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A T1 CRITERION FOR SCHRODINGER-CALDERON-ZYGMUND OPERATORS
WITH EXPONENTIAL DECAY

ESTEFANIA DALMASSO', GABRIELA R. LEZAMA?, AND MARISA TOSCHI?

ABSTRACT. We establish the boundedness of exponential Schrédinger—Calderén—Zygmund operators
on weighted BMOj (w) spaces via a T'1 criterion, where the weights belong to classes that capture
the exponential decay of the operators, and p is a critical radius function. Specifically, we prove that
the boundedness of such an operator T" on BMOj (w) is equivalent to a natural oscillation condition
on T'1 over sub-critical balls. The weight classes considered, introduced in connection with p, include
and extend the classical A weights, and are well-adapted to the exponential decay of the kernels. As
applications, we derive weighted endpoint estimates for several operators associated to the generalized
Schrédinger operator £, = —A + p, including Riesz transforms, Laplace transform-type multipliers,
maximal operators for the heat and Poisson semigroups, Littlewood—Paley functions and fractional
integral operators. When du(z) = V(z)dz, the results above extend the known endpoint estimates to
larger classes of weights.

1. INTRODUCTION AND MAIN RESULT

A classical result in harmonic analysis, due to David and Journé ([15]), establishes that a Calderén—
Zygmund operator 1" is bounded on L?(R?) if and only if 7'1 and T*1 belong to BMO(R?). This 7T'1
theorem has since been extended in various directions, including endpoint estimates on BMO spaces
and their weighted counterparts. In the context of Schrédinger operators, where the geometry is
governed by a critical radius function p, analogues of these spaces and operators have been developed,
and T'1-type criteria have been obtained (see, for instance, [7, 12, 21]).

The operators arising in the Schrédinger setting present an additional feature compared with the
classical case, as their kernels may exhibit not only the standard Calderén—Zygmund size and smooth-
ness conditions, but also an extra decay depending on the ratio |x — y|/p(z). This decay reflects the
influence of the potential on the geometry and requires weight classes adapted to it. In [7], a T'1
criterion was established for operators with polynomial decay, with weights in the class A} introduced
in [11], on weighted regularity spaces BMO7(w) (see definition below).

The aim of this article is to give a T'1 criterion for the boundedness on BMO7(w) for exponential
Schrodinger—Calderén—Zygmund operators, defined in [14], as well as for a fractional version of these
operators introduced here, where the weights are associated with a critical radius function p belonging
to the class introduced in [1], and are larger than Ap.

Before stating our main theorem, we begin by introducing some notation and definitions; further
details will be provided in the following sections.
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By a critical radius function we will mean a function p : R? — [0,00) for which there exist
constants kg, Cy > 1 such that

-1 |z —y| o |z — gy %
itote) (14 228) 7 < o) < Copt) (14222 (1.1)

for 2,y € R%. This function behaves like a constant at a local scale, since it is easy to check that

k
Cy'27"p() < ply) < Co2F0 T p(a), (1.2)

when |z — y| < p(z). On the other hand, at a global scale it can neither increase nor decrease faster
than a polynomial depending on the normalized distance |x — y|/p(z).

In the context of Schrodinger operators with potential V', a specific function p can be defined that
satisfies (1.1) and shows how V influences the geometry around each point. Nevertheless, the abstract
formulation above allows one to develop the theory independently of the particular potential.

A ball of the form B(z, p(x)), with z € R?, will be a critical ball. When the radius r < p(z) we
will say the ball B(z,r) is sub-critical, and when r > p(z) we will call it super-critical. We denote
by B, the family of all sub-critical balls, that is,

B, = {B(m,r) .z eRe,r < ,0(1’)}. (1.3)

From (1.2), note that even though the radii can be comparable when |[x—y| < p(x), it does not neces-
sarily follow that |z — y| < p(y). In fact, if y € B(x,p(x)) (a critical ball), then
x € B(y, Co2* p(y)), which is super-critical since Cp, kg > 1.

Given a weight w, i.e., a nonnegative locally integrable function, and a number 0 < o < 1, we say
that a measurable function f belongs to BMOg(w) if f € L} (R%) and satisfies

loc
w(lB)/ | — f5| < C|B|*/?, for every ball B = B(z,r) (1.4)
B
and
(lm/ |f| < C|B|*/?, for every ball B = B(z,r) with r > p(x). (1.5)
w B

Here, fp stands for the average of f over the ball B. As usual, the norm || f HBMog(w) is defined as the

smallest constants in (1.4) and (1.5). When w = 1, we will denote this space by BMO?‘(R‘I).

Indeed, since the validity of (1.5) for some ball B implies (1.4) for the same ball, it is sufficient to
ask for the first condition to hold only on balls B = B(x,r) with r < p(z). Moreover, by virtue of [9,
Proposition 3|, if w is a doubling weight, then we might ask condition (1.5) to be true only on critical
balls.

We now define the classes of singular and fractional operators we will consider, which are included

in the classes studied in [1, 7, &]. The singular case (¥ = 0) was already presented in our previous
article [14].
Definition 1.1. For 0 < v < d, d%‘ly <s< ooand 0 < d <1 we say that T is an exponential

Schrédinger—Calderén—Zygmund operator of (v, s,d) type with parameters ¢ and m if
(i) T is of weak type (s’, df,jl/);

(ii) T has an associated kernel K : RY x R? — R in the sense that

Tf@) = [ K@iy, e LR and o ¢ supp(7).

where the kernel K satisfies the following conditions: there exists a constant C such that

A o D
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whenever |z — zg| < R/2, and

1

1/ - .

d KJU;ZU _Kx07y de Sif %) ) 1.7
(Rdszoy93‘< ) — K(x0,) = (%) (L.7)

for every |x — zo| < r < p(zg) and r < R/2.

Q

The limiting case s = oo is defined by pointwise estimates as we will see below.
Definition 1.2. For 0 < v < d and 0 < § < 1 we say that T is an exponential Schrédinger—
Calderén—Zygmund operator of (v,00,d) type with parameters ¢ and m if
(i) T is of weak type (1, d%‘ly);
(ii) T has an associated kernel K : RY x R? — R in the sense that
Tf(x)= y K(z,y)f(y)dy, f e LYRY) and z ¢ supp(f),
where the kernel K satisfies the following conditions: there exists a constant C' such that

K (z,y)| < ‘m_i‘d_ exp <—c <1 + ’”;(_x;/’)m> : (1.8)

for every x # y, and

C |x—x0|>5
K(z,y) — K(xg, < , 1.9
K(e) ~ Kan)] < =y (s (1.9

for every |x —y| > 2|z — zo.

For any 1 < s < 0o, we may refer to the above operators as exponential SCZOs of (v, s,6) type, for
short. For these types of operators, we will specify in Section 2 the meaning of T'f when f € BMOj (w).

Remark 1.3. Note that if K satisfies conditions (1.8) and (1.9), then it also satisfies (1.6) and (1.7)
for all 1 < s < 0o, with the same parameters c,m and d.

Remark 1.4. Although Definition 1.1 only requires the weak type (s, s’) when v = 0, it follows from
[1, Proposition 6 and Theorem 5| that exponential SCZOs of (0, s,d) type are actually bounded on
LP(R?) for every s’ < p < co. Moreover, exponential SCZOs of (0, s,d) type are bounded on LP(w) for
every s’ < p < oo and every weight w € AZ /st the class of weights introduced in [11]. Consequently,

exponential SCZOs of (0, 00,d) type are bounded on LP(R?) for every 1 < p < oo and on LP(w) for
every 1 < p < oo and every weight w € Aj.

Remark 1.5. Clearly, exponential SCZOs of (0,s,d) type are exponential SCZOs of (s,d) type as
considered in [!4, Definition 2.6] for 1 < s < oo. However, we observe that in [14, Definition 2.7]
we gave a slightly different definition for exponential SCZOs of (0, 00,d) type. In spite of that, from
Remarks 1.3 and 1.4, if T is an exponential SCZO of (0, 0o, d) type, it satisfies [, Definition 2.7] and
all the results already obtained in [11] still hold for this new class.

Remark 1.6. Notice that if condition (1.7) holds for some 0 < § < 1, it is also valid for any §’ € (0, ).

In this article, we will be dealing with one of the classes of weights studied in [1], which captures
the exponential decay of the operators under consideration.
For 1 < p < oo and ¢,m > 0 we say a weight w € HP2" if there exists a constant C' > 0 for which

P

(o) (o)™ semen(+(14555)").

for every ball B = B(z,r) with z € R? and r > 0.
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When p = 1, for ¢, m > 0 we denote by H the collection of weights w such that

r m
w < C|Blexp | c 1+> >infw7
/B 81 p( < p(x) B

for each ball B = B(xz,r), and some constant C' > 0 independent of B.

We will also consider a class of doubling weights, and reverse—Holder classes adapted to this context
(already considered in [14]); they will be denoted by D% . with k > 1 and ¢ > 0 and RH} . with ¢ > 0
and n > 1, respectively. Their precise definitions will be provided in Section 2.

For s1mpllclty, we denote by Ef7%) ¢, to the class of weights

B, = \JH , NRHDT

§,C1,C2 s/n,c1 n,c27
n>s’

where 1 < s < 00, ¢1,c2,m > 0. And we will write

Eom U Eprm

00,C1,C2 $,C1,C2°
s>1

We are now ready to state the central theorem of this work.

