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MULTILINEAR APPROXIMATE IDENTITIES GENERATED BY
HYPERMETRICS ON SPACES OF HOMOGENEOUS TYPE

HUGO AIMAR, IVANA GOMEZ, AND JOAQUIN TOLEDO

ABSTRACT. The classical Newtonian potentials, defined in terms of metrics, give rise to
the basic family of kernels defining linear integral operators and posing the fundamental
problems of linear harmonic analysis. When the binary character of a metric on a set is
naturally generalized to the (k 4 1)-ary character of hypermetric on the set, we obtain
families of kernels of k41 variables leading to multilinear integral operators of order & or
k-linear operators. In this paper we consider the problem of multilinear approximation
to the multilinear identity through potentials built on hypermetrics in the general setting

of spaces of homogeneous type.

1. INTRODUCTION

In this paper we shall deal with special multilinear operators defined by kernels built
on higher order metrics or hypermetrics. A simple observation than can be taken as
starting point to illustrate the basic definitions is the following. The usual distance in
the real numbers R, given by |z — y| can be seen as a constant times the distance in
R? of the point (x,y) to the diagonal of R%. In fact given # # y in R, the orthogonal
projection of (z,y) on the diagonal {(z, z) € R? : z € R} = A, is the point 1 (z+y, z+y).
Hence if p(z,y) denotes the distance of the point (x,y) to A, we have that p*(z,y) =

<3c — @)2 + <y — @)2 = Yz —y|°. In other words |z — y| = v/2p(z,y). If we have
m > 2 real numbers {zi,...,z,,} we can define in R™ a function p(x1,...,2,,) as the
distance of the point (x1,...,2,,) to the diagonal A, = {(2,...,2) : z € R} in R™. This
procedure can be carried over the setting of metric or quasimetric spaces. In this paper
we aim to explore some of the basic multilinear operators generated by these hypermetrics
on spaces of homogeneous type.

We shall consider here the problem of approximating the k-linear identity I(f1,...,
fi)(x) =TI, fi(x) (sce [Gral4]), through E-linear integral operators whose kernels are
given in terms of p(z, x1, . .., zx) on a space of homogeneous type (X, d, ), with m = k+1.

In the special case of a-Ahlfors regular spaces of homogeneous type, we give sufficient
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conditions on ¢ in order to prove that

J(;; g)X[SO (p($’x17g“’wk)) ﬁfi(%)dﬂ(xl)mdﬂ(xk) (1.1)

tends to []i_, fi(x) for almost every # € X, when f; € LP(X,p) and 1 = S5 1

i=1 p;
1 < p; < oo, where J(z,e) = kaw(w)du(m)...du(m,ﬁ). When k£ = 1, \fve
have the classical linear case, see for example [Ste70]. The problem of boundedness of
multilinear maximal functions has been considered for different maximal type operators
including the Calderén bilinear maximal. See for example [Lac00], references therein and
[DTTOS].

The paper is organized as follows. Section 2 is devoted to the definition and basic
properties of hypermetrics in spaces of homogeneous type. In Section 3 we prove that,
under suitable conditions on ¢, the maximal operator associated to (1.1) is pointwise
bounded by a multilinear Hardy-Littlewood type maximal operator on the sections of p-
tubes about the diagonal of X**!. We also prove in Section 3 the boundedness properties
of this Hardy-Littlewood type operator in the general setting of spaces of homogeneous
type. Section 4 deals with the convergence of the means (1.1) to the multilinear identity

when ¢ tends to zero.

2. HYPERMETRICS

Let us recall that a quasi-metric space (X, d) is a set X with a function d : X x X — Rxg
that is symmetric, vanishing on the diagonal of X X X, and only on the diagonal, satisfying
the generalized triangle inequality d(x, z) < k(d(z,y) + d(y, z)) for some constant k > 1
and every z,y and z in X. When x = 1, (X,d) is a metric space. Actually as it was
proved in [MS79] and [GusT74], every quasi-metric space is metrizable and moreover, the
quasi-metric d is equivalent to a power of a metric. We shall write By(z, ) to denote the
ball centered at x with radius r > 0, i.e. By(z,r) ={y € X :d(z,y) <r}.

Given a quasi-metric space (X,d) and a positive integer k the space (X**+1 dF+1),
where X*! = X x ... x X, k+ 1 times, and d**(z,y) = sup{d(x;,y;) : i = 0,1,..., k},
with @ = (zo,x1,...,2x) and ¥y = (Yo, V1, ---,Yk), 1S also a quasi-metric space with the
same triangle constant x as (X, d). Set Ay to denote the diagonal of X**1. Precisely
Appp ={x € X* 29 =21 = ... = 2;}. As usual the distance of a point = to a set F
is defined as the infimum of the distances of the point @ to the points y € E. We shall
say that the function p : X**' — Rsq given by p(x) = p(xq, ..., z) = d*H(z, Npyr) =
infyen,,, d**!(x,y) is the hypermetric of order k£ + 1 on X induced by d.

