube. We proceed to introduce this concept in a more precise manner.

Definition 3.1. Let E ⊂ Rn be a non-empty set a let Q0 be a cube. We denote
by ME(Q0) a largest element of DE(Q0), that is, a dyadic subcube of Q0 satisfying
l(ME(Q0)) ≥ l(Q) for every Q ∈ DE(Q0).

Notice that such a cube may not be unique; however, its side length and measure are.
Also, we will generally drop the subscript E and simply write M(Q0) = ME(Q0) when
the context is clear. The weak porosity condition, to be discussed in greater detail in
Section 6, provides quantitative information about statistics related to pore distribution
such as ∑

Q∈DE(Q0)
l(Q)≥L

|Q|
|Q0|

when E is weakly porous and L is comparable in some degree to l(M(Q0)) (cf. (12)).
In fact, it is also possible to make similar estimates by replacing the inequality l(Q) ≥ L
with l(Q) ≤ L, as we will later verify in Section 6. Since the essential infimum of the
involved weights no longer plays such an important role in the Ap condition (2), it is
expected that the same statistics, when evaluated with values of L comparable to M(Q),
will no longer be as relevant. Nonetheless, it may still be useful to consider such statistics
for arbitrary values of L. The upcoming definition is intended to facilitate the study of
these quantities.

Definition 3.2. Let E ⊂ Rn be a non-empty set. Given a cube Q0 such that Q0 ∩E ̸= ∅
and fixed some t ∈ (0, 1), we define the sets

L (t, Q0, E) =

{
L ≥ 0 :

∑
Q∈DE(Q0)
l(Q)≥L

|Q|
|Q0|

≥ t

}

and

S (t, Q0, E) =

{
L ≥ 0 :

∑
Q∈DE(Q0)
l(Q)≤L

|Q|
|Q0|

≥ t

}
.

Remark 3.3. The sets L (t, Q0, E) and S (t, Q0, E) are defined only for cubes Q0 that
intersect E, as these are the relevant cases where proving (2) poses a genuine challenge.
Indeed, finding a constant C > 0 such that this inequality holds for a cube Q0 that does
not intersect E is rather trivial (cf. Cases I and II in the proof of Theorem 4.2).

Proposition 3.4. Let E be a closed non-empty set with |E| = 0. If Q0 ⊂ Rn is a cube
intersecting E, then the following statements hold.

(i) For every t ∈ (0, 1), L (t, Q0, E) = [0, Lt] where 0 < Lt ≤ l(M(Q0)). In particu-
lar, L (t, Q0, E) is a closed interval containing zero.

(ii) For every t ∈ (0, 1), S (t, Q0, E) = [L′
t,∞) where 0 < L′

t ≤ l(M(Q0)). In partic-
ular, S (t, Q0, E) is a half-closed interval which extends into infinity.

(iii) If 0 < s ≤ t < 1, then L (t, Q0, E) ⊂ L (s,Q0, E) and S (t, Q0, E) ⊂ S (s,Q0, E).
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NEW CHARACTERIZATIONS OF MUCKENHOUPT Ap DISTANCE WEIGHTS FOR p > 1 7

Proof. In order to prove (i), start by noticing that, since∑
l(Q)≥0

|Q|
|Q0|

= 1,

0 ∈ L (t, Q0, E) for every t ∈ (0, 1). Furthermore, if L ∈ L (t, Q0, E) and 0 ≤ L∗ ≤ L,
then ∑

l(Q)≥L∗

|Q|
|Q0|

≥
∑

l(Q)≥L

|Q|
|Q0|

≥ t,

meaning L∗ ∈ L (t, Q0, E), which proves that L (t, Q0, E) is an interval. Now, let Lt :=
supL (t, Q0, E). Let us verify that Lt > 0. For that purpose, consider a sequence {ln}n∈N
of positive numbers such that ln ↘ 0 as n → ∞. Notice that, for Qn := {Q ∈ DE(Q0) :
l(Q) ≥ ln}, we have that⋃

n∈N

Qn = {Q ∈ DE(Q0) : l(Q) > 0} = DE(Q0).

Therefore,

|Q0| = |Q0 \ E| =
∣∣∣ ⋃
Q∈

⋃
n∈N Qn

Q
∣∣∣ = lim

n→∞

∣∣∣ ⋃
Q∈Qn

Q
∣∣∣ = lim

n→∞

∣∣∣ ⋃
l(Q)≥ln

Q
∣∣∣.

This means that, for any fixed t ∈ (0, 1), we can pick n sufficiently big as to make∑
l(Q)≥ln

|Q|
|Q0|

= |Q0|−1
∣∣∣ ⋃
l(Q)≥ln

Q
∣∣∣ ≥ t,

thus Lt ≥ ln > 0. To see that L (t, Q0, E) is closed, it suffices to check that Lt ∈
L (t, Q0, E). To this end, observe that

L (t, Q0, E) ∩ {2−kl(Q0)}k∈N0 = {2−kl(Q0)}k≥k0 ,

for some nonnegative integer k0. Actually, notice that k0 > 0, since the fact that Q0∩E ̸=
∅ implies l(Q) ≤ 1

2
l(Q0) for every Q ∈ DE(Q0). We claim that 2−k0l(Q0) = Lt. Indeed,

suppose that 2−k0l(Q0) < L ∈ L (t, Q0, E), for some L > 0. Then, L < 2−k0+1l(Q0),
otherwise that would imply that 2−k0+1l(Q0) ∈ L (t, Q0, E), contradicting the hypothesis
on k0. But since there are no dyadic cubes with side lengths strictly in between 2−k0l(Q0)
and 2−k0+1l(Q0), ∑

l(Q)≥2−k0+1l(Q0)

|Q|
|Q0|

=
∑

l(Q)≥L

|Q|
|Q0|

≥ t,

implies that 2−k0+1l(Q0) ∈ L (t, Q0, E), which, once again, is a contradiction. Thus,
2−k0l(Q0) = maxL (t, Q0, E) = Lt and L (t, Q0, E) is closed. Finally, notice that Lt ≤
l(M(Q0)) + ε for all ε > 0 since ∑

l(Q)≥l(M(Q0))+ε

|Q|
|Q0|

= 0,

so Lt ≤ l(M(Q0)).
The proof of (ii) can be obtained through similar arguments. Since∑

l(Q)≤l(M(Q0))

|Q|
|Q0|

= 1,
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NEW CHARACTERIZATIONS OF MUCKENHOUPT Ap DISTANCE WEIGHTS FOR p > 1 8

l(M(Q0)) ∈ S (t, Q0, E) for every t ∈ (0, 1). Furthermore, if L ∈ S (t, Q0, E) and L∗ ≥ L,
then ∑

l(Q)≤L∗

|Q|
|Q0|

≥
∑

l(Q)≤L

|Q|
|Q0|

≥ t,

meaning L∗ ∈ S (t, Q0, E), which proves that S (t, Q0, E) is an interval containing
[l(M(Q0)),∞). Now, to see that L′

t := inf S (t, Q0, E) > 0 for any fixed t ∈ (0, 1),

note that the fact that
∑

l(Q)≤l(M(Q0))
|Q|
|Q0| = 1 implies that

∑
l(Q)≤L

|Q|
|Q0| → 0 as L → 0+,

so we can pick L > 0 sufficiently small as to make
∑

l(Q)≤L
|Q|
|Q0| < t and thus L′

t > L > 0.

To see that S (t, Q0, E) contains its lower endpoint L′
t, we start by observing that

S (t, Q0, E) ∩ {2−kl(M(Q0))}k∈N0 = {2−kl(M(Q0))}k≤k0

for some nonnegative integer k0. We claim that 2−k0l(M(Q0)) = L′
t. Indeed, suppose

that 2−k0l(M(Q0)) > L ∈ S (t, Q0, E), for some L > 0. Then, L > 2−k0−1l(M(Q0)),
otherwise that would imply that 2−k0−1l(M(Q0)) ∈ S (t, Q0, E), contradicting the hy-
pothesis on k0. Since there are no dyadic cubes with side lengths contained in the interval
(2−k0−1l(M(Q0)), 2

−k0l(M(Q0))), we have∑
l(Q)≤2−k0−1l(M(Q0))

|Q|
|Q0|

=
∑

l(Q)≤L

|Q|
|Q0|

≥ t

implying 2−k0−1l(M(Q0)) ∈ S (t, Q0, E), which, once again, is a contradiction. Thus,
L′
t = 2−k0l(M(Q0)) = minS (t, Q0, E).