Theorem 1.7. Let T be an exponential SCZO of (v,s,0) type with pammeters c and m, for some
0<v<d, 3% V<s<ooand0<5<1 Let0<a<dandl <k <? == + 1. Then, the following
statements are equivalent.

(i) There exists a constant C such that, for every ball B = B(xo,r), with zo € R and 0 < r <
%p(mo), the function T'1 satisfies

a+d(k—1)
r
T1(y (T1)pldy < C 1.10
e [, & @alan < (G ) (1.10)
when a >0 or kK > 1, or
1 _ x
|B—1+V/E/B IT1(y) = (T1)pldy < Clog™ (p(ro)) : (1.11)

when o =0 and k= 1.
(it) T is bounded from BMOG(w) into BMOS™ (w) for every weight w € E{& e, N Dy with

c1,ca5¢3 > 0 such that (co +¢3) < ¢ (1 - W) (4Cy)~™. The operator norm depends

on w only through the parameters of the classes EQ’Q,CQ and Dﬁ’;’;.
(iii) T is bounded from BMOS(w) into BMOG(w) for every weight of the form
w(z) = |z — z0|“" V), 2o € R, with operator norm independent of xg.

It is easy to see from Remark 1.3 and Theorem 1.7 that for s = co we get the following consequence.

Corollary 1.8. Let T' be an exponential SCZO of (v,00,0) type with parameters ¢ and m, for some
0<v<dand0<d<1 Let0<a<dandl <k < HTﬂ'—I-L Then, the boundedness of T from
BMOS (w) into BMOS™ (w) is equivalent to either condition (i) or condition (iii) from Theorem 1.7,

whenever w € E8¢, ¢, N Diey with c1,c2,c3 > 0 such that (ca + c3) < ¢ (1 — %W) (4Cp)~™.

Remark 1.9. Clearly, if (1.10) holds for some o > 0 or x > 1, then (1.11) follows, yielding the
boundedness of the operator on BMO,(w) (i.e., « = 0). However, the significance of (1.11) when
a =0 and k =1 lies in ensuring BMO,,(w) boundedness even for operators that fail (1.10).

Remark 1.10. The results above can be applied to linear operators related to the generalized Schrodinger
semigroup. However, non-linear operators in this setting, such as maximal or Littlewood-Paley func-
tions, can be viewed as linear operators in appropriate Banach spaces. By using the corresponding
norms in Theorem 1.7 and Corollary 1.8, we obtain valid vector-valued versions of these results.
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The paper is organized as follows. In Section 2 we collect some important definitions and inter-
mediate results to fully understand the theorem stated above. In Section 3 we prove Theorem 1.7,
as well as some auxiliary results related to it. Finally, in Section 4 we establish the T1 condition for
several operators associated to the generalized Schrédinger operator £, defined in terms of a certain
measure p studied in [22] and [1], and we also apply it to the study of some operators associated to a
potential V.

Throughout this paper C' and ¢ will always denote positive constants that may change in each
occurrence. Also by A < B will indicate that there exists a constant ¢ > 0 such that A < ¢B is
satisfied and A ~ B will denote that, at the same time, A < B and B < A hold.

2. PRELIMINARIES

2.1. Weights associated to a critical radius function. When dealing with operators associated
to a critical radius function, we may first mention the work of Bongioanni, Harboure and Salinas
[11], where the authors introduced the class Ap of weights for 1 < p < oo to obtain the weighted
LP-boundedness of many operators in the Schrodinger setting.

For 1 < p < oo, a weight w is said to be in Ap if w € Aﬁ’e for some 6 > 0. This means that there
exist C' > 0 and some 0 > 0 such that

(ho (o)™ =i 55).

for every ball B = B(x,r) with z € R? and r > 0.

Similarly, when p = 1, a weight w belongs to A} if w € Aﬁ"e for some 6 > 0; equivalently, if there
exist C' > 0 and 6 > 0 such that

%
o2 5f)
— [ w<C |14+ —— ] infw,
1Bl /5 plx) ) B
for every ball B = B(x, ).

Observe that when B € B, the family defined in (1.3), the polynomial term can be neglected, and
one has that Af resembles the Muckenhoupt A, class for sub-critical balls. However, on super-critical
balls, the Ap weights can be larger than the A, weights (and indeed, A, C A} for every 1 < p < oo, as
shown in [11, p. 564]). In view of this remark, it will also be useful to have at our disposal the classes

of local weights introduced in [6]. We say that w € A2'°° if there exists a constant C' > 0 such that

p—

5 N\
(1) (o) e
B B

for every ball B € B,, and for p =1 if

/ w < C|B|inf w,

B B
holds for every B € B,,.
As we have established in [14, Proposition 3.1], for every 1 < p < oo and ¢ > 0,
1

A C HE, C ARlec, (2.1)

where Hp . := >0 Hpe - That is, the class Hj, is strictly larger than the one given in [11], but

smaller than the local class of weights A5,
We now recall the definitions of the doubling and reverse-Holder weight classes from [141].

Definition 2.1. Let £ > 1 and ¢,m > 0. We denote by DZ¢" the class of weights w such that there
exists a constant C' for which

w(B(a, R)) < C (R)d exp (e (14 8) Ywiten
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for all z € R? and r < R.
Remark 2.2. Tt is easy to see that Hp' C Dby for any 1 < p < oo and ¢,m > 0.

Remark 2.3. The condition w € Dg¢" says, in particular, that w is doubling on critical balls. Indeed,
for some C' = C(d, k,c, m), we have

w(B(w, 2p(x))) < Cu(B(x, plx))).
We also note that, for any 2 € R%, » > 0 and j € N, there exists C' > 0 such that

w(B(z,2r)) < €29 exp <c <1 + pt))m) w(B(z,r)), (2.2)

which, in the case r = p(z) gives
w(B(z,2 p(x))) < C2% exp (c (1+ 2]‘)’”) w(B(z,p(r)))-
Reverse-Holder classes adapted to this context are defined as follows.

Definition 2.4. Let n > 1 and ¢, m > 0. We denote by RHj." the set of weights w satisfying

1
o o) =eoe (0 i) ) (o )
— [ w"| <Cexplc|l+— — w],
(BI B p(x) 1Bl /s
for every ball B = B(xz,r), and some C > 0 independent of B.

2.2. Spaces of functions. In the introduction we have already defined the spaces BMO} (w).
The first property that we present below shows us that it is enough to verify condition (1.5) only
on critical balls when the weight belongs to the class A5,

Lemma 2.5 ([0, Proposition 3.2]). Let w € AP’IOC for some 1 <p < oo and f € L (R?). If

4:={5 d Lo i<
= sup 00,
verd W(B(, p(2))) p(%)* JB(2,p(2))

then there exists a constant C such that

),
sup —_ fIl < CA.
zER?, r>p(x) 'LU(B((L', T))Ta B(z,r) ‘ ‘

The following lemma gives us a property of norm equivalences for the space BMOg‘(w) for Az’loc
weights. As usual, the notation p’ stands for the conjugate exponent of p.

Lemma 2.6 ([0, Lemma 3.3]). Let 0 < a <1, we AP, 1 < q<p and f € BMO¢ (w). Then,

|B|a/d ( / | fl9w? q) < C|fllBmog (w)»
for all B = B(x,r) with r > p(z), and

1
‘B’a/d <w(B /‘f fl*w! q) < CllflBmog (w)»

for all B = B(x,r) with r < p(z).

By virtue of (2.1), both lemmas above can be applied to weights in the Hp" classes for any ¢,m > 0
and the corresponding values of p. This fact will be useful in the proof of Theorem 1.7.
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2.3. Schrodinger-Calderén-Zygmund operators of exponential decay. We will need to make
some considerations about the meaning of T'f being T an exponential SCZO of (v,s,d) type with
parameters ¢ and m, for 0 <v <d, 1 <s<ooand 0<d <1, and f a function in BMOg (w).

Let 29 € R and R > p(x0). We define

THE) =T (o) @+ [ Ky, weBan R 23)

The first term on the right hand side makes sense if w satisfies the hypothesis of Theorem 1.7 since
in that case fXp(u2r) € L¥ (RY) for f € BMO%(w) as we can see in (3.3). The integral in the second
term is absolutely convergent (see estimate of T fs in page 12). This fact follows in the same manner
as in [7, p. 603], as does its well-definedness in the sense that equation (2.3) is independent of R.
Moreover, we need to verify that (2.3) is well-defined for f = 1. Indeed, xp(sy2r) € L* (R%), which
ensures the finiteness of the first term and, for z € B(zg, R)

1/s
/ K p)ldy <3 / | K (e y)lfdy ) 1Bl 2R
B(z0,2R)° j=>1 27 R<|zo—y|<2it1R

< C’;(QJR)” exp <—c <1 + %)m>
<CR Y (@Y exp (—c"(142)") < o0,
i>1

_ kgqm
where ¢* = ¢C; ™2 o1 by (1.1). Here, the constant C > 0 is independent of R > 0 and = € R%
The following lemma will be useful to show that exponential SCZO of (v, s,d) type actually exhibits
a smoothness condition on their kernels with exponential decay.