In our analysis of multilinear operators defined by p we shall be specially interested
in the neighborhoods of the diagonal A, ; of the type V(r) = {x € Xk : p(x) < r}.

In particular we shall deal with its sections obtained by fixing one of the components
2
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of . Assume for example that we fix + € X and consider the subset of X* given by
E(x,r) = {(x1,...,23) € X*¥ : p(x,21,...,7) < r} which is the section at x of V().
Notice that since p(xo, 1, ..., T%) = p(To(0); To(1)s - - - Ta(ky) for every permutation o of
{0,1,...,k}, we have that E(x,r) = E(z;,r) for every choice of i = 1,...,k. The balls

in (X, d) have a quantitative control of the sets E(x,r) that is given in the next result.

Lemma 2.1. Let k be the triangular constant for d, then

HBd(x,r) C E(z,r) C HBd(:c,Z%r)

i=1 i=1

for every x € X and every r > 0.

Proof. Take (z1,...,x) € Hle By(z,r), then d(x,x;) < 7, i = 1,...; k. And, of

course d(z,z) = 0 < r. So that p(z,x1,...,2) < d*"" ((z, 21, ... s21), (2, 2,...,2)) =
sup;—;. pd(v,2;) < r, and (w1,29,...,7;) € E(z,r). Let us now check the second
inclusion. For (xy,...,xx) € E(x,r) we have p(x,zy,...,%,) < r, hence for some
u € X, d* ((z,x1,...,21), (u,u,...,u)) < r. From the definition of d**! we get

d(z,u) < r,d(xy,u) <r,...,d(zg,u) < r. Now, from the triangle inequality, d(z;,x) <
k(d(z;,u) +d(u,x)) < 2kr, for i =1, ..., k. These inequalities prove that (zq,xs,...,zx)
belongs to Hle By(z, 2kr). O

As usual, see [CWT71, MS79] we shall say that (X, d, 1) is a space of homogeneous type
if (X,d) is a quasi-metric space and (X, u) is a positive measure space on a o-algebra
containing the d-balls, such that there exists a constant A for which 0 < p(By(z,2r)) <
Ap(Bay(z,r)) < oo for every x € X and every r > 0. We say that x and A are the
geometric constants of (X, d, ).

In a space of homogeneous type the above lemma provides estimates for the measures
of the sections E(z,r) of V(r). The results in [MS79] show that, if necessary, the quasi-
metric can be changed by another quasi-metric that is continuous. Hence the d-balls are
open in X, the tubes V(r) are open sets in X**1 and their sections E(z,r) are open sets
in X*.

The next result follows immediately from Lemma 2.1.

Lemma 2.2. If (X, d, p) is a space of homogeneous type such that the d-balls are open sets
and k is a positive integer, then (X*, d*, u*), with pu* the product measure on X*, is a space
of homogeneous type with geometric constants k and A*. Moreover, the family E(x,r)
satisfies a doubling property 0 < p¥ (E(z,2r)) < Ak (E(z,r)) < oo, with A = (8k)Flos24,

When the space of homogeneous type is a-Ahlfors regular (see [Dav84]), for some

positive a, we have a uniform behavior for the measure of the sections E(x,r). Recall
3
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that (X, d, p) is a-Ahlfors regular if there exist constants 0 < v < T' < 0o such that
v < p(Ba(z,r)) < I're

for every x € X and every r > 0. Notice that every a-Ahlfors regular space is a space of

homogeneous type with A = 20‘5. From Lemma 2.1 we immediately have the next result.

Lemma 2.3. If (X,d, ) is a-Ahlfors reqular, then p* (E(z,r)) ~ r* for every x € X

and every r > 0. Precisely, c;r* < p*(E(x,r)) < cor®® with ¢; = v* and co = (2k)FT*.

3. MULTILINEAR MAXIMAL ESTIMATES

In this section (X, d, i) is an a-Ahlfors regular space which is complete in the metric
sense. Some of the results will be proved under more general hypotheses that we shall be
explicitly point out.