Finally, to prove (iii) simply observe that if s ≤ t and L ∈ L (t, Q0, E), then
∑

l(Q)≥L
|Q|
|Q0| ≥

t ≥ s, so L ∈ L (s,Q0, E), and if L ∈ S (t, Q0, E) then
∑

l(Q)≤L
|Q|
|Q0| ≥ t ≥ s, implying

L ∈ S (s,Q0, E). □

Definition 3.5. Fixed a non-empty set E ⊂ Rn with |E| = 0 and a cube Q intersecting
E, we introduce the functions LQ : (0, 1) → (0, l(M(Q))] and SQ : (0, 1) → (0, l(M(Q))]
given by

LQ(t) := maxL (t, Q,E)

and
SQ(t) := minS (t, Q,E).

These functions are well-defined by the previous lemma, also LQ is non-increasing while
SQ is non-decreasing.

Intuitively, the function LQ (respectively, SQ) evaluated at t returns the smallest
(largest) side length among those associated with the largest (smallest) pores that to-
gether make up a fraction t of the total volume of Q\E. These functions will be essential
for the characterization of Ap sets in the following sections. But before that, we proceed
to prove some basic properties regarding LQ and SQ that will be needed later for this
purpose.

Proposition 3.6. Let E be a closed non-empty set with |E| = 0. If Q0 ⊂ Rn is a cube
intersecting E, then for every 0 < t < 1,∑

l(Q)≥LQ0
(t)

|Q|
|Q0|

≥ t and
∑

l(Q)≤SQ0
(t)

|Q|
|Q0|

≥ t (5)

while ∑
l(Q)<LQ0

(t)

|Q|
|Q0|

≤ 1− t and
∑

l(Q)>SQ0
(t)

|Q|
|Q0|

≤ 1− t. (6)
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Proof. The two inequalities in (5) trivially follow from the fact that LQ0(t) ∈ L (t, Q0, E)
and SQ0(t) ∈ S (t, Q0, E). The ones in (6) involve measures of complementary sets to
ones in (5), so simply observe that∑

l(Q)<LQ0
(t)

|Q|
|Q0|

= 1−
∑

l(Q)≥LQ0
(t)

|Q|
|Q0|

≤ 1− t

and ∑
l(Q)>SQ0

(t)

|Q|
|Q0|

= 1−
∑

l(Q)≤SQ0
(t)

|Q|
|Q0|

≤ 1− t.

□

Lemma 3.7. Given a non-empty closed set E with |E| = 0 and some cube Q0 such that
Q ∩ E ̸= ∅, then

(i) LQ0(t) ∈ S (1 − t, Q0, E) for every t ∈ (0, 1). In particular, LQ0(t) ≥ SQ0(1 − t)
for 0 < t < 1;

(ii) LQ0 and SQ0 have the limit behaviors

lim
t→1−

LQ0(t) = lim
t→0+

SQ0(t) = 0

and
lim
t→0+

LQ0(t) = lim
t→1−

SQ0(t) = l(M(Q0)).

Proof. Fix a cube Q0 as stated and take t ∈ (0, 1). We have that∣∣∣ ⋃
l(Q)>LQ0

(t)

Q
∣∣∣ = ∣∣∣ ⋃

ε>0

( ⋃
l(Q)≥LQ0

(t)+ε

Q
)∣∣∣ = lim

ε→0+

∣∣∣ ⋃
l(Q)≥LQ0

(t)+ε

Q
∣∣∣

= lim
ε→0+

∑
l(Q)≥LQ0

(t)+ε

|Q|

≤ t|Q0|,
where the last inequality holds because LQ0(t) = maxL (t, Q0, E). It follows that∑

l(Q)≤LQ0
(t)

|Q|
|Q0|

= 1−
∑

l(Q)>LQ0
(t)

|Q|
|Q0|

≥ 1− t,

thus LQ0(t) ∈ S (1 − t, Q0, E). This proves (i). On the other hand, since LQ0 is non-

increasing in (0, 1), limt→1− LQ0(t) = L∗ for some L∗ ≥ 0. This means that
∑

l(Q)≥L∗
|Q|
|Q0| ≥

t, for every 0 < t < 1, implying
∑

l(Q)≥L∗
|Q|
|Q0| = 1. If we had L∗ > 0, since DE(Q0) is an

infinite family, we could pick Q1 ∈ DE(Q0) such that l(Q1) < L∗ and, in consequence,∑
l(Q)≥L∗

|Q|
|Q0|

= 1−
∑

l(Q)<L∗

|Q|
|Q0|

≤ 1− |Q1|
|Q0|

< 1.

Therefore L∗ = 0 and, by item (i),

lim
t→0+

SQ0(t) ≤ lim
t→0+

LQ0(1− t) = lim
t→1−

LQ0(t) = 0.

Next, if we let s :=
∑

l(Q)≤ 1
2
l(M(Q0))

|Q|
|Q0| , then s ∈ (0, 1) and SQ0(t) = l(M(Q0)) for every

s < t < 1. Finally, using (i) again we get

l(M(Q0)) ≥ lim
t→0+

LQ0(t) ≥ lim
t→0+

SQ0(1− t) = lim
t→1−

SQ0(t) = l(M(Q0)).

□
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4. First characterization of Ap sets

We now proceed to propose a first characterization of sets E for which there exists
α > 0 such that dist(·, E)−α ∈ Ap, for 1 < p < ∞. The two implications that constitute
the equivalence to be proved are stated separately in Theorems 4.1 and 4.2, and involve
the functions LQ0 and SQ0 , illustrating how effective these are in capturing the nature of
Ap sets.

Theorem 4.1. Let E be a closed non-empty set and suppose there exists α > 0 such that
dist(·, E)−α ∈ Ap for some 1 < p < ∞. Then, there exist positive constants σ = σ(α, p)
and C0 = C0(n, α, p, [dist(·, E)−α]Ap) such that

LQ0(t) ≤
C0

tσ
SQ0(t) (7)

for every cube Q0 intersecting E and every t ∈ (0, 1).

Proof. If w(x) = dist(x,E)−α, since w ∈ Ap, in particular w is locally integrable. But
w(x) = ∞ for every x ∈ E, so we must have |E| = 0, thus the functions LQ0 and SQ0

are well-defined. Let t ∈ (0, 1). Making use of the Ap condition of w over Q0 as well as
Lemma 2.2 and the properties of LQ0 and SQ0 ,

[dist(·, E)−α]Ap ≥
(  

Q0

dist(x,E)−αdx
)(  

Q0

dist(x,E)
α

p−1dx
)p−1

≥ C(n, α, p)
( ∑

Q∈DE(Q0)

l(Q)−α |Q|
|Q0|

)( ∑
Q∈DE(Q0)

l(Q)
α

p−1
|Q|
|Q0|

)p−1

≥ C(n, α, p)

( ∑
Q∈DE(Q0)
l(Q)≤SQ0

(t)

l(Q)−α |Q|
|Q0|

)( ∑
Q∈DE(Q0)
l(Q)≥LQ0

(t)

l(Q)
α

p−1
|Q|
|Q0|

)p−1

≥ C(n, α, p)SQ0(t)
−α

( ∑
Q∈DE(Q0)
l(Q)≤SQ0

(t)

|Q|
|Q0|

)
LQ0(t)

α

( ∑
Q∈DE(Q0)
l(Q)≥LQ0

(t)

|Q|
|Q0|

)p−1

≥ C(n, α, p)tpSQ0(t)
−αLQ0(t)

α.

From this, we can easily get (6) with σ = p
α
and C0 depending on n, α, p and [dist(·, E)−α]Ap .

□

The converse to the above statement is given by the next result.