Lemma 2.7. Let K be a kernel such that (1.6) and (1.7) hold for some 0 < v < d, 1 < s < o0,
0<6<1, andc,m > 0. Then, there exists a constant C > 0 such that for every ¢’ € (0,6) and R > 0
1

1 ° C r\% R m
— K(z,y) — K(zg,y)|°d < —) exp| —co 1+) >,
(Rd /R<|a:0—y§2R| (z,9) o) y) Ri=v <R> p( < 2Cop(o)

where |z — xo| < r < p(xg), r < R/2 and o =1 — 3/.

Proof. Let §' € (0,6). We define o € (0,1) such that (1 — ¢)§ = &'. Let 29,z € R? and r, R > 0 such
that | — xo| <7 < p(xo), 7 < R/2.
If we call

K]

1 S
A= d/ K (z,y) — K(z0,y)|°dy | ,
RY JRr<|wo—y|<2R

by (1.6) and (1.2) we get

o/s
1
(@ / K ()l + K (z0,9)] dy>
R<|zo—y|<2R

< ;ex <—ca (1 + R>m> + #ex (—ca <1 + il >m>
~ R(d-v)o p ,O(LL”) R(d—v)o p p(fL'O)

< ;ex —co |1+ R "
~ Rld—vje P 2Cop(x0) '

On the other hand, by (1.7) we have

Ao S (;)MH) ~ (;)5/ :

AO’

IA
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Since A = A A~ the result follows. O

The following inequality is a generalization of the classical Kolmogorov inequality for sublinear
operators of weak-type (1,1) (see, for instance, [17, Lemma 5.16]) to sublinear operators of weak-type
(p,q) for any p,q > 1, and the proof can be obtained in a similar way (see [10, Theorem 3.3.1]). It
will allow us to deduce sharper results when dealing with exponential SCZO of (s, d) type.

Lemma 2.8. Let S be a sublinear operator of weak-type (p,q) for some p,q > 1. Then, there exists
C > 0 such that for any measurable set E with 0 < |E| < 00 and 0 < v < ¢,

/E Sf(@)[dz < CIEF |11,

for f € LP(RY).

3. PROOF OF THEOREM 1.7

Before presenting the proof of Theorem 1.7, we first state and prove some technical lemmas. Al-
though we essentially follow the approach in [7], we outline the arguments here with the necessary
modifications concerning the classes of weights, the doubling condition, the reverse—-Holder property,
among other considerations.

Lemma 3.1. Let f € BMOg(w) with 0. < a < 1, w € DL for some k > 1 and ¢ > 0, and
B = B(zo,r) with r < p(xo). Then, if & > 1 or a > 0, there exists a constant C = C(c,m,d) such
that

B (0ta) " o

|78l £ Cllflsmos (w)r® 1] .

When k =1 and o = 0, there exists a constant C = C(c,m,d) such that

IfB| < C||f||BMog(w)7“aw|(£§) <1 + logy (p(f0)>> . (3.2)

Proof. Let f € BMOg(w) and fix B = B(xo,r) with 7 < p(x9). We choose jo € N such that
200=1p < p(zp) < 2707, and define Bj = 2/ B for every j = 0,...,5o — 1. We have

jo—1

1
‘fB‘ < W/B‘f_fB‘_'_ jzz:l ’fBj—l _fBj‘—’—’fBjO—l’

1 o=l gd 9d
< [ 15 = tal + [ ar=tal+ o [ 1
1Bl Jp ;’Bj‘ B 7 Bjol Uy,
jo—1

Ry z
<SS 2 g+ / £l
2 1B Jp, P B s,

d o~ w(By))
<2 ||f||BMOg‘(w)Z ’B| ‘BJ| )
j=0 "7

alR
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where the last inequality was obtained from (1.4) and (1.5) since 270~ < p(xg) < 27°7. Applying the
doubling property (2.2) of w we get that

d o ( ) (ds+a—d)j ( < 20y )m)
|fBl <2 HfHBMO |B\ |B|d ]202 exp 1+ o)

w(B . .
< CHfHBMog(w)|(B|)Toz2(30+1)(d(n 1)+a)

ﬁ)rfx <p<fo>>d“—”+{

< ClflBmog (w)

whenever k > 1 or a > 0, where C' depends on the parameters of the doubling condition and on the
dimension.

If Kk =1 and « = 0, the sum obtained above equals jo + 1. Thus, from the choice of jy, in this case
we have

d_c3™ w(B) o w(B) @ p(ZC())
|fB] < 2% HfHBMO;‘;(w)WT (]0+1)SCHfHBMOg(w)WT Ltlogy (== ) ),

where C' is as in the previous case, and depends on ¢, m and d. O

Lemma 3.2. Let f € BMOg(w) with 0 < a < 1, and a weight w € HJ'? 0 Dy for some o > 1,
k>1,c1,c3>0 and m > 0. Then, when kK > 1 or a > 0, there exists C > 0 such that

' , 1/c
w@Bp” ([ 1f = o)

< C|lfllzmos wyw(B)ré2/ ) exp ( (e +¢3) ( 1+ 2 )"
< BMOS (w) (7o) )

for every j € N and every ball B = B(xq,r).
When £ =1 and a = 0, there exists C > 0 such that

' , 1/o
w@ By ([ 1= alwt)

i 2r \"
< C||f”BMOg(w)w(B)]29 exp ((01 +c3) (1 + (o) )

for every j € N and every ball B = B(xq, 7).

Proof. We can write, for j € N,

‘ ) 1/o
w@B” ([ 1f = folowt=7)

. , 1/o ) - J
< w(sz)l/U [(/w‘B |f — f21‘B|Uw1_U> + (wl_U(QJB))l/ Z | faip — f2ilB|]

=1
‘ 1/o
<) (L 1 - fQjBr’w“’)

+ w(2/ B/ (w ol-1 2JB) Z |2ZB| ) |f—f2iB|

=11 + I.
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. . . o . p,loc .
To estimate I1, we can apply Lemma 2.6 with ¢ = p’ = ¢’ since w € A?,°° (by (2.1)), together with
the doubling condition of w, to get

' ' ) 2 \"™
I S [/ llsvog oy w (2 B) 2 BI* S || f o yw (B)r 2 exp <C3 (1 " p(sc>> ) '

For I, note that since w € H”™

0—/701 ’

. ’ 1 1/o . i m
w(2 B)\/° (w 71 (2JB)> < 2% exp (01 <1 + p?;;)) ) .

On the other hand, since f € BMOj(w) and w € Dfgy, if we first assume s > 1 or a > 0,

g j
71 ) a/d— i
> 28] /21_3 f = faisl < I fllBMOs () Y 12°B|** w(2'B)

i=1 i=1

j -
- i(a—d) oidk 2'r
< C|lfllBmos (w)r™ w(B) Y 21D exp <C3 (1 ¥ —)) )

i=1 plao

20r \" i
o (d(k—1)+a)
< CHf”BMO;’(w)T w(B) exp <03 (1 + p(:vg)> > 27 )

where we have used that d(x — 1) + o > 0 to bound the sum in this case.
Combining the above estimates, we get

) 29 \™
aoj(drta)
L+1< CHfHBMO,D;(M)w(B)T 2J exp <(cl +c3) <1 + p(ﬂco)) ) .

If k=1 and o = 0, we get instead

i 1 / \f — faig| < C||f||BM0“(w)jr_dw(B) xp <63 (1 * %>m) ’
2 2B Jyp ” o)

which combined with the estimate for [I7, leads to the result. In either case, the constant C is
independent of j and B. ([l

Lemma 3.3. Let f € BMOZ‘(U}) with 0 < a < 1, and w € ESe) ., DR s for some s > 1, ¢1,¢9,c3 >0,
k>1 and m > 0. Given a ball B = B(xg,r), consider the function

4= fx2B if r = p(wo);
(f = fB)x2s  if r < p(x0).
Then, there exists C such that for every j € N,
1 .
A% . « 29r \"™
(1) <l ooz @ BB e (e +a) (1+25) ).
2B g p(z0)

Proof. Fix 1> s’ such that w € H” /:71/ o N RHY . We set ¢ = ;:7}/ > 1 and apply Holder’s inequality

with this exponent to get

1 1 1
O\ s ’ _g s'¢ s —L1)¢ s7¢7
([ o) = ([ arewr=)™ ([ w707 (33)
27 B 21B 21 B

/
Since w € Ag’/lgf (by (2.1)), and noting that s'¢ = (%) , we can use Lemma 2.6 in order to obtain

1

)19 BI = Ol fllpvios (2 B) (7) Bl 2ie,

1
/ / s'¢ '

for the corresponding cases of g.

o |

~l
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To estimate the second factor in (3.3), we observe that ( ) ¢'=mnand s'{ = , , SO We can use

that w € RHYc, to get

’
1 n’ 7’
S

(L0 = (o) < (rtumen (= 10 25))

1 j m
< 027985 |BI"Sw(2B) 7 exp (CQ (1+ ”) ) .
p(zo)

Combining both estimates above, and since w € Df'cy, from (2.2) we get

S
7

([ 16)" < Cltsmozw? Du@mypi-tew (o (1+25)")

. - .] m
= CHfHBMog(w)Qj(d(””*i)*a)w(B)\B]E_% exp <(02 ) (1 il ) ) :

as claimed. O

Now, we are in a position to prove Theorem 1.7.