Given k-functions f; : X — R, the k-linear identity operator is defined on the vector

function (f1, fo, ..., fx) by
k
I(f1, far - f)(@) = [ | fila).
i=1

From Holder inequality we have that |[Z(f1, f2,. .., fi)llp1x ) < 1, 1 fill Los (x oy When-

ever 1 = Zle z%' In the search of approximations to I, through k-linear integral operators

concentrating their singularities about the diagonal A;.; ok X**! we consider kernels

1 plr,xq,...,x
‘I)r(%??l,---,iﬂk):J(x T)gp( ( 17“ k)),

for r >0, # € X and (z1,...,7;) € X*, where

(o, r) = /ngp (p(x’“"“’x’“)) & ulzs, . ).

of the form

,
The next result provides sufficient conditions on ¢ in order to get an estimate for J(z,r)

in terms of » > 0 uniformly in x € X.

Lemma 3.1. Let ¢ : R>g = R>o be a nonincreasing function such that

0 < s(p) = / o)tk tdt < oo,
0

then there exist two constants Cy and Cy depending only on k, v, I' and k such that

J(x,r)

ko

<
015(<P) =",

< Cas(yp)

for every r > 0 and every x € X.
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Proof. Take x € X and r > 0, then for A > 1

p<x7x17"'7xk) k
J(x,r) = / ( )d Ty ey Tp)-
@) Z TN <p(2,21,.0 28 ) <r AT T ’ r Hn g

JjeZ

Hence from the nonincreasing condition on ¢ and Lemma 2.3

J(x,T)SZga(/\j)/ d*u(zy, ..., o)

A <p(z,x1,..,zp ) <rAITL

JEZ
<> o (N) pF (B, rNT)
JEZ
< Fk(2/€)akro¢k Z © ()\]) )\ka(j+1)
JjeZ
_ ARTE(2k) ok /M o (V) yhai 4t
log)\ ez A1 t

@ (t) that

< )\2ka1“k(2ﬁ)ak7aak /)\j
log A A\

i—1
jez YN

_ ko (Qj:;) T (20) s (). (3.1)

Let us consider now the lower bound for J(z,r). From Lemma 2.1 we have that for

A > 2K,
k k

E(z, v N\ E(z,rN) D H By(z, r N\ H By(x,2kr)\).
i=1 i=1

Now,

Ta,r) = S ¢ (V) i (Bla, rV*) \ Bz, r))

jez
k k
> Z(p (V) pf <H By(x, X))\ H By(z, 2/%)@)) .
jez i=1 i=1
From the Ahlfors character of the space,
k k
pF <H By(x, rN)\ H By(z, 257‘)@))
i=1 =1

5
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(1 + T*(26)k2) Ra

Hence, if we choose \g = T , we get
’)/O(
J(x,r) = 7Y oA
jez

rhe 1 /*fi” dt
(AG%)? log Ag ]GZZ e O

T.ka

> = .
= Flog ay P
This inequality together with (3.1), with A\ instead of A, gives the result. U

Let us now introduce the k-sublinear maximal operator defined by the family {®. :
e > 0} of kernels

e>0

k
O (f1,..., fr)(x) =sup /Xk O (x,z1,...,78) H ]fi(xi)|duk(x1, Ce, TE). (3.2)
|

It is not difficult to show, applying the generalized Schur Lemma in [GTO01], that for
fixed € > 0 the operator [y, ®.(x, x1,...,xk) Hle |fi(@i)|dp" (21, . . ., 73) is bounded from
LPt x ... x LPx into LY when Zle :z%' = % with 1 < pq,...,pr, ¢ < co. The basic fact in the
search of pointwise convergence of [y, ®e(, 1, ..., @) 15 |fi()|dp® is the pointwise
boundedness of ®*(f,..., fx)(x) by a Hardy-Littlewood multilinear operator built on
the sections E(z,r) of the neighborhoods of the diagonal Ay ;. Precisely, the adequate

Hardy-Littlewood type maximal operator is defined by

k
1

M(f1,. . 5 fe)(x) =sup ——————— fi(z)|dp®(z1, . ..z 3.3

( )(x) W B @) EW)E\ () dp™( ) (3.3)

for measurable functions fi,..., fr on X. Let us start by stating and proving an upper

pointwise estimate of ®* by M.

Theorem 3.2. Let (X,d,u) be an a-Ahlfors reqular space. Let ¢ : Rsog — Rxo be a
nonincreasing function satisfying 0 < s(p) = fooo (t)the=tdt < oo. Then there exists a
constant C' depending only on K, v, I', a and k such that

O (f1, o fu)(x) S CM(frs- oo fi)(2)

for every fi,..., fr measurable on X and for every x € X.