Theorem 4.2. Let E be a closed non-empty set with |E| = 0 such that there exist con-
stants σ,C0 > 0 satisfying

LQ0(t) ≤
C0

tσ
SQ0(t) (8)

for every cube Q0 intersecting E and every t ∈ (0, 1). Then, for every 1 < p < ∞ we
have that dist(·, E)−α ∈ Ap whenever 0 < α < min{σ−1, (p− 1)σ−1}.

Proof. Pick 1 < p < ∞. We look for constants α,C > 0 such that the inequality( 
Q0

dist(x,E)−αdx
)(  

Q0

dist(x,E)
α

p−1dx
)p−1

≤ C

holds for any cube Q0 ⊂ Rn. To this end, we consider three cases separately. In the follow-
ing, denote by dist(A,B) := infx∈A,y∈B |x− y| the distance between two sets A,B ⊂ Rn.
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Also, we let diam(A) := supx,y∈A |x− y| be the diameter of a set A ⊂ Rn.

Case I (Q0 ∩ E = ∅ ∧ dist(Q0, E) ≥ 2diam(Q0)): in this case, it can be shown that if x0

is some fixed point in Q0, then
1
2
dist(x0, E) ≤ dist(x,E) ≤ 2 dist(x0, E) for every x ∈ Q0.

Thus, for any choice of α > 0 we have that
ffl
Q0

dist(x,E)−αdx ≤ 2α dist(x0, E)−α andffl
Q0

dist(x,E)
α

p−1dx ≤ 2
α

p−1 dist(x0, E)
α

p−1 , which means( 
Q0

dist(x,E)−αdx
)(  

Q0

dist(x,E)
α

p−1dx
)p−1

≤ 4α.

Case II (Q0 ∩ E = ∅ ∧ dist(Q0, E) < 2diam(Q0)): let us notice that 4Q0 ∩ E ̸= ∅,
where 4Q0 is the cube having the same center as Q0 but such that l(4Q0) = 4l(Q0). Now
assuming the Ap condition holds for some α > 0 and with a constant C > 0 for any cube
intersecting E, we have 
Q0

dist(x,E)−αdx ≤ 4n
 
4Q0

dist(x,E)−αdx

≤ 4nC
( 

4Q0

dist(x,E)
α

p−1dx
)1−p

≤ C(n, p)
(  

Q0

dist(x,E)
α

p−1dx
)1−p

.

Thus, proving this case amounts to proving the remaining Case III.

Case III (Q0 ∩ E ̸= ∅): let 0 < α < 1 to be chosen later and begin by writing

DE(Q0) = {Q : l(Q) ≥ SQ0(
1
2
)} ∪

∞⋃
k=1

{Q : SQ0(
1

2k+1 ) ≤ l(Q) < SQ0(
1
2k
)}.

This equality is justified by the limit behavior limt→0+ SQ0(t) = 0 given by Lemma 3.7
(ii) and allows to make the estimate 

Q0

dist(x,E)−αdx ≤

C(n, α)
[ ∑
l(Q)≥SQ0

( 1
2
)

l(Q)−α |Q|
|Q0|

+
∞∑
k=1

( ∑
SQ0

( 1

2k+1 )≤l(Q)<SQ0
( 1

2k
)

l(Q)−α |Q|
|Q0|

)]
.

We can find an appropriate bound for the first term inside the brackets making∑
l(Q)≥SQ0

( 1
2
)

l(Q)−α |Q|
|Q0|

≤ SQ0(
1
2
)−α ≤ LQ0(

1
2
)−α,

where Lemma 3.7 (i) was used to arrive at the last inequality. This same lemma together
with (6) can be applied as follows to deduce a similar estimate for the remaining term.

∞∑
k=1

( ∑
SQ0

( 1

2k+1 )≤l(Q)<SQ0
( 1

2k
)

l(Q)−α |Q|
|Q0|

)

≤
∞∑
k=1

SQ0(
1

2k+1 )
−α

∑
l(Q)<SQ0

( 1

2k
)

|Q|
|Q0|

≤ C(α,C0)
∞∑
k=1

2ασ(k+1)LQ0(
1

2k+1 )
−α

∑
l(Q)<SQ0

( 1

2k
)

|Q|
|Q0|
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≤ C(α,C0)LQ0(
1
2
)−α

∞∑
k=1

2ασ(k+1)
∑

l(Q)<LQ0
(1− 1

2k
)

|Q|
|Q0|

≤ C(α,C0)LQ0(
1
2
)−α

∞∑
k=1

2ασ(k+1)−k

= C(α, σ, C0)LQ0(
1
2
)−α

∞∑
k=1

2k(ασ−1)

= C(α, σ, C0)LQ0(
1
2
)−α,

if α < σ−1. We have shown that for these values of α the integral
ffl
Q0

d(x,E)−αdx

is bounded by LQ0(
1
2
)−α times some constant. All is left to show is the inequality

(
ffl
Q0

d(x,E)
α

p−1dx)p−1 ≤ CLQ0(
1
2
)α for small enough values of α. To this end we now

consider the partition

DE(Q0) = {Q : l(Q) ≤ LQ0(
1
2
)} ∪

∞⋃
k=1

{Q : LQ0(
1
2k
) < l(Q) ≤ LQ0(

1
2k+1 )}.

For sufficiently large k, the sets {LQ0(
1
2k
) < l(Q) ≤ LQ0(

1
2k+1 )} eventually become empty,

but this does not compromise the proof. As before, we begin by splitting the considered
integral as 

Q0

dist(x,E)
α

p−1dx ≤

C(n, α, p)
[ ∑
l(Q)≤LQ0

( 1
2
)

l(Q)
α

p−1
|Q|
|Q0|

+
∞∑
k=1

( ∑
LQ0

( 1

2k
)<l(Q)≤LQ0

( 1

2k+1 )

l(Q)
α

p−1
|Q|
|Q0|

)]
.

The first term can easily be shown to be less than or equal to LQ0(
1
2
)

α
p−1 . For the second

term, we once again rely on Lemma 3.7 and Proposition 3.6 to make the estimate

∞∑
k=1

( ∑
LQ0

( 1

2k
)<l(Q)≤LQ0

( 1

2k+1 )

l(Q)
α

p−1
|Q|
|Q0|

)

≤
∞∑
k=1

LQ0(
1

2k+1 )
α

p−1

∑
l(Q)>LQ0

( 1

2k
)

|Q|
|Q0|

≤ C(α, p, C0)
∞∑
k=1

2
ασ
p−1

(k+1)SQ0(
1

2k+1 )
α

p−1

∑
l(Q)>LQ0

( 1

2k
)

|Q|
|Q0|

≤ C(α, p, C0)SQ0(
1
2
)

α
p−1

∞∑
k=1

2
ασ
p−1

(k+1)
∑

l(Q)>SQ0
(1− 1

2k
)

|Q|
|Q0|

≤ C(α, p, σ, C0)SQ0(
1
2
)

α
p−1

∞∑
k=1

2k(
ασ
p−1

−1)

≤ C(α, p, σ, C0)LQ0(
1
2
)

α
p−1

taking α < (p− 1)σ−1, from which (
ffl
Q0

d(x,E)
α

p−1dx)p−1 ≤ CLQ0(
1
2
)α is deduced. □
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5. Second characterization of Ap sets

Theorems 4.1 and 4.2 combined provide a first characterization of Ap sets based on an
inequality that involves functions L and S evaluated at every 0 < t < 1. In this section,
we aim to demonstrate that a new characterization is possible where these functions are
evaluated only at a single point, thus proving Theorem 1.1. To this end, let us start by
remarking that (1) can be rewritten as

0 <
supL (s,Q0, E)

inf S (s,Q0, E)
≤ C0 (9)

for every cube Q0 with Q0 ∩ E ̸= ∅. A set E for which this inequality holds for every
appropriate cube will necessary have zero measure, so we can drop this extra hypothesis
on upcoming results.

Proposition 5.1. Let E ⊂ Rn be a closed non-empty set such that there exist constants
0 < s < 1 and C0 > 0 for which (9) holds for every cube Q0 intersecting E. Then,
|E| = 0.