Proof of Theorem 1.7. To see that (i)=(ii), let f € BMOg(w) and fix

w € EP™ N DA = UHP’ ARHP™ | N DP™

s,c1,C2 K,C3 3/77 ,C1 n,c2 K,C3)
n>s’

with (e2 + ¢3)(4CH)™ < c. To verify condition (1.5), by (2.1) and Lemma 2.5, it is enough to consider
critical balls. Let B, = B(zo, p(z0)) with zg € R%.

According to the definition of T'f, we decompose the function as f = f1 + fa = fx2B, + [X(2B,)c
This allows us to bound

[ i = [ rh@lds s [ 7@
B, p By

We begin by controlling the first term. From the hypothesis on w we can use Lemma 3.3 with j = 1
and r = p(xg) to get

1
(/ |f|sl> < C|fllBmog (w |B,,\E_§w(Bp)
2B,

where the constant C' depends on the parameters of the classes of weights.

Since T is of weak-type (5’, dflsd,y) with s’, 72 d
previous inequality, we deduce

1
s/

14v s atv
/lmunw<a3|f (LJH) < O fllaog ) | Bol “F w(B,).
P

B,

Q

We next estimate the integral involving T fo, for which the kernel representation of 7" will be used.
We fix x € B, and make the standard decomposition into annuli,

T ol K}Q/ K (2,9) 1/ ()ldy

J BP\QJBP

< / K (2, )| dy
;\r < 27 p(wo)<|y—xo|<29+1 p(z0)

J€

1

(AHmeﬁ>y.

W |
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By the size condition (1.6) on the kernel with R = 27p(z¢), j > 1, applying again Lemma 3.3 on
each term, and using (1.2), we can see that for every x € B,,
T f2(2)] S || fllBMog (w)w(Bp) | Bol @~
9(i+1) (d(n——)

X j%% T E ) exp ((cz Fe)(14 2 e (1 . 2;‘;,((;,)0)>m>

S | fllsvos wyw(B))
) 1 . m )
1 2j+1 m 1 72]4»1 2](d(h‘/*1)+a+ll)
x%exp((@—i—@,)( + ) c( +4Co
S 1 fllmos wyw(By)|By|
= j+1\m k(d(k—1)+a+v)
XZeXp<<(02+C3) (4CO)m> (1+2 ) >2
jJEN
a+u
S 1 f llsmos (wyw(Bp)|By|

where the series converges since (c2 + ¢3) < ¢(4Cp)~"™. Finally, integrating on B,, we have that T fo
satisfies the condition of averages (1.5) over critical balls. This finishes the proof of (1.5) for T'f.

Now, we shall see that condition (1.4) holds for T'f, for every B = B(xg,r) with r < p(zg) as we
already observed it is sufficient to check it in this type of balls.

Fix 29 € R%,r < p(xg) and let B = B(xg,7). We split f in the following way,
f=—rfe)xes+ (f = [B)X@B)+ [B=Ffit fot [

We choose R > max{p(zg),2r}, which yields B := B(z, R) D 2B. Applying the definition given in
(2.3) to the above decomposition of f, and adding and subtracting fp in the integral over B¢,

Tf(z) = 0+ [ K
—T((f Fapes) £ T(f - fB>xB\QB>< )+ F5T () ()

+ BCK(l“ ) (f —fB)+ fB K(a: y)dy

=T((f - fB)x2B)(x) + oy K(x,y)(f(y) — fe)dy + fsT1(x), a.e. ¥ € 2B.

1
s

a+u

So, to estimate (1.4) for T'f, we write

/|Tf _(Tf)pldz < ‘B’ /|Tf1 C T (2)|dda

+\B]///QB K (z,y) — K(z,9)||f(y) — fBldydzdz

/ T fs(2) — (Tfs)pda.

For the first term, we can proceed as before, applying Lemma 3.3 to f1 = (f—fp)x2p and Lemma 2.8
to obtain the desired estimate

‘;,/B/B T f1(z) = T fi(2)|dzdz < 2/B T f1(2)|dz < C| fllsaog ()| Bl 7 w(B).

For the second term, given x,z € B, we repeat the argument given on page 11. In this case, we
apply it on the ball B instead of B, and use Lemma 3.3 together with the smoothness condition
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obtained in Lemma 2.7 for §' < § twice, with R = 27, j > 1. In fact,

/ K (2,y) — K(= )| f () — foldy
(2B)°

1

<> ( Lo (K Ce0) = K@) + K Gy) = Ko )l dy> ([ 11l

JEN

atv . o adt— ,
S I fllsvmog wyw(B)| B4 1229(‘1( Dtatv—d')
jeN

X exp <ca (1 + 2002:(;0)>m + (co + ¢3) (1 - Z;Z)S

aty j(d(k— at+v—4’ co 2j+1?" §
S ||f”BMO§(w)w(B)|B| a ! EZJ(d( Vet =0 exp <<CQ +c3 — W) (1 + ) )

e p(o)

a+u

S ||f”BMog(w)w( )|B| 4
Choosing first o € (0,1) such that o < 1 — % and (ca + e3) < co(4CpH)~™, we also have that
d(k — 1)+ a < (1 —0)d = ¢ and the series converges.

Finally, to estimate the term with f3 we use Lemma 3.1 and the T'1 condition. In the case k > 1 or
a >0, we use (3.1) and (1.10) to get

[ 1) = (@ pyude = [

fB8T1(z) ]B\_/ |feT1(2)|dz| d

<|fo/ T1(z) — (T1) p|da
(k—=1)+
S |l fllsvog (w 'u;(BLT) <p($0> /!Tl — (T1)g|dx
d(k—1)+a a+d(k—1)
< . p($0>> < r >
1o ) BI 5 ( : -

S 1f leaos wyw(B)| B| 7
If kK =1 and a = 0, we use instead (3.2) and (1.11) to have

/Ing — (Tfs)ldz < || fllByos w)| Bl T i“w(B) <1+log2 <P(fo)>>10g_1 <P(:ro)>

.
S I fllmos wyw(B )| B|

p(zo)

since > 2. The proof of the first implication is now complete.
To see that (ii)=(iii), let wg, () = |z — 20|“*~1), which is the same type of weight considered in |7,
Theorem 2(c)]. From that proof, we know that w., € Dy N A,y N RH, for every n > 1 and s > 1/'s,

being & > 1. That is, wy, belongs to E{yy N D", which trivially satlsﬁes (c2 4+ ¢3)(4CH)™ =0 < c,
and thus the implication is proved.

Finally, the proof of (iii)= (i) is analogous to the corresponding one given in [7, Theorem 2]. Here,
we use that wy, € Eg 6” 0N D 0 and the first part of the proof where the condition on the parameters

is trivially satisfied. O
4. APPLICATIONS
In this section we consider the generalized Schrodinger operator with measure pu,

ﬁM:_A+M7
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where 11 is a nonnegative Radon measure on R? and d > 3. This differential operator and some singular
integrals associated with it were first investigated in detail by Z. Shen in [22]. Other operators related
with £, were later considered in [I, 13, 26], and the authors in [14].

Associated with £,,, we will study several operators in order to establish weighted endpoint results
by means of Theorem 1.7. In each case, we will briefly recall their boundedness properties on weighted
and unweighted LP spaces. In many cases, the results we shall obtain are not only new for the operators
associated with £, but also for Ly when V' is a potential.

In order to achieve positive results, we will deal with a measure p that satisfies the following

conditions, as considered in [22]: there exist constants d,,C,, > 0 and D, > 1 such that
r N\ d—246,
(B <Cu(5)  nB,R) (4.1)
and
u(B(x,2r)) < D, (u(Bla.r)) +172) (1.2)

for all z € R? and 0 < r < R.

When du(z) = V(z)dx, with V' a nonnegative function in the class RH, for some ¢ > %l, the above
conditions hold. In this case, it can be seen that the parameter ¢, =: dy = 2 — % > 0 (see [23,
Lemma 1.2]).

From (4.1) it can be proved that (see [22, Remark 0.13])

/ du(y)  _ p(B(z, R)) (4.3)
B

@R ly—z[2~  RE2

and if 9, > 1 then we also have

/ dpy)  _ p(B(z, R)) (4.4)

@r) ly =zt~ REL T

for all z € R? and R > 0. Both conditions were already known for du(z) = V(z)dx (see [2,
Lemma 2.6]).
For any nonnegative Radon measure g on R%, d > 3, satisfying (4.1) and (4.2), the function given
by
pu(z) = sup{r>0: H(B;éf’zr)) Sl}’ z € RY (4.5)
is a critical radius function.
A useful property that can be obtained immediately from the definition of p, is the following: for
every x € R?
u(B(@, pu()))
pu(@)d—2
Since all the results on the previous sections were obtained in terms of the inequalities in (1.1), we
may not need, in general, the definition (4.5) of p,.
In this setting, the natural metric is given by the Agmon distance, defined for any critical radius
function p as

~ 1. (4.6)

1
dp(a,y) =t /0 p(v (D) 1 ()], (4.7)

where the infimum is taken over every absolutely continuous function v : [0,1] — R¢ with v(0) =
and y(1) = y. When p = p,, we will denote d,(x,y) = d,(x,y) to emphasize the measure dependence.
In the following sections, for A > 0 we will denote by I';, ;) and I'y the fundamental solutions of
—A+pu+ X and —A + )\, respectively. In particular, I'g will be the fundamental solution of —A. Also,
by d,+) and d) we mean the Agmon distances related to the critical radius functions p,4 ) and py
with respect to the measures du(z) + Adz and Adzx, respectively. Actually, from the definition (4.7),
we have that dy(z,y) = vwgA|z — y|, where wy is the volume of the unit ball in R? (see [I, p. 28]).
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4.1. Riesz transforms. Associated to £, we define the singular integral operators
Ru=V(-A+ u)fé and R, = (A + /L)*%V as in [22], which are the Riesz transforms in this setting.
The Riesz transform R, can be expressed, for f € C2°(R?%) and x ¢ supp(f), as

Ruf(x) = i/o NEV(CA £t )L f(2)dA
1

*©
_1 / A / VT (2 ) f (y)dy dA
0 R4

s

= | Ku(z,y) f(y)dy,

where K, is the singular kernel of R, given by

1 [/ _1
Kulw.g) =~ [ AV, (e n)dn (4.8)
0
The operator R}, also has an associated kernel, which is K} (v, y) = —K,.(y, ).