Proof. Given ¢ > 0, as before we may decompose the domain of any of the integrals
defining ®* in dyadic annuli to obtain by the monotonicity of the ¢, Lemma 3.1 and

Lemma 2.3, the following basic estimate,

6
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=2 Y B € ) (TR

i=1

<Y e @) 5 / [Tl a2

{(z1yy21):629 <p(z,21,..., 71 ) <291} =1

< —C’ls(cp) Z 2 (Qj) gkaj k(E(x’ 52j+1)) | / H |fz ml |dk xh o ,$k>

4/{ kark
“Cisly) <Z<P (27) 2’“”) M1, fo)(@).

JEZ

Let us now notice that

dt
2] Qkaj _ 23 Qkaj_
S ol > ez / ()2

JjEZ
2'“* dt
t tka_
o 10g2 Z/Qj—l (ID( ) t

2ka o8]
= / @(t)th ot
0

log 2
2ka
N ].Og 2S(¢)7
and the result is proved with constant C' = (80’?12 ZF; O
From Lemma 2.1 we easily obtain the pointwise boundedness of M(f1,..., fx)(z) in

terms of the standard Hardy-Littlewood maximal operator on (X, d, i) acting on each f;,
1=1,...,k,

1
M fi(z) = up w(Ba(z, 7)) /Bd(l“ﬂ

Proposition 3.3. Let (X,d,p) be a space of homogeneous type with doubling constant
A, then

| fi(y)| dp(y).

k
M(f1,- . fi)(@) < (2k)F1824 HMfi(I)

Proof. From Lemma 2.1, for each z € X and each r > 0, we have

1
m/E( H\fle dp* (2, .. )

x,r) =1

k
1
< |filz:)| du(xy) ... du(xy)
[T n(Balwr) L7t
i1 Ba(z,2kr)
7



ISSN 2451-7100
IMAL PREPRINT # 2026-0080 Publication date: February 6, 2026

1
LB ) | @)l dute)

Bg(x,2kr)

k
1=

k
< (2r)Flos AT M fi(=).
=1

g

Theorem 3.2, the estimate obtained in Proposition 3.3, Holder inequality and the
boundedness of M in the spaces LI(X, u) for ¢ > 1, give the basic boundedness properties

of ®* on Lebesgue spaces.

Theorem 3.4. Let (X,d,u) be an a-Ahlfors reqular space and ¢ : Rsg — Rso be a
nonincreasing function such that 0 < s(p) = [;° @()tF*dt < co. Let 1 < p; < oo,
j=1,....kand 1 = 25:1 pij. Then there exists a constant C' depending on v, I', «, k
and the p;’s such that

k
19" (frs - fidllor ey < €TI0
j=1

holds for every measurable functions fi,..., fr on X.

4. THE APPROXIMATION TO THE MULTILINEAR IDENTITY

In this section we shall prove the following result.

Theorem 4.1. Let (X, d, u), be a complete a-Ahlfors reqular space. Let k be an integer
larger than or equal to one. Let ¢ : Rsg — R>¢ be a nonincreasing function such that
0< s(p) = [y~ p)tFetdt < oo. Let 1 < p; < oo, j=1,...,k, satisfying 1 = Z?:l pij.
Then

lim O (z,21,...,7%) (... ) =0,

e—0 Xk

k k
H fix;) — H fi(z)

for almost every x € X and every f; € LP(X,p), j=1,....k.

The main tool, as in the linear case, is the boundedness of ®* obtained in Theorem 3.4.

Let us start by stating and proving two auxiliary lemmas.

Lemma 4.2. Let {a;:i=1,...,k} and {b;: i =1,... k} be two finite sequences of real
numbers with length k. Then

Haz’ — Hbi = izl(az’ — bi)(-];_[HaJ) <:1:!bl>,

8
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Proof. We proceed by induction on k. For k = 2, we have ajay — biby = (a1 — by)as +
bi(as — by). Assume now that the formula holds true for k. Let us prove it for k + 1,

k+1 k+1

Hal Hb - (H(zl)akﬂ _ (Hb)bkﬂ
= (H a; — H bi>ak+1 + H bi(ak1 — bry1)

R Ol R DR
= ;(ai - bz)(l;[rl aj) (:1} bl)'

g

Lemma 4.3. Let (X,d,u), k and ¢ as in Theorem 4.1. Let ¢;, j = 1,...,k be k real

compactly supported and continuous functions defined on X. Then

() H V(@

lim O (x,1,...,78)

Wd*p(zy, ..., xp) =0,
e—0 Xk

for every r € X.