Proof. Suppose that Q0 is a cube intersecting E. Following the usual convention of assign-
ing the values supΩ = 0 and inf Ω = ∞ whenever the set Ω ⊂ R≥0 is empty, the positivity
of the fraction in (9) implies that both L (s,Q0, E) and S (s,Q0, E) are non-empty sets.
Thus, we can pick any L ∈ L (s,Q0, E) and write

|E ∩Q0| = |Q0 \ (Rn \ E)| ≤
∣∣∣Q0 \

⋃
Q∈DE(Q0)
l(Q)≥L

Q
∣∣∣ ≤ (1− s)|Q0|.

Let us observe that the bound |E∩Q0| ≤ (1−s)|Q0| also holds trivially in the case where
Q0 ∩ E = ∅. Thus, if 1E denotes the characteristic function of E and Q(x, r) is the cube
centered at x and with l(Q) = 2r, then for almost every x ∈ Rn we have that

1E(x) = lim
r→0+

 
Q(x,r)

1E(y)dy = lim
r→0+

|E ∩Q(x, r)|
|Q(x, r)|

≤ (1− s) < 1.

Therefore, |E| = 0. □

By Proposition 5.1 and in view of Definition 3.5, (1) and (9) are both equivalent to the
condition

LQ0(s) ≤ C0 SQ0(s) (10)

for every cube Q0 with Q0 ∩E ̸= ∅. The validity of (10) for a sufficiently small value of s
is the condition to be shown equivalent to the first characterization of Ap sets. Although,
we will need to prove first a technical lemma before demonstrating this.

Lemma 5.2. Given a closed set E with |E| = 0, the following conditions are equivalent.

(i) There exist constants σ,C0 > 0 such that for every cube Q0 intersecting E and
every t ∈ (0, 1),

LQ0(t) ≤
C0

tσ
SQ0(t).

(ii) There exist constants σ,C ′
0 > 0 and 0 < t′ < 1

2
such that for every cube Q0

intersecting E and every 0 < t ≤ t′,

LQ0(t) ≤
C ′

0

tσ
SQ0(t).
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Proof. (i) =⇒ (ii) is immediate. To see that (ii) =⇒ (i), let t′ < t < 1, then

LQ0(t) ≤ LQ0(t
′) ≤ C ′

0

(t′)σ
SQ0(t

′) ≤ C ′
0

(tt′)σ
SQ0(t

′) ≤ C0

tσ
SQ0(t)

where C0 := C ′
0(t

′)−σ. □

From now on, if Q ∈ Dk(Q0), we set π0Q := Q and introduce the notation πjQ :=
π(πj−1Q) for 1 ≤ j ≤ k. In particular, πkQ = Q0. Also, let us make the following
important remark. If Q0 ∩ E ̸= ∅ and Q ∈ D(Q0) with Q ∩ E ̸= ∅ as well, then
DE(Q) ⊂ DE(Q0), this is, the grids are compatible.

Theorem 5.3. Let E ⊂ Rn be a closed non-empty set. Then, the next statements are
equivalent.

(i) |E| = 0 and there exist constants σ̃, C̃0 > 0 satisfying

LQ0(t) ≤
C̃0

tσ̃
SQ0(t)

for every cube Q0 intersecting E and every t ∈ (0, 1).
(ii) There exist C0 > 0 and 0 < s < (1 + 2n)−1 such that (10) holds for every cube

Q0 ⊂ Rn intersecting E.

Proof. Clearly, (i) implies (ii), so we turn our attention to the remaining implication. Fix
then a cube Q0 in Rn and let 0 < t ≤ s. After all, by Lemma 5.2, it is enough to prove
the inequality LQ0(t) ≤ C0

tσ
SQ0(t) for values of t in (0, s]. According to our hypothesis,

LQ0(s) ≤ C0 SQ0(s). But since LQ0(
1
2
) ≥ SQ0(

1
2
) by Lemma 3.7 and recalling that LQ0 is

non-increasing while SQ0 is non-decreasing, then LQ0(s) ≥ SQ0(s) and necessarily C0 ≥ 1.
We claim that SQ0(s) ≤ C0(

s
t
)σSQ0(t) for some σ > 0. If SQ0(t) = SQ0(s), there is

nothing to prove (as we just saw that C0 ≥ 1), so let us assume without loss of generality
that SQ0(t) < SQ0(s). Notice that

t ≤
∑

l(Q)≤SQ0
(t)

|Q|
|Q0|

< s (11)

where the second inequality comes from the fact that SQ0(t) < SQ0(s) = minS (s,Q0, E)
and so SQ0(t) /∈ S (s,Q0, E).
Let {Qα}α∈A = {Q ∈ DE(Q0) : l(Q) ≤ SQ0(t)} for some appropriate index set A. Given

some α ∈ A, Qα ∈ Dk(Q0) for some generation k = k(α), so we can define

Jα := max
{
j ∈ {0, . . . , k} :

|πjQα ∩
⋃

β∈A Qβ|
|πjQα|

≥ s
}
.

Since |πkQα∩
⋃

β Qβ||πkQα|−1 = |
⋃

β Qβ||Q0|−1 < s by (11), clearly Jα < k. Furthermore,

|π0Qα ∩
⋃

β Qβ||π0Qα|−1 = |Qα||Qα|−1 = 1 and |π1Qα ∩
⋃

β Qβ||π1Qα|−1 ≥ |Qα||πQα|−1 =
1
2n

≥ s, so Jα ≥ 1. In particular, πQα ⊂ πJαQα and thus πJαQα ∩E ̸= ∅. We can also see
that, since πJα+1Qα is well-defined,

|πJαQα ∩
⋃

β Qβ|
|πJαQα|

≤
|πJα+1Qα ∩

⋃
β Qβ|

|πJαQα|
= 2n

|πJα+1Qα ∩
⋃

β Qβ|
|πJα+1Qα|

< 2ns.

Thus, |πJαQα ∩
⋃

β Qβ| < 2ns|πJαQα|. Denoting Pα := πJαQα, since Pα ∩ Pβ ̸= ∅ if and

only if Pα ⊂ Pβ or Pβ ⊂ Pα, we can find another index set Γ such that {Pα}α∈Γ = {Pα}α∈A
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and Pα ∩ Pβ = ∅ for every pair of indexes α, β ∈ Γ. Using this pairwise disjoint property
of the collection {Pα}α∈Γ, we find that∣∣∣ ⋃

β∈A

Qβ

∣∣∣ = ∣∣∣ ⋃
α∈Γ

Pα ∩
⋃
β∈A

Qβ

∣∣∣ = ∣∣∣ ⋃
α∈Γ

(
Pα ∩

⋃
β∈A

Qβ

)∣∣∣ =∑
α∈Γ

∣∣∣Pα ∩
⋃
β∈A

Qβ

∣∣∣
< 2ns

∑
α∈Γ

|Pα|

= 2ns
∣∣∣ ⋃
α∈Γ

Pα

∣∣∣.
Now, for a fixed α ∈ Γ we obtain∑

Q∈DE(Pα)
l(Q)≤SQ0

(t)

|Q|
|Pα|

=
∑

β∈A:Qβ⊂Pα

|Qβ|
|Pα|

=
|Pα ∩

⋃
β∈A Qβ|

|Pα|
≥ s

by definition of Pα. This means that SQ0(t) ∈ S (s, Pα, E) and thus SQ0(t) ≥ SPα(s) ≥
C−1

0 LPα(s) ≥ C−1
0 SPα(1− s), implying C0SQ0(t) ∈ S (1− s, Pα, E) and∑

Q∈DE(Pα)
l(Q)≤C0SQ0

(t)

|Q|
|Pα|

≥ 1− s.

Putting all together and observing that
⋃

α∈ΓDE(Pα) ⊂ DE(Q0),∑
Q∈DE(Q0)

l(Q)≤C0SQ0
(t)

|Q|
|Q0|

≥
∑
α∈Γ

|Pα|
|Q0|

∑
Q∈DE(Pα)

l(Q)≤C0SQ0
(t)

|Q|
|Pα|

≥ (1− s)
∑
α∈Γ

|Pα|
|Q0|

= (1− s)
|
⋃

α∈Γ Pα|
|Q0|

≥ (1− s)

2ns

|
⋃

α∈A Qα|
|Q0|

=
(1− s)

2ns

∑
Q∈DE(Q0)
l(Q)≤SQ0

(t)

|Q|
|Q0|

≥ (1− s)t

2ns
.