In [22, Theorem 0.20] it was established that R, and R}, are Calderén-Zygmund operators when
6, > 1. So, in that case, R, and R}, are bounded on LP(R?), for every 1 < p < co. Moreover, [14,
Proposition 5.3] assures that, if §, > 1, both R, and R;, are exponential SCZO of (0,00,0) type, with
parameters ¢ = 5 51 and m = ﬁ, where € and D; depend on the Agmon distance d,. Although
the parameter § was not previously specified, from Lemma 4.3 it follows that 6 = min{1,0, — 1} for
Ry, and by [22, Eq. (7.29)] there exists some 0 € (0,1) that gives the type for Rj,. This fact led
us to recover the weighted LP-boundedness result for R, and R}, (see [14, Theorem 5.4]) previously
obtained in [I, Theorem 4.1(i)], but gave us a better understanding of the kernel properties that not
only these transforms have.

When 0 < 6, < 1, R, and R}, behave differently on L spaces, even in the potential case. It
is well-known (see [23]) that, whenever V € RH,, % < ¢ < d, Ry is bounded on LP(R?) for every

1 < p < po and that Rj, is bounded on LP(RY) for every pfy < p < oo, being pio = % -

é. This implies

that they are not Calderén-Zygmund operators when 0 < dy < 1, where dy = 2 — %. Analogous
results were obtained for the generalized Riesz transforms R, and R}, in [22] on the unweighted case,

and in [1] and [14] with weights. In fact, in [1] it is proved that R, is bounded on LP(w) for every

1 <p<nand w /P g Sg,/n,c for some ¢ > 0 and any 2 < n < (2 —4,,)’
LP(w) for every ' < p < oo and w € SI’)” . (for the definitions of these classes, see the mentioned

, and R, is bounded on

article). In [14] we obtained by extrapolation a similar result but with weights in the HJ" classes,
which are equivalent, in some sense, to the Sj . classes as stated in [I, Proposition 3.2]. We also proved
([14, Proposition 5.5]) that R}, is an exponential SCZO of (0, s, d) type, with parameters ¢ = 1p; and
m = ﬁ, provided that 1 < s < (2 —0,)" and for some § € (0,1) (see [22, Eq. (7.29)]).

First, note that, since Rj,(1) = 0, condition (i) of Theorem 1.7 is trivially verified. Therefore, the
following result holds for R;, taking into account [, Propositions 5.3 and 5.5], Theorem 1.7 and
Corollary 1.8.

Theorem 4.1. Let mg = ﬁ, 5 €(0,1) as above, 0 << and 1 <k < ‘S_Ta +1, and w a weight.

i) If 6, > 1, R* is bounded on BMO%(w) if and only if w € E5'L o, N DL with c1,ca,c3 > 0
12 17 P »C1,C2 ,C3
such that (ca + ¢3) < 3D; (1 — d(’f—#) (4Co)~mo.
(ii) If0 <d, <landl <s< %, R, is bounded on BMOS (w) if and only if w € ES¢\%, N Dy’
with c1, c2,¢3 > 0 such that (c2 + ¢3) < 15, (1 - M) (4Cp)~™mo.




ISSN 2451-7100
IMAL PREPRINT # 2026-0082 Publication date: July 6, 2026

16 E. DALMASSO, G. R. LEZAMA, AND M. TOSCHI

The behavior of R, when 0 < J,, < 1 says that we can only expect to obtain endpoint results on
BMO7(w) when §,, > 1. In fact, we obtain BMOJ(w) boundedness for R, provided 1 < 4§, < d, as
well as the analogue for the particular case Ry . This result characterizes weighted boundedness for
weights featuring exponential growth (cf. [7, Theorem 7] for weights with polynomial growth).

§ =min{l1,6, —1}, 0 < a <d and 1 <k < =% + 1. Then, if

Theorem 4.2. Let my = ﬁ,
1 <é, <d, Ry, is bounded on BMOz‘(w) if and only if w € ES) ¢, N DEC with ¢y, c2,c3 > 0 such

that (ca + ¢3) < 451 (1 — W) (4C) ™.

The proof of the previous theorem will be given at the end of this section, as several prelimi-
nary lemmas will be required. The first one was already obtained by Shen within the proof of [22,
Theorem 7.18].

Lemma 4.3 ([22, (7.20) and (7.26)]). Let 6, > 1. Then there exist constants C,e > 0 such that
(i) for every x # vy,

_Edi(mvy)
Kule)| < O (4.9)
(it) When |z —y| > 2|z — 2,
C |z — z|>5“_1
K, (xz,y) — K,(z, < . 4.10
Klo) = Kl < oo () (1.10)

In the next result we will denote by Ky the kernel of the classical Riesz transform Ro = V(—A)_%.

Lemma 4.4. Let 1 <6, < d and 0 < § < min{l1,8, — 1}. Then there exists a constant C' > 0 such
that

(i) For every x # y,

_ Oy
Ko, ) = Kol y) £ 1 fyld (‘?5‘) . (4.11)
(ii)) When |z —y| > 2|z — z|,
z —z|° Tr — O
16 e.9) Koo )< 1K) = Kool < € ()T )

Remark 4.5. We note that the restriction 6, < d is asked only for the proof of Lemma 4.4(ii) and
the proof of Theorem 4.2, independently. Although the properties (4.1) and (4.2) for u do not seem
to imply that ¢, is smaller than the dimension, we observe that this is automatically satisfied in the
potential case. Indeed, if V € RH, for some ¢ > d, oy =2 —d/q < 2 < d since d > 3 and ¢ > 0.
Therefore, we recover [10, Lemma 4] when du(z) = V(z)dx with V' as before since, in that case, the
smoothness condition for Ky holds for any 0 < § <1 —d/q = min{1,dy — 1}.

Proof. Regarding (i), note that if |z — y| > p(x), the result is true since both are Calderén-Zygmund

kernels. If |z — y| < p(z), we use the following estimate (see proof of [22, Lemma 7.13]):
1 dp(2) 1L (lz—y\™
Kuley) ~ Kol € s St a#y
: |z =yl \ B oy 12— 217" 2=yl \ p(y)

By (4.4), (4.1) and (4.6), we obtain that the integral given above can be estimated as follows

du(z)  _ p(B(w,p(@)) (lx—y\*> 1 (le—yl\™
/B(z,|xy/2) |z — x]d-1 < |z — y|d—1 <2P(95) > |z —y| ( p() ) '

Then, we get

o 1 o —y[\*
Kulo) ~ Kol £ 2 ()
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To prove item (ii), let |z —y| > 2|z — z|. Note that when |x —y| > p(x), both operators have kernels
that satisfy a Calderén-Zygmund smoothness estimate on the first variable. More precisely,

C <]:U—z|>5“_1 C  r—2z|
+

K z,y - K 2% + KO z,y _KO 2% <
K(o) — Kool [Kale) — Kol < S (E22) 0 e

<ole=z2 (|x—y\>5“

|z —y|*0 \ p(2)

for any 0 < 0 < min{1,0, — 1}.
Now suppose |z — y| < p(z). According to (4.8), the difference of the kernels can be written as

1 [ 1
Kulaeu) = Kolw) = [ “AHT D) = Vil )i

We will rewrite the integrand above, so we recall that u(-,y) = I'4a(-,y) = Ia(-,y) (as a function of
the first variable) satisfies the equation (—=A + A)u = —ul', 5. Then, we get

uiale) = Tala) = = [ Tal@ )l (o:)da(o)
Hence,
K(o) — Kotoo) =+ [ 375 ([ V10 o (e nduoian).
Consequently, the difference of interest is
[Ku(@,y) — Ko(z,y)] — [Ku(z,y) — Ko(z,9)]
_ —i/ooo = /Rd(vln(:c,v) VDA 0) T (v, ) dp(v)dr. (4.13)

We will deal first with the absolute value of the inner integral before performing the integration on A.
As in the proof of [10, Lemma 4], we consider four regions covering R,

E1Z{U€Rd:|v—xl<%|x—zl},

vERd:%|m—z\§|v—xl<%\x—y\

L
J

Y

Es
Es
Ey

{veRd:%\x—y\glv—x\<2\x—y[
{vERd:|v—x\22\m—yl},
and we denote

I; = / Vil (2, v) — Vi (2, 0) [T (v, y)ldp(v), 7 =1,2,3,4.