Proof. Notice first that the function H?Zl ¥;(z;) defined on X* is continuous and com-
pactly supported. Then given n > 0, there exists ¢ > 0 such that ]Hle Yi(x) —
H§:1 Y;(z)| < m whenever (x1,...,z5) € Hle Bqy(z,0) or equivalently x; € By(z,0).
With this value of o, let us split the integral in the following way

/qu)g(:p,xl,..., H%% f[ b;i(x)

j=1

1 plz, = )\ |1 :
s L1y ey N .
< oo /m1 pieny? ( - ) jl;[lw](xj) jl:[l?/h(x)

21151 19ill o
n =1 131 Lo (X 1) / gp(ﬁ(x,xh ’xk)>dku(:c1,...,xk)-

J(x,¢€) 5
XK\[Ti=; Ba(w.0)

dkﬂ(fla s ,..'Ek)

dp(as, ... )

The first term above is bounded by 7. In order to show that the second term is bounded by
n taking € small enough, notice first that from Lemma 2.1 we have that X’“\Hf:1 By(z,0)

is contained in X*\ E(z, £). Hence, from Lemma 2.3 and 3.1,
2115, Il
=1 1Will oo (x p0) p(x, o1, ., Tk)\ o
J(.Tﬂ’:“) / 90< c )d,u(xl?vxk’)

XM\ITiZ, Ba(z,0)
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2115 195 o (z,2 )
< j= (X,p) / P\T, L1, ..., Tk k

2115, 195l oo (x,x xy)
_ 2l )y / PAT 20, - Tk)

. g
i2logy 5,2 “lyicp@army) cgit

& ‘ k E 2i+1
< ZHH%HLOO(X,H) Z QD(ZZ)M ( J((ZEE) !
Jj=1 |

i>logy ﬁ -1

k
2k (25)*eT* i\oika
<2 T 15l pe ey “Oslo) > p2)2

Jj=1 i>logy ﬁ—l

k
gha(gg)kerk 1 [ -
<2l Gt og3 ) o SO
j=1

o
IOg 2 0ogo b -1

which tends to zero for e — 0, since s(p) = [ ()" dt is finite. O
We are now in position to prove Theorem 4.1.

Proof of Theorem 4.1. Let us start noticing that it suffices to show that for f; € L/ (X, u)

and every m > 1,
. 1
,u({xeX:hmsup/ O (z, 21, ..., xx) )| dp $1,---,96k)>—}) = 0.
e—0 Xk m

Now, from Lemma 4.3, with 4y, ..., ¥ compactly supported continuous functions, we

k

i(25) H

have that the above set is contained in

k
{x €X: limsup/ O (z,x1,...,Tk () H Nz, ... x)
e—0 Xk J=1
k
+1i O (2,1, ... Wd* u(zy, ...,
lr?jélp /X De(w,m Hw] ) 1;[ TICS Y

=1
k k 1
- {xeX:S;i%)/xkq)éf(xaxla'”?xk) gf]($])_j1:[1¢( ) d M(xla ,.Tk) > %}
k k 1
U{xEX: —Hfj(x)>%}
j=1 7j=1
=AU B.

10
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Let us first show that the measure of B can be made as small as desired by an appropriate

choice of 9, ..., 1¥,. From Lemma 4.2 we have
p(B) <2m ; [I 5 - H%(ﬂ?) dp()
k g - k j—1
< QmZ/ (fi(z) — () ( 1T fi(x)) (H@Dz(fﬁ)) dp(z).
j=1vX i=j+1 =1

Now, from Hoélder’s inequality,

k k j—1
u(B) < QmZ 1f; = 77bj||LPj(X,u) < H ||fi||LPi(X7M)> (H ”leLPl(X,u)> ,
j=1 i=j+1 =1
which is small if we choose 1); as close as needed to f; in the LP/(X, ;) norm. For the

bound of A we shall use Theorem 3.4. In fact, applying again Lemma 4.2, we have

k
Zf]x] — ¥i(;)) Hfz%szx]du>—}
Xk j=1

i=j+1
k k j—1 1
e {osimsw Y [ oo ailh =) I 15Tt > o)
jzlxk

A= {x : limsup/q)g(x,xl,...,

e—0

i=j+1 =1
k
- {x DY (W, i fi = g fien e fo) (@) > %}
=1
g 1
C x: QO (y, . 1, fi — g [ ,...,f)(a:)>—}.
]szl{ 1 J=1sJj JrJi+1 K 2%km

So that, from Chebychev inequality and Theorem 3.4,

k
p(A) < 2kmz ID* (W1, Wi, f5 — g, fiens - Fe)llor e
j=1

k
<2kmC Y Nl - i allzrs-a | 5 = ©illzes | Fiallzrsen - | fill o
j=1

Choosing @; with || f; — ;|| r; small enough for j = 1,..., k we get the desired result. [
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