This last inequality implies that SQ0(t) ≥ C−1
0 SQ0(ct), where c :=

(1−s)
2ns

. Since s < 1
2n+1

,
the constant c is strictly greater than one and 0 < ct < 1 for every t ≤ s. Let m be the

integer such that cm−1t < s ≤ cmt or, equivalently, m− 1 <
log s

t

log c
≤ m. Then,

SQ0(t) ≥ C−1
0 SQ0(ct) ≥ . . . ≥ C−m

0 SQ0(c
mt) ≥ C−m

0 SQ0(s),

this is,

SQ0(s) ≤ Cm
0 SQ0(t) ≤ C

1+
log s

t
log c

0 SQ0(t) = C0

(s
t

) logC0
log c SQ0(t).

Notice that, if we had C0 = 1, then the above computations show that 0 < SQ0(s) ≤
SQ0(t) → 0 as t → 0+, so C0 must actually be strictly grater than 1. Thus, the original

claim is proved with σ := logC0

log c
> 0. Next, we claim that LQ0(t) ≤ C0(

s
t
)σLQ0(s) for
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0 < t ≤ s, again with σ = logC0

log c
, which can be proved in exactly the same way as the

previous claim, and therefore the proof is omitted. Combining both claims, we get

LQ0(t) ≤ C0

(s
t

)σ
LQ0(s) ≤ C2

0

(s
t

)σ
SQ0(s) ≤ C3

0

(s
t

)2σ
SQ0(t),

which proves the theorem with C̃0 = C3
0 > 0 and σ̃ = 2σ > 0. □

Combining Theorem 5.3 with some of our previous results, we can easily obtain a proof
for the main result of this paper as stated in the introduction.

Proof of Theorem 1.1. By Proposition 5.1, (I) is equivalent to (10) for every cube Q0

intersecting E. Using Theorem 5.3, the latter is equivalent to the condition |E| = 0 and

LQ0(t) ≤ C̃0

tσ̃
SQ0(t) for every cube Q0 intersecting E, every t ∈ (0, 1) and some constants

σ̃, C̃0 > 0. Finally, Theorems 4.1 and 4.2 show this is equivalent to (II).
□

6. Further results: weak porosity and a probabilistic approach to pore
distribution

In this section, we aim to derive further consequences of the characterizations of the Ap

sets established beforehand. First, we introduce the class of weakly porous sets -known to
coincide with A1 sets- and demonstrate that they naturally meet these characterizations.
We then analyze the distance weights associated to certain subsets of the real line that
have been introduced by other authors in recent contributions. For this purpose, we use a
probabilistic approach that may prove valuable for future applications involving distance
weights and their associated sets in general.

6.1. Weakly porous sets as Ap sets. The concept of weak porosity has been extended
to general spaces such as metric spaces and spaces of homogeneous type, but the definition
given in [5] in the context of Euclidean spaces will be more adequate for our purposes.

Definition 6.1. Let E ⊂ Rn be a non-empty set. Then, E is weakly porous if there
are constants 0 < σ, γ < 1 such that for all cubes Q ⊂ Rn there exist N = N(Q) ∈ N and
pairwise disjoint Qi ∈ D(Q), i = 1, . . . , N , satisfying Qi ⊂ Q \E with l(Qi) ≥ γl(M(Q))
for all i = 1, . . . , N and

N∑
i=1

|Qi| ≥ σ|Q|.

Remark 6.2. The original definition of weakly porous sets given in [5] requires each
Qi ⊂ Q \E instead of Qi ⊂ Q \E. Nevertheless, since in that same reference it is shown
that weak porosity is invariant under topological closure, both definitions can be seen to
be equivalent.

Weakly porous sets in Rn have been shown to agree with the collection of sets spanning
non-trivial A1 distance weights, as the next theorem due to Anderson et al. states, and
which should be compared with Theorem 1.1. In particular, because of the set inclusion
A1 ⊂ Ap for p > 1, this means that weakly porous sets are Ap sets, although the converse
is not true, as the examples in Subsection 6.2 shows. In the following, we aim to obtain
a more direct proof that weakly porous sets are Ap sets by manually verifying (10) holds
for any such set, hoping that while doing so, both conditions are shown to be naturally
related. Specifically, (10) will be shown to be an even weaker condition than that of
Definition 6.1.
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Theorem 6.3 ([5, Theorem 1.1]). Let E ⊂ Rn be a non-empty set. Then, the next
statements are equivalent.

(i) E is weakly porous with constants 0 < σ, γ < 1;
(ii) there exists α > 0 such that dist(·, E)−α ∈ A1.

The reason behind the strong relationship between weak porosity and A1 distance
weights may not be easy to recognize, but it primarily stems from the fact that the
distribution of pores forming the complement ofQ\E depends heavily on the side length of
M(Q) when E is weakly porous. This is because, despite its relative simplicity, Definition
6.1 can be applied iteratively to a cube Q and some of its subcubes in order to deduce this
global behavior. In fact, this kind of iterative argument will be used next to show that,
by choosing a smaller value for the parameter γ in the definition of weak porosity, one can
obtain an improvement in the value of σ by a fixed amount. Before this, we reproduce a
technical lemma that will be needed for that purpose.

Lemma 6.4 ([5, Lemma 3.2 (ii)]). Let E be a weakly porous set with constants 0 < σ, γ <
1. Then, there exists a constant C = C(σ, γ, n) > 0 such that if Q,R ⊂ Rn are two cubes
satisfying Q ⊂ R with |R| = 2n|Q|, then

|M(R)| ≤ C|M(Q)|.
In particular, the above inequality holds whenever Q ∈ D1(R), this is, when Q is a dyadic
child of R.

Theorem 6.5. Let E be a closed weakly porous set with constants 0 < σ, γ < 1.

(i) There exists 0 < γ̂ < γ depending on both σ and γ such that E is weakly porous
with constants 0 < σ̂, γ̂ < 1, where σ̂ = 1− (1− σ)2 > σ.

(ii) Let σ∗ be any number in between 0 and 1. Then, there exists 0 < γ∗ ≤ γ with
γ∗ = γ∗(σ∗, σ, γ) such that E is weakly porous with constants 0 < σ∗, γ∗ < 1.

Proof. To prove (i), assume E is as in the statement and let Q0 ⊂ Rn be some cube. Let us
observe that the weak porosity condition is trivially fulfilled for any choice of parameters
whenever Q0 ∩ E = ∅, so assume that Q0 intersects E. Fix t ∈ (0, 1) and consider the
collection

Ft(Q0) = {Q ∈ DE(Q0) : l(Q) ≥ tl(M(Q0))}
and its complementary family

Gt(Q0) = {Q ∈ D(Q0) : Q∩Q′ = ∅ for every Q′ ∈ Ft(Q0)∧πQ∩Q′ ̸= ∅ for some Q′ ∈ Ft(Q0)}.
These two families are mutually disjoint and their union is equal to Q0 for any choice of
t. Moreover, l(Q) ≥ tl(M(Q0)) and Q ∩ E ̸= ∅ for every Q ∈ Gt(Q0). It is easy to verify
(see [5]) that our hypothesis of E being weakly porous with constants 0 < σ, γ < 1 is
equivalent to the condition∑

Q∈Fγ(Q′)

|Q| ≥ σ|Q′|, for every cube Q′ intersecting E. (12)

We can take advantage of (12) by considering the following sums.∑
Q∈Fγ(Q0)

|Q|+
∑

R∈Gγ(Q0)

∑
Q∈Fγ(R)

|Q| ≥
∑

Q∈Fγ(Q0)

|Q|+ σ
∑

R∈Gγ(Q0)

|R|

=
∑

Q∈Fγ(Q0)

|Q|+ σ
(
|Q0| −

∑
Q∈Fγ(Q0)

|Q|
)

= (1− σ)
∑

Q∈Fγ(Q0)

|Q|+ σ|Q0|
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≥ σ(1− σ)|Q0|+ σ|Q0|
= σ(2− σ)|Q0|
= (1− (1− σ)2)|Q0|.