J

Provided we can show that for some N > 0 and any k& > N,

< Cralr — 2|° |z — y|

IR AN — el — 51\ pfa)
integrating in A\ the expression (4.13), and choosing k£ > max{[V, é} we obtain (4.12). Therefore, let

us prove (4.14).
For I, we bound by the sum of the gradients and estimate each integral separately. That is

J o Tl + VATA () Dy (0, )ldia(v) = Ty + T
v—T <§ rT—z

\U—x|<%\x—z\

5/»‘
) . V0<d<min{l,d,—1}, j=1,2,3,4, (4.14)

On each one, we will use estimates for the gradient of the fundamental solution I'y, for A > 0. It is
known, and can be found in [23, Eq. (4.4)], that for any k& > 0, there exists Cj, > 0 such that

Cy 1
(A2l o) fo— o T

Vil (z,v)| < T F# v, (4.15)
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and an analogous bound for |V1I')\(z,v)].
To estimate I', 15 (v,y), we use [22, Eq. (3.12)] along with the inequality (see [1, Eq. (21)])

1 N
A (v,9) = Sdu(v,y) + YV A 0 =yl (4.16)

Thus, for any k£ > 0, there exist positive constants C, €1, and €2, independent of v and y, such that
the following holds

Cefeld‘qu/\(v’y) deefwdu(”vy)
0LTr v,Y) < < . , v , 4.17
< Tusa(v,y) < v —y|9=2 T o —y[d2(1 + A2 — y|)ke 7Y ( )
Since |z — y| > 2|z — 2|, for v € By we have [v —y| > 1|z — y|. Then,
Ch,d
Tuia(v,) < ’ —yp (4.18)

T o =yl (L N2 — ke
By (4.15) and (4.18), and applying the properties (4.4), (4.1) and (4.6) for the measure u, we obtain

e Cha / dp(v)
TS TN — y)ele — o172 (e i) [ — oL
< Cha p(B(z, 5l = 2)
S U N2 yele — g2 Jo— 21
Cr,d p(B(@,p(x))) Jx — 2%

<

Y1+ NPe - yhFele =yl p@) B2 p(a)
- Chdle — 2J° <m—M)%

Y @Al —yhRele — 0 Cp(e) )

for § =6, — 1. Since |z — y| < p(z), the above inequality also holds for any 0 < § < §,, — 1.
For I » we use again (4.18), (4.15) with z instead of @, and take into account that B(z, 3|z — z|) C
B(z, 3|z — z|) so the argument follows in the same way. Combining both bounds, we have

/< Chalz s = =]
> Nz = gl —glF 15 \ p(a)
Next, to take care of the integrals in the other three regions, we apply the Mean Value Theorem
and use an estimate for V2T, which is also known (see [23, Eq. (4.4)]). Then we have that for every
k > 0, there exists Cx > 0 such that
[ViTa(2,v) = ViTA(z,0)] = [VITA(, v) | [ — 2]
< Cilz — 2| < Cilz — 2|
T AM2E = oDEIE —vd T (14 M2z — o))z — o|?
where £ = (1 — 0)x + 6z, for some 6 € (0,1).
Then, using the above inequality and the estimate (4.17) for Iy, for every j = 2,3,4, we get
D Cralz — 2| emcaduv0)
< ., T o

o
> . 0<8<8,—1. (4.19)

(4.20)

j dp(v).

For j = 2 we use that [v —y| > %|a: — y| for every v € Fs to get

I < Ck,d‘x - 2’5 / ’.’L‘ - Z|176d,u(v)
~ (1 =+ )\1/2|33‘ - y|)k62|x - y|d72 %|z—z|§|v—1’\<%|w—y| ‘ZL‘ - U|d

Chdlr — 2|° / dp(v)
1+ M2z = y)kelr —y|972 Jp oy o — o[d7070
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Decomposing the last integral into annulli, recalling that we are in the case |x — y| < p(z) and using
(4.1), it becomes

dp(v) - / _j-1 —d+(1-9)
T S 27z —yl) dp(v)
/B<x,|m—y> @ — o] =079 ]Z fo—e|<2- 2y

o0
J —
§ 2,2 u )

~ 1-6
:029|:c -

0 —j . d—2+5u
< 27|z y!)

))) <
“}ﬂ)2Nx—m> O p(@)
< | 1 ‘1+6 (Ix—y|> 22 (8,0~ (18))
r—y

Slr -yt (@) )

S Cralz — 2° (!x—y!
T (1A z -y — yliH0 N\ p(a)

provided that 6 < J,, — 1. Therefore,

o
> , 0<d<6,—1. (4.21)

For v € E3, |z —y| < |v — 2| < 2|z — y| which also yields v — y| < 3|z — y|. Then, using again
(4.20), (4.17) and (4.3), we have

Cralr = 2| w(B(z, 4z — yl))
(1+ A2z — y|)ke|z —y[d o —y|i2

IEDS

Applying (4.1), (4.2) and (4.6), we get the estimate (4.14) for I3 with 6 = 1 and, therefore,

- Ciidl — =/’ (u—y»% 0cs<1 (4.22)
U NP = yFefe — o0\ p(@) ) o |
Finally, to deal with E4 we use again (4.20) and (4.17), and the fact that p(z) ~ p(y) by (1.2) (we

are considering the case | — y| < p(x)). We also note that for v € Ey, |v — x| ~ |v — y|.

Since we are integrating in the global part, we will take advantage of the exponential decay by
considering the lower bound for the Agmon distance d, given in [I4, Lemma 5.1], i.e., for some

Dy, Dy > 1, there exists C' > 0 depending on them and kg such that

v — ul\ "F () \7'
dy(v,u ZD_l(l—i—v_u)O —i—D_l(l—i- pu > —C, wv,uelRe
M( ) 1 p(u) 0 |v—u]

This yields, for every k > 0, there exists Cj such that

—keg

e_EQdH(U7u) < Oy (1 + ’U - u]> k0+1 '
p(u)

Therefore, from all of the above considerations,

—keo

|[v—x| ko+1
Cilz — 2| / (+53)°"
[v—z[>2]z—y]|

It 5 (4.23)

(1 + M2z — y|)ke o= gpiz dnv):
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We shall split the integral above inside the critical ball B(z, p(z)) and outside of it. For the first part,
let jo € N such that 2707z — y| < p(z) < 2/°|z — y|. Then, by splitting into dyadic annuli

“key
|lv—z| | ko+1 1
T S e
2|z—y|<|v—z|<p(z) |’U7x|2d 2 ~ |x*y‘d N |x*y|d ( )
(4.24)

where we have used (4.1), and that 6, — d < 0.
When |v—z| > p(z), by again splitting into dyadic annuli and choosing k > max {

(ko+1)(logy (Dy)—d) 0}

€2

we obtain
keg
(1+ |v—z\) ko+1
/[ !v.ifjpd—2 dp(v) S pla)> 24y 277 (2245521 (l?ﬂ+12<d—2xj+4)p(x)d—2>
[v—z|>p(z) =
/ 5
—d d— keg J h 1 ‘x . y‘ u
Y (D2 ) e s
%N<M |z —yl? \ p(x)

where we have used (4.2), (4.6), and the fact that 6, —d < 0 and |z — y| < p(z).
Thus, from (4.23) and (4.24) we obtain

Cilz — 2/° 1 j — y| )™
, 0<d§<1. 4.25
= WA — g e o7 \ pe) . 12
Therefore, in (4.19), (4.21), (4.22) and (4.25) we have proved (4.14) for each j =1,2,3,4. O

Proof of Theorem 4.2. By Corollary 1.8 and Remark 1.9, we need to verify that for 1 < ¢, < d,
2o € RYand 0 < r < %p(xo), there exists a constant C, independent of B = B(xg, ), such that

B
|B|/ Ru1(y) — (R 1)B’dy<c<p(a:0)> , 0< B <min{l,0, —1}.

The proof follows the general strategy of [21, Proposition 4.12], with several modifications. In
particular, we provide a self-contained argument, as some of the estimates used there do not apply
directly in our setting.

Let y,z € B. By (1.2) we have p(y) ~ p(xo) ~ p(z). Since

Rul(z) = lim K, (x,y)dy ae. z€R?

=0T Jz—y|>e

we have

Rul(y) — Rul(z)| < lim

e—0t

/ K,(y,x)dx —/ K, (z,x)dx
e<|z—y|<4p(o) e<|z—az|<4p(xo)

/ K, (y,x)dx — / K, (z,x)dx
lz—y[>4p(z0) |z—x|>4p(z0)

=: lim A, + A.

e—07F

+
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To analyze A, we consider 0 < e < 4p(xg) — 2r. Since [
0 < ri <roe, we can write

1<|z—y|<rs KO(JU,y)dy = 0 for every

A= /leygp(xo)(Ku(yw) — Ko(y,x))dx — / (K, (2,2) — Ko(z,2))dx

e<|z—z|<4p(zo)

< / }(K,u(ya IE) - KO(y> x))(Xe<|z—y\§4p(a:o)($) — Xe<|z—2|<4p(z0) (l’))} dx
Rd

+ /Rd H(Kli(yvx) - Ko(y’ l‘)) - (KM(Z7$) - KO(Z’m))]Xe<\m—z|§4p(mo)("E)’ dx
= Ae,l + Ae’g.