On the other hand, if R ∈ Gγ(Q0), then there exist P ∈ Gγ(Q0) such that πR ∩ P ̸= ∅,
which implies P ⊂ πR (because P ∩ E = ∅ while R ∩ E ̸= ∅). But then by Lemma 6.4

|M(R)| ≥ C(σ, γ, n)|M(πR)| ≥ C(σ, γ, n)|P | ≥ C(σ, γ, n)|M(Q0)|.

Thus, each Q ∈ Fγ(R) satisfies

|Q| ≥ γn|M(R)| ≥ γnC(σ, γ, n)|M(Q0)| =: (γ̂)n|M(Q0)|,

implying that ( ⋃
Q∈Fγ(Q0)

Q
)
∪
( ⋃

R∈Gγ(Q0)

⋃
Q∈Fγ(R)

Q
)
⊂

⋃
Fγ̂(Q0)

Q

and therefore
∑

Fγ̂(Q0)
|Q| ≥ (1 − (1 − σ)2)|Q0|. Since the cube Q0 intersecting E was

arbitrarily chosen, it follows that E is weakly porous with constants σ̂ = 1− (1−σ)2 and
γ̂.

To see (ii), fix 0 < σ∗ < 1 and let σ0 = σ and γ0 = γ. If σ∗ ≤ σ0, then it suffices to
take γ∗ = γ0. If σ

∗ > σ0, proceed to define, for each k ∈ N, σk = σ̂k−1 = 1− (1− σk−1)
2

and γk = γ̂k−1. This is, the pair (σk, γk) is obtained by applying (i) to the weakly
porous set E having constants (σk−1, γk−1). Defining ηk = 1 − σk, observe that the

recursive relation for this quantity becomes ηk = η2k−1 = η2
2

k−2 = . . . = η2
k

0 . This means

σk = 1− ηk = 1− η2
k

0 = 1− (1− σ)2
k
. Choose K = K(σ∗, σ) ∈ N0 big enough as to make

σK ≥ σ∗. Since E is weakly porous with constants 0 < σK , γK < 1, then this also holds
for the constants 0 < σ∗, γ∗ < 1 instead, where γ∗ = γK < . . . < γ0 = γ. □

Using this improving technique on the parameter σ of a weakly porous set E, we can
easily prove that (10) must hold in this case for an appropriate value of C0.

Theorem 6.6. Let E ⊂ Rn be a closed weakly porous set with constants 0 < σ, γ < 1 and
let s ∈ (0, 1

1+2n
). Then, there exists a constant C0 > 0 dependent on n, s, σ and γ such

that LQ0(s) ≤ C0 SQ0(s) for every cube Q0 intersecting E.

Proof. Use Theorem 6.5 to choose 0 < σ∗, γ∗ < 1 such that E is weakly porous with said
constants and 1− σ∗ < s. Pick ε > 0 and a cube Q0 intersecting E and observe that∑

Q∈DE(Q0)
l(Q)≤γ∗l(M(Q0))−ε

|Q| ≤
∑

Q∈DE(Q0)
l(Q)<γ∗l(M(Q0))

|Q|

= |Q0| −
∑

Q∈DE(Q0)
l(Q)≥γ∗l(M(Q0))

|Q|

≤ (1− σ∗)|Q0|
< s|Q0|.

Thus, SQ0(s) > γ∗l(M(Q0)) − ε, for every ε > 0, meaning that SQ0(s) ≥ γ∗l(M(Q0)).
But then

LQ0(s) ≤ l(M(Q0)) ≤
1

γ∗SQ0(s),

so the theorem follows by taking C0 := (γ∗)−1. □
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6.2. A probabilistic approach describing pore distribution. In this subsection we
consider the distance weights associated with two subsets of the real line, introduced in the
works of Anderson et al. [5] and Mudarra [11], with the goal of presenting a probabilistic
approach that may be useful in order to translate theory into practice. Both sets can be
obtained through a same process involving the performance of a sequence of translations,
contractions and reflections on the starting two-point set {0, 1} as is described next.

Given a sequence of “contractions” {cn}n∈N ⊂ (0, 1], let

E({cn}) = E−({cn}) ∪ E+({cn})

where E−({cn}) = −E+({cn}) is the reflection of E+({cn}) =
⋃

n∈N0
En through the

origin and the sets En used to construct the latter are defined as follows. Set E0 := {0, 1}
and, for each n ≥ 1, En := En−1 ∪ E1

n−1 ∪ E2
n−1 where E1

n−1 is a translation of En−1

contracted by cn and whose first point is the last point of En−1 and E2
n−1 is a translation

of En−1 whose first point is the last point of E1
n−1.

Clearly, the nature of E({cn}) heavily depend on the behavior of the sequence of con-
tractions considered in its construction. In particular, the constant sequence cn = 1
gives rise to the set E({1}) = Z, which happens to be a weakly porous set [5]. This
example is represented in Figure 1 along with two others, constructed using the se-
quences cn = 1 − 1

2n
and cn = 1

2
instead. The set E({1 − 1

2n
}) was shown to satisfy

dist(·, E({1 − 1
2n
}))−α ∈ Ap \ A1 for every 0 < α < 1 and every 1 < p < ∞ in [5], while

dist(·, E({1
2
}))−α was shown to be a doubling weight which is not contained in

⋃
p≥1 Ap for

any choice of 0 < α < 1 in [11]. This shows that the sets E({cn}) are particularly useful
for constructing examples of A1, Ap or merely doubling distance weights depending on
the choice of the sequence {cn}, resulting on “better” weights as the sequence approaches
one more rapidly.

Here, we will restrict ourselves to the cases cn = 1− 1
2
and cn = 1

2
to demonstrate how

the theory developed in previous sections agree with the expected properties of the sets
E({cn}). More precisely, if for each n ∈ N, Qn denote the smallest cube (interval) in
R containing the set En (of course, the definition of each Qn depend upon the sequence
{cn}), the next statement can be proved.

Figure 1. Points of the set E = E({cn}) contained in the interval [−8, 8],
corresponding to the sequences (from bottom to top) cn = 1, cn = 1 − 1

2n
,

and cn = 1
2
.
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Proposition 6.7. Let E = E({cn}n∈N) where {cn}n∈N is some sequence of contractions
0 < cn < 1.

(i) If the sequence of contractions is given by cn = 1− 1
2n
, then there exist C0 > 0 and

s ∈ (0, 1
1+2n

) such that

LQn(s) ≤ C0 SQn(s) for every n ∈ N0.

(ii) If the sequence of contractions is given by cn = 1
2
, then for every t ∈ (0, 1

8
) we have

LQn(t)

SQn(t)
→ ∞ as n → ∞.

Item (ii) above implies that E({1
2
}) is not an Ap set, since (7) cannot hold for any

choice of σ,C0 > 0, which agrees with the previous discussion. On the other hand, recall
that the set considered in (i) does admit distance weights in Ap for every 1 < p < ∞,
but not in A1. In particular, this set is not weakly porous but it should satisfy (10) for
every cube Q0 intersecting it. Naturally, (i) is a weaker statement than this condition,
and extending it to every cube intersecting the set E({1 − 1

2n
}) would require a great

deal of additional and technical results. Instead, the goal here is to merely prove (10) for
the sequence of cubes Qn that, in some sense, constitute the structural core of the set
in question. The tools to be used in the proof of Proposition 6.7 are interesting in their
own right, as they bridge the theory from previous sections with elementary probability
concepts that could be suitable for a more practical viewpoint.

Let E be a closed non-empty set in the real line and let Q0 ⊂ R be a cube. The
collection

CE(Q0) = {I : I is a connected component of Q◦
0 \ E}

consists of all the open intervals I that happen to be the connected components of Q◦
0 \E,

in contrast with DE(Q0) which consisted of dyadic intervals. Here, we use the notation
A◦ to denote the interior of a set A ⊂ R. Using this new collection, we can define analogs
to the functions LQ0 and SQ0 : for any 0 < t < 1, let

L̃ (t, Q0, E) =

{
L ≥ 0 :

∑
I∈CE(Q0)

|I|≥L

|I|
|Q0|

≥ t

}

and

S̃ (t, Q0, E) =

{
L ≥ 0 :

∑
I∈CE(Q0)

|I|≤L

|I|
|Q0|

≥ t

}
.

Then, we consider the functions

L̃Q0(t) := sup L̃ (t, Q0, E)

and
S̃Q0(t) := inf S̃ (t, Q0, E).

The next result shows that these newly introduced quantities are naturally related to
their dyadic counterparts that had been used so far.

Lemma 6.8. Let E be a closed non-empty set with zero measure and let 0 < t′ < t < 1.
Then, for every cube Q0 intersecting E, the inequalities

LQ0(t) ≤ L̃Q0(t) ≤ 4LQ0(
1
4
t) (13)

and
C(t, t′) S̃Q0(t

′) ≤ SQ0(t) ≤ S̃Q0(t) (14)

IMAL PREPRINT # 2025-0078 ISSN 2451-7100 
Publication date: August 1, 2025

Prep
rin

t



NEW CHARACTERIZATIONS OF MUCKENHOUPT Ap DISTANCE WEIGHTS FOR p > 1 21

hold. The constant C appearing in (14) depends only on t and t′.

Proof. We start by considering (13). For the first inequality, take L ∈ L (t, Q0, E). Then,
since ⋃

Q∈DE(Q0)
l(Q)≥L

Q◦ ⊂
⋃

I∈CE(Q0)
|I|≥L

I,

it follows that ∑
|I|≥L

|I|
|Q0|

≥
∑

l(Q)≥L

|Q|
|Q0|

≥ t.

In other words, L ∈ L̃ (t, Q0, E) and, in consequence, L ≤ L̃Q0(t). Thus, taking the appro-

priate limit, we get LQ0(t) ≤ L̃Q0(t). For the remaining inequality, take L ∈ L̃ (t, Q0, E)
and write {Iα}α∈A = {I ∈ CE(Q0) : |I| ≥ L} for some adequate index set A. Since each
Iα is an open set contained in Q◦

0, we can find a dyadic cube Qα ∈ DE(Q0) such that
Qα ⊂ Iα and |Qα| ≥ 1

4
|Iα| ≥ 1

4
L. Then,∑

l(Q)≥ 1
4
L

|Q|
|Q0|

≥
∑
α∈A

|Qα|
|Q0|

≥ 1

4

∑
α∈A

|Iα|
|Q0|

=
1

4

∑
|I|≥L

|I|
|Q0|

≥ 1

4
t,

which implies that 1
4
L ∈ L (1

4
t, Q0, E), and furthermore that L̃Q0(t) ≤ 4LQ0(

1
4
t).

We now consider (14). To prove the second inequality, let L ∈ S̃ (t, E,Q0). Since⋃
I∈CE(Q0)

|I|≤L

I ⊂
⋃

Q∈DE(Q0)
l(Q)≤L

Q,

we have ∑
l(Q)≤L

|Q|
|Q0|

≥
∑
|I|≤L

|I|
|Q0|

≥ t.

In other words, L ∈ S (t, Q0, E) and, thus, SQ0(t) ≤ L. From this, it is deduced that

SQ0(t) ≤ S̃Q0(t). In order to prove the last inequality, let 0 < L < SQ0(t
′) and set

A := {I ∈ CE(Q0) : |I| > L}. By hypothesis,∑
I∈CE(Q0)\A

|I|
|Q0|

< t′.

On the other hand, we can write DE(Q0) =
⋃

I∈CE(Q0)
{Q : Q ⊂ I}, since for every

Q ∈ DE(Q0) there exists a unique I ∈ CE(Q0) such that Q ⊂ I. Furthermore, if I ∈ A
and # denotes the counting measure, then we claim that

#
({

Q ∈ DE(Q0) : Q ⊂ I ∧ 1

2k+1
L < l(Q) ≤ 1

2k
L
})

≤ 2

for any k ∈ N0. To see this, assume Qi is a member of the former collection for i ∈ {1, 2, 3}
and write I = (a, b). It follows that, since πQi∩E ̸= ∅ and I∩E = ∅, at least two of these
cubes intersect one same endpoint of I. Let us assume, without loss of generality, that
πQ1 and πQ2 both contain a, implying πQ1 ∩ πQ2 ̸= ∅. But then, since l(Q1) = l(Q2),
necessarily πQ1 = πQ2. Because Q1 and Q2 do not intersect E, the latter also implies
Q1 = Q2 and the claim holds. Thus, for I ∈ A and k ∈ N0, we have that∣∣∣∣∣ ⋃

Q⊂I
l(Q)≤ 1

2k
L

Q

∣∣∣∣∣ = ∑
Q⊂I

l(Q)≤ 1

2k
L

|Q| =
∞∑
j=k

∑
Q⊂I

1

2j+1L<l(Q)≤ 1

2j
L

|Q| ≤
∞∑
j=k

1

2j−1
L =

1

2k−2
L <

1

2k−2
|I|.
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Picking k ∈ N0 such that t′ + 1
2k−2 < t, we get∑

Q∈DE(Q0)

l(Q)≤ 1

2k
L

|Q| =
∑

I∈CE(Q0)

∑
Q:Q⊂I

l(Q)≤ 1

2k
L

|Q| =
∑

I∈CE(Q0)\A

∑
Q:Q⊂I

l(Q)≤ 1

2k
L

|Q|+
∑
I∈A

∑
Q:Q⊂I

l(Q)≤ 1

2k
L

|Q|.

For the first series, we write∑
I∈CE(Q0)\A

∑
Q:Q⊂I

l(Q)≤ 1

2k
L

|Q| ≤
∑

I∈CE(Q0)\A

|I| < t′|Q0|.

For the remaining one, we compute∑
I∈A

∑
Q:Q⊂I

l(Q)≤ 1

2k
L

|Q| < 1

2k−2

∑
I∈A

|I| ≤ 1

2k−2
|Q0|.

Consequently, ∑
Q∈DE(Q0)

l(Q)≤ 1

2k
L

|Q| ≤ (t′ + 1
2k−2 )|Q0| < t|Q0|,

which implies that 1
2k
L < SQ0(t). Taking the limit as L → S̃Q0(t

′), we arrive at 1
2k
S̃Q0(t

′) ≤
SQ0(t). □

In view of Lemma 5.2, it will be enough to characterize the behavior of L̃Q0 and S̃Q0 to
deduce inequalities like the ones appearing in Proposition 6.7. With this in mind, given
a cube Q0 ⊂ R, let us consider the function XQ : Q → (0,∞) given by

XQ(ω) :=
∑

I∈CE(Q)

|I|1I(ω).

Namely, XQ assigns, to each ω in Q, the length of the connected component of Q◦ \ E
containing this point (or zero if this point is not contained in any such component).
Furthermore, XQ happens to be a random variable on the probability space (Q,B(Q), PQ),
where B(Q) is the Borel σ-algebra of subsets of Q and PQ(S) = |Q|−1|S| for any S ∈ B(Q).
We will use the standard notation EXQ for the expected value of XQ (with respect to the
measure PQ). We will now begin tackling the first statement of Proposition 6.7.

Lemma 6.9. Let E = E({1− 1
2n
}). There exists a constant C > 0 such that

EXQn EX−1
Qn

≤ C (15)

for every n ∈ N0.

Proof. Let x1, . . . , xm > 0 be such that PQn(XQn = xi) = pi with
∑m

i=1 pi = 1. Then,
XQn+1(Qn+1) = {x1, . . . , xm, cn+1x1, . . . , cn+1xm} with PQn(XQn+1 = xi) = ( 2

2+cn+1
)pi and

PQn(Xn+1 = cn+1xi) = ( cn+1

2+cn+1
)pi. Thus, for any θ ∈ R, we have

EXθ
Qn+1

=
∑

y∈XQn+1
(Qn+1)

yθPQn+1(XQn+1 = y) =
m∑
i=1

(
2

2+cn+1
xθ
i pi +

cn+1

2+cn+1
cθn+1x

θ
i pi

)

=
(2 + c1+θ

n+1

2 + cn+1

) m∑
i=1

xθ
i pi

=
(2 + c1+θ

n+1

2 + cn+1

)
EXθ

Qn
.