The term A ; is nonzero only in the following 4 cases:

(i) e< |z —y| <4p(xo) and |z — z| < ¢

(i) € < |z —y| < 4p(zo) and |z — 2| > 4p(x0);
(iii) € < |z — 2| <4p(zp) and |z — y| < €;
(iv) € < |z — 2| <4p(xo) and |z — y| > 4p(xo).

In the first case we have € < |x —y| < |z — z| + |z — y| < € + 2r. Then, using the estimate (4.11),
integrating and using the Mean Value Theorem we get

1 eter 11 4 Ou—1
A S —— / R i (T Uplao) ™2y T (426
p(xo)™ Je p(20)" Ou p(xg)™ p(zo)

In the second case, observe that 4p(xg) < |€—z| < |z —y|+2r. Thus, 4p(z) —2r < |z—y| < 4p(z0).
Then, proceeding as in the previous case,

1 |z — y|\ r
Ae,l 5/ d ( ) dx S .
4p(xo)—2r<|z—y|<4p(z0) |$ - y| ,O(:L') p((lﬁo)

With respect to the third and fourth cases, although the conditions seem to be symmetric, the
kernels are still evaluated in y instead of z.

In the third case, without loss of generality, as we will take ¢ — 0T, we may assume € < 4r. Thus,
by (4.11), we deduce

S / & -y < —— 65u<< - )5“< -
N p(x0)% Jjp—yi<e ~op(wo)e Y \p(xo)) "~ plxo)’

where in the last inequality we have used that r < p(z¢) and 6, > 1.
To estimate in the fourth case, note that 4p(zg) < |z — y| < 4p(xo) + 2r, which gives, proceeding
similarly to (4.26), that

Ael

’

1
plao)™

p(zo)

iz ((t0a0) +20)% = (p(an))™) < (5p(x0))% 127 S

In conclusion, since r < p(xg),

1)
A€71§C< T ) 0<d<1. (4.27)
p(zo)
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Now we consider A, o, and we split it as follows,
A6,2 = /l%d H(Klt(yal') - KO(ya :E)) - (K/L(Zax) - Ko(Z, $))]X€<|$ z|<4p( aco) ‘ dl’

< / H(KM(Z’ ‘T) - KD(ZVT)) - (Ku(yv JJ) - Ko(y’x))]Xe<\w z|<4p(z0) ‘ dx
|z—z|>2[z—y|

" / (K2, 2) — Ko(2,2)) — (Kuly, 2) — Ko(y,))]] da
|z—z|<2]|z—y|

= Ac21+ Ac22.
By (4.12), for any 0 < 6 < min{1,0, — 1},
‘y_zlé/ |x—z‘6”_d_5dl'< r’
P(20)% Jio—z|<ap(ao) ~ plxo)o

On the other hand, by (4.11) we get

5 5
A22</ 1 <‘x_z|>#dx—l—/ ! <|x_y|>udx
€,4, ~
|lz—z|<2]y—2z| |l’ - Z|d p(z) lz—y|<3|ly—=z| |:E - y|d p(y)

1 r 0
< ly— 2 < < ) , (4.29)

pl@0) p(o)
for any § < 6,,. Hence, combining the estimates obtained in (4.27), (4.28) and (4.29) we have that for
all € > 0 sufficiently small, and any 0 < § < min{1,6, — 1},

A€§C< ! )6. (4.30)

p(z0)

A621

)
(aneo) = S () )

Let us now estimate A, by writing

/ Ku(y,x)cm—/ K, (z,x)dx
lz—y|>4p(z0) |z—z|>4p(z0)

< / K () — Kol 2) e + / 1K (2 )Xo s tp(20) () — Xja—yltp(en) (@)l
|z —y|>4p(x0) R

=: Al + AQ.

A=

In the integral of Ay, we have |z —y| > 4p(x¢) > 8 > 2|y — z|. Therefore, from the smoothness of the
Riesz kernel K, given in (4.10), and recalling that y,z € B and d,, > 1, we have

A <Cly Z|5u_1/ L dr < C ( i >6u_1
1 < — ———dxr < .
|z—y|>4p(z0) |.%' - y|d+6ﬂ_1 ,0(.%'0)

For Ay we use the size condition (4.9) to have

- 1
A, S/Rm_;qd [ Xlo—2154p(20) (%) = Xja—yl>4p(a0) (%) | d2.

When |z — z| > 4p(z0) > |z — y|, we get 4p(xo) < |z — x| < 4p(xo) + 2r. Thus,

B 4p(zo)+2r
A</ 1d:1:~/ Sl 2 LT
2 d ~
4p(zo)<|z—z|<4p(z0)+2r |Z - SL“ 4p(zo) t 4p($0) p(CC())

In the other case, when |z — y| > 4p(x0) > |z — z|, we get 2p(zo) < 4p(xo) — 2r < |z — x| < 4p(zp).
Proceeding as above, we get Ay < C—"— ( ok Hence

§
~ r
ASC’( >, 0 <6 <min{l,4,, — 1}. 4.31
,0($0) { M } ( )
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Then, the estimates (4.30) and (4.31) imply (1.10) as we wanted to prove. O

4.2. Laplace transform-type multipliers. Given ¢ € L*(0,0), we define
me(A) = A / e Mo(t)dt, \>0.
0

By means of the Spectral Theorem, we can define the Laplace transform-type multipliers my(L,,). If
we consider the heat semigroup associated with £,

Wif(x) = e f(z) = [ Wiz, y)f(y)dy, [eL*R?), z €R% >0, (4.32)
Rd

we can write
mola) 1) = [~ ot)L,e e )it = [T omom s e R

Its kernel can be expressed as
o0
M¢($,y) = _/ d)(t)atwt(xvy)dtv x,y € Rd'
0

From classical theory, it can be deduced that mg(L,,) is bounded on L?(R%) for every ¢ € L>(0, o0)
(see [24, Corollary 3, p. 121]). In the case of the Schrédinger operator Ly, with V- € RH,, ¢ > d/2, it
is known that mg(Ly) can be extended to a bounded operator on LP(R?) for all 1 < p < oo, and also
from L'(RY) to LV (RY) (see [3, Theorem 2]).

In the particular case of ¢(\) = A7, for A > 0 and v € R, we get the imaginary powers Ei}y. In
[5] it was proved that EiVV is bounded on LP(w) for all vy > 0, 1 < p < oo, and w € AJ. Recently, it
was proved in [14] that the operator my(L,) is an exponential SCZO of (0, c0,d) type, for 0 < § <
min{1,d,}, with parameters ¢ = ¢y (the constant from Lemma 4.6(i) given below) and m =

ko+1-°

Consequently, it is bounded on LP(w) for all 1 < p < oo and every w € HJ"X ", where m* = W

and ¢* < ¢o(23k0+TCRoT3)=m" (see [14, Theorem 5.9]). The proofs of these results rely on estimates for
the kernel My(z,y), which are derived from estimates for W;(x,y) and 0;W;(z,y). These estimates
for the heat kernels are provided here, as they will be employed in subsequent examples.

Lemma 4.6 ([26, Theorem 1.1, Lemma 3.7]). Let 2,y € R? and t > 0.

(i) There exist positive constants C,c, and co such that

1
—yl? — ko+1
0 S Wt(a:,y) S gdexp — |:B y| exp —cp 1 + ma,X{|[L' y|7 \/E} 0
t2 4 p(o)

(ii) For every 0 < B < min{1,6,} and every N > 0, there exist positive constants ¢ and Cn such
that, for all |h| < Vt,

-N
m(h\)ﬁ ( \w—yP)( Vi \/%>
We(x + h,y) — Wy(x, <— | —) exp|—c 1+ — + —— .
‘ t( y) t( y)’ t% \/ZT, t p($) p(y)
Lemma 4.7 ([26, Lemma 3.8]). Let z,y € R? and t > 0.

(i) There exist positive constants C' and ¢ such that

_1
z—yl? exp [ —co 4 maxfle —yl, Vi/2}) Pt
4t p() ’

C
[tO Wi (x,y)| < tjexp <
2

where ¢y is the constant from Lemma 4.6(i).
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(it) For every 0 < B < min{1,8,} and N > 0, there exist positive constants ¢ and Cn such that,
for all |h| < V1,

-N
% =y Vi i
toOWi(z + h,y) — tOWy(z,y << exp | —c 1+——+—=
B T N t @ o)
11) For every N > 0, there exists a constant Cn such that
(1i1) y

/Rd t@tWt(:U,y)dy' <o <p\(/;)>ap (HP(\{;)_N‘

To establish boundedness results on BMOf(w) for mg(L,,), extending those already known for
mg(Ly) given in [21, Theorem 1.3], we will give some estimates comparing the kernel W (z,y) with
the classical heat semigroup kernel {W;};~0 = {e7**}s0.

We note first that we can express, in the weak sense, that

W)y =~ L,1(0) = — [ Wile ey == [ Wiendue).  (439)
R R
We also have the following inequality given in [26, Eq. (2.2)]: for every € R% and ¢ > 0,
1
C (Mt 2
—d/2 Cz—yl? t (px)) ) t < plz)
Rdt exp | = du(y) < o { i\ B (4.34)
2
T (m) , t>pla)

Proposition 4.8 ([26, Lemma 3.6]). Let z,y,z € R and t > 0

(i) There exist positive constants C' and ¢ such that

td% (%)lw exp (—c‘x;mz) ) if Vt < p(),
Wl y) = Wl < 3 18 () M exp (B2 i VI < (o).