IMAL PREPRINT # 2025-0078 ISSN 2451-7100 
Publication date: August 1, 2025

Prep
rin

t



NEW CHARACTERIZATIONS OF MUCKENHOUPT Ap DISTANCE WEIGHTS FOR p > 1 23

Using this recursive formula with θ = ±1, we can write

EXQn EX−1
Qn

=
(2 + c2n
2 + cn

)( 3

2 + cn

)
EXQn−1 EX−1

Qn−1

...

= EXQ0 EX−1
Q0

n∏
i=1

3(2 + c2i )

(2 + ci)2

=
n∏

i=1

3(2 + c2i )

(2 + ci)2
,

where the last step follows from the fact that XQ0 = 1. Replacing ci = 1 − 1
2i

in the
previous formula and recalling that log(x+ 1) ≤ x for every positive x, we find that

EXQn EX−1
Qn

=
n∏

i=1

3(2 + c2i )

(2 + ci)2
=

n∏
i=1

3(2 + (1− 1
2i
)2)

(3 + 1
2i
)2

=
n∏

i=1

36i2 − 12i+ 3

36i2 − 12i+ 1

=
n∏

i=1

(
1 +

2

36i2 − 12i+ 1

)
= e

∑n
i=1 log

(
1+ 2

36i2−12i+1

)
≤ e

∑n
i=1

2
36i2−12i+1

≤ e
∑∞

i=1
2

(6i−1)2

= e
2
25

∑∞
i=1

1
n2 .

Thus, the proof finishes by taking the bound C = e
π2

75 . □

Lemma 6.10. Let E = E({1 − 1
2n
}) and fix 0 < s < (1 + 2n)−1 . Then, there exists

C0 > 0 dependent on s such that

L̃Qn(s) ≤ C0 S̃Qn(s)

for every n ∈ N0.

Proof. Fix and 0 < s < (1 + 2n)−1 let k be any positive number. Observe that

PQn(XQn ≥ k EXQn) = PQn

( ⋃
|I|≥k EXQn

I
)
=

∑
|I|≥k EXQn

|I|
|Qn|

.

But then, if k > s−1, we can use Markov’s inequality to get∑
|I|≥k EXQn

|I|
|Qn|

= PQn(XQn ≥ k EXQn) ≤
1

k
< s,

meaning that L̃Qn(s) ≤ k EXQn . Similarly, since

PQn

(
X−1

Qn
≥

EX−1
Qn

k′

)
= PQn

(
XQn ≤ k′

EX−1
Qn

)
=

∑
|I|≤k′ (EX−1

Qn
)−1

|I|
|Qn|
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we can apply Markov’s inequality to the variable X−1
Qn

to obtain∑
|I|≤k′ (EX−1

Qn
)−1

|I|
|Qn|

= PQn

(
X−1

Qn
≥

EX−1
Qn

k′

)
≤ k′ < s

if we choose 0 < k′ < s, thus S̃Qn(s) ≥ k′ (EX−1
Qn

)−1. But then, if C is the constant given
by Lemma 6.10,

L̃Qn(s) ≤ k EXQn ≤ kC(EX−1
Qn

)−1 ≤ k

k′CS̃Qn(s).

□

Proof of Proposition 6.7 (i). Follows by the application of Lemmas 6.8 and 6.10. □

To tackle the second item of Proposition 6.7 it is better to consider the random variable
given by

YQ(ω) = − log2XQ(ω)

which, in the case that E = E({1
2
}), to each ω ∈ Q assigns an integer k such that the

connected component I containing ω has length 2−k. It was already noted by Mudarra
in [11] that the pore distribution of E could be described by a binomial distribution. In
our setting, this translates into the fact that YQn follows a binomial distribution with
parameters n and q = 1

5
, this is, YQn ∼ Bin(n, q). In this regard, it is known that the

binomial distribution can be uniformly approximated by the normal distribution, and that
this approximation improves as the parameter n increases. The main tool for achieving
this approximation is the Berry-Esseen theorem, reproduced below.

Theorem 6.11 ([6, Theorem 11.4.1]). Let X1, X2, . . . be a sequence of iid random vari-
ables with EX1 = µ, VarX1 = σ2 ∈ (0,∞) and E|X1|3 < ∞. Then,

sup
x∈R

∣∣∣P(X1 + . . .+Xn − nµ

σ
√
n

≤ x
)
− Φ(x)

∣∣∣ ≤ C
E|X1 − µ|3

σ3
√
n

for all n ∈ N and where Φ denotes the standard normal cumulative distribution function.
Furthermore, the constant C ∈ (0,∞) does not depend on n or the distribution of X1.

Since any binomial random variable can be expressed as a sum of iid Bernoulli ran-
dom variables, Theorem 6.11, when applied to such a sequence of functions, ensures the
existence of a constant C > 0, independent of n, such that

sup
x∈R

∣∣∣PQn(YQn ≤ x)− Φ
( x− nq√

nq(1− q)

)∣∣∣ ≤ C√
n
. (16)

This can be used to get approximate values for the functions L̃ and S̃ in the following
way.

Proof of Proposition 6.7 (ii). Fix 0 < t < 1
8
and begin by rewriting the expressions for

the functions L̃ and S̃ in terms of the distribution of YQn . Given L ≥ 0, recall that
PQn(XQn ≥ L) = PQn({ω ∈ Qn : |I| ≥ L, where ω ∈ I ∈ CE(Qn)}) =

∑
|I|≥L PQn(I) =∑

I≥L
|I|
|Qn| , thus

L̃Qn(t) = sup
{
L ≥ 0 :

∑
I∈CE(Q0)

|I|≥L

|I|
|Qn|

≥ t
}
= sup{L ∈ (0, 1) : PQn(XQn ≥ L) ≥ t}

= max{ 1
2k

: k ∈ N0 ∧ PQn(XQn ≥ 1
2k
) ≥ t}
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= 2−min{k∈N0:PQn (XQn≥
1
2k

)≥t}

= 2−min{k∈N0:PQn (YQn≤k)≥t}.

Analogously, it can be shown that S̃Qn(t) = 2−max{k∈N0:PQn (YQn≥k)≥t}. Then, by (13) and
(14), we have

LQn(t)

SQn(t)
≥ 1

4

L̃Qn(4t)

S̃Qn(t)
=

1

4
2max{k∈N0:PQn (YQn≥k)≥t}−min{k∈N0:PQn (YQn≤k)≥4t}. (17)

In order to get approximate values to the quantities in the exponent above, we consider
zr, the standard normal quantile function at r. In other words, this function is defined to
satisfy Φ(zr) = r for every 0 < r < 1. Next, pick numbers ξ1 and ξ2 such that t < ξ1 <

4t < ξ2 <
1
2
. If we set x1−ξ1 := nq + (1− zξ1)

√
nq(1− q) and xξ2 := nq + zξ2

√
nq(1− q),

then by (16) it follows that

|PQn(YQn ≤ xξ2)− ξ2| ≤ C
√
n
−1
.

In particular choosing n > C2(ξ2 − 4t)−2, we have PQn(YQn ≤ ξ2) ≥ 4t and

min{k ∈ N0 : PQn(YQn ≤ k) ≥ 4t} ≤ xξ2 .

On the other hand,

|PQn(YQn > x1−ξ1)− ξ1| = |PQn(YQn ≤ x1−ξ1)− (1− ξ1)| ≤ C
√
n
−1
,

so taking n > C2(ξ1 − t)−2 implies PQn(YQn > x1−ξ1) ≥ t and

max{k ∈ N0 : PQn(YQn ≥ k) ≥ t} ≥ x1−ξ1 .

Finally, let us observe that ξ1 < ξ2 < 1 − ξ1 and, consequently, z1−ξ1 − zξ2 > 0. Thus,
combining (17) with the previous estimates we get

LQn(t)

SQn(s)
≥ 1

4
2x1−ξ1

−xξ2 =
1

4
2(z1−ξ1

−zξ2 )
√

nq(1−q) → ∞ as n → ∞.

□
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