2\ p(y)
2 ,
Zd%exp —%), otherwise.

(ii) For every 0 < 8 < min{1,d,} and every positive constant C, there exist positive constants C’
and ¢ such that

00,0~ Witz O0eo) ~ Wiz < G (20 e (e

whenever |z — z| < |x —y|/4 and |x — z| < Cp(z).

Theorem 4.9. Let m = %ﬂ and 6 = min{1,9,}. Then, for all 0 < a < 0, the operator my(L)
is bounded on BMOS (w) provided that w € E8%, e, N Diey with c1,¢2,c3 > 0 such that (c2 + c3) <

co(l—w>(400) mand1§ﬁ<7+1.

Proof. By Corollary 1.8 and Remark 1.9 it suffices to show that for every ball B = B(xg,r) with
2o € R and 0 < r < £p(20), and for every 0 < 8 < min{1,4,}, the following holds:

1 .\ B
51 [ (€10 — (matesay < (L5 (4.35)
Consider y,z € B. As ¢ € L*°(0,0),

me( L)1) — (ma(£, D) < [

dt.

/ (OWi(y, x) — OWi(z, z))dx
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We split the integral over ¢ into three regions. From 0 to 472, we control by the sum and we analyze
only the first term, since the other is handled in an analogous manner, keeping in mind that since
Y,z € B, then p(y) ~ p(x9) ~ p(z). Applying Lemma 4.7(iii),

4r2 472 Su 4r2 Op
/ dtg/ (\[> dt 1 ; / {on/271 gy < < r ) . (4.36)
0 0 p(y) t ™ plao) Jo p(zo)

Now, let us examine the integral over ¢t from p(z¢)? to co. Here, we apply Lemma 4.7(ii) since
ly — 2| < 2r < p(mg) < V. It follows that, for every 0 < 8 < min{1,4,},

> > 2= y1\’ e R
/ / |OWe(y, ) — O Wi (2, x)| dedt S/ / Z2) 7 exp (= dxdt
p(zo)? JRY p(x)? JRE \/E t
o0 B
< (2r)? / tﬁ/Qldt§< ! ) , (4.37)
p(x0)2 p(ZCo)
since [pa e = (emt)¥/2.

Finally, for 4r2 < t < p(z0)?, by (4.33 ) Lemma 4.6(ii), the fact that |y — z| < 2r < v/t in the
integration domain and ¢ < p(x9)? < Cp(y)?, together with inequality (4.34), we have for every
0 < B < min{l,5,}

p(x0)?
/47"2

oW (y, z)dx
]Rd

OWi(y, ) — OWy(z,x)dx

p(z0)?
dt < / Wi (y, ) — Wi(z,2))| dp(x)dt
R4 4r? Rd

P /17 —y\P ly — |?
< L Y 2 exp | —e L0 ) du(x)dt
< fp G reen (5 e

p( -
57“%(%)_6"/ T dt
0

<rﬁp($o)_5“ﬂ($o)5”_5~< . >B (4.38)
~ p(zo)) '

for all 0 < 8 < min{1,6,}.
Therefore, by combining estimates (4.36), (4.37), and (4.38), we obtain (4.35) as desired. The
boundedness property of mg(L,,) follows from Corollary 1.8. U

4.3. Maximal operators for the heat-diffusion semigroup associated with e %=, Let {W;};~o
be the heat semigroup associated with £, given for f € L*(R%) by

Wif(x) =e " fl@) = | Wilz,y)f(y)dy, = €R ¢>0,
Rn
where W;(z,y) is the corresponding heat kernel, for 2,y € R? and ¢ > 0.
We consider the maximal operator of the heat semigroup

W f(x) = sup e | = sup (Wi f ()],  f € L*(RY).
>0 >0

We interpret the operator YW* in a vector-valued sense, as in [25], and take into account Remark 1.10
in the Banach space B = L>°((0,00), dt). Then, we can write W* f(x) = ||W f(x)||s, where we denote
W f(z) = {W,f(2)}+>0, for every 2 € R? and f € L*(R?).

W is bounded from L?(R?) into L% (R%) and, from the kernel conditions to be proven below, it follows
that it is a vector-valued Calderén-Zygmund operator; consequently, it is bounded from LP(R?) into
LE(R?) for all 1 < p < oo. Furthermore we shall prove that conditions (1.8) and (1.9) are satisfied in
il +1 This 1rnphes that W* is bounded on LP(w) for w € H? ’c* ,
23k0+70k0+3)

B, with parameters ¢ = ¢y and m =

where m* = m and ¢* < ¢ " (see [14, Theorem 4.1 and Proposition 4.2]).

Proposition 4.10. Let g, z,y € R and t > 0. Then,
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(i) for every x # vy,

1
1 |z — y|\ For1
We(x,y)|lp S —— exp —co<1+ > ;
Vel S 1=y o)

(it) for every 0 < 6 < min{l,d,}, there exists Cs such that

|x—w0|5

HMM%@—MM%WWBS%EiE@$

provided that |z — y| > 2|x — xo].
Proof. By Lemma 4.6(i), we obtain (i) when ¢ > |z — y|?. For t < |z — y|?, observe that for each N,

there exists C'y such that
e it WP (L ! (4.39)
xp | —c . ;
P t =T\ Ja —yP?

Then, if N = d/2 is taken above, it follows that
0 S Wt(xa y) S

1
1 W—M)““
< exp | —co |1+ .
Tyl < ( o)

For the smoothness condition (ii), we consider |z — y| > 2|z — x|, that implies |x — y| ~ |z¢ — y|.
For 0 < ¢ <min{1,4,} and |z — x| < v/, by Lemma 4.6(i) and taking N = ¢ + %/ in (4.39)

!

Wiz, y) — Wiz )\<C<‘x_x0‘>6,t—d/2 (‘x_y|2>*g%<0 L (x_xo‘f,
t\L, Y t(L0,Y)| = \/‘E At > L ’.’B—y’d ‘ﬂf—y‘ .

For |z — x| > v/, we use Lemma 4.6(i) and N = % + %/ in (4.39) to obtain
Wi(z,y)| < O—4/2 exp <_M) < Cy 1 <’1’ — -%'()‘)6/
T )7 Tle—ylt \|r—yl)
and the same estimate follows for Wy (zp,y). This completes the proof. O
Theorem 4.11. Let m = ﬁ, co as in Lemma 4.6(1), 6 = min{1,6,}, with §, < d and 0 < a < 4.
Then W* is bounded on BMO;’,‘(w), forw € B, ., N DEes, where 1 <k < ‘PTO‘ +1 and ¢1,¢0,¢c3 >0
such that (ca + ¢3) < ¢ (1 — m) (4Cy)~™.

Remark 4.12. The condition 6, < d in Theorem 4.11 differs from the case du(r) = V(x)dzx. In the
latter, 0y = 2 — d/q (where V. € RH,), and 0y < d is always satisfied.

Proof. By Corollary 1.8 and Remarks 1.9 and 1.10 it is enough to prove that there exists a constant
C such that

1 r A
— [ W) =W sl dy <C [ ——) |
51 i - sl ar<c (5 55)
for B = B(wg,r) with 0 < r < $p(x) and every 0 < 8 < min{1,d,}. To this end, since
1
W) = WiDsls < [ 1W1(6) = Wit 2)ad

we shall estimate the integrand ||[Wi1l(y) — Wil(2)||s.
Let t > 0 and let y, 2 € B. Given that p(y) ~ p(zo) ~ p(2), if vVt < 2r, then vt < p(z0) < p(2) and
Vt < p(y). Since W;1(x) = 1, by applying Proposition 4.8(i), and changing variables, it follows that

Wit =W < o ()" [ oo (<) g (V[ ey ()

5(£20%5<m;0%'
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For v/t > p(xp) > 2r, it follows that |y — 2| < 2r < v/t. Therefore, by Lemma 4.6(i), for every
0 < 8 <min{l1,0,}, we have

N B 2
wwuw—mmuns/MM%@—MMa@uxs(W”)t%ﬂ/’mp(mwx‘)m
R4 \/1? Rd t

() =< Ge) (4.40)

Finally, if 2r < v/t < p(z0) we can write

Wil(y) = Wel(2)| < / |Wily, z) = Wily, ) — Wiz, 2) = Wiz, 2))| da

Aly—z|<|z—y|<ap(y)

+/ Wiy, 2) — Wily, 2)) — (Wilz, 2) = Wiz, 2)| de
|z—y|<4|y—z|

+ /I arto) |We(y, ) — Wiy, @) — Wiz, @) — Wi(z, x))| d, (4.41)

where a = 2F0F1C,.
For the first integral, we apply Proposition 4.8(ii) taking into account that |z — z| ~ |z — y| and
p(x) ~ p(y) in the integration region to have

/ Wiy, 2) — Wily, 2)) — (Wiles ) — Wi(z, 1)l de
Ay—z|<|z—y|<ap(y)

—_\P _ 2 B
< (]y Z|> td/2/ exp <—c——|y il )da: < < ! ) . (4.42)
p(y) 4y—z|<|z—y|<ap(y) t p($0)

Regarding the second integral, since z is close to both y and z, by Proposition 4.8(i) and vt <
p(xo) ~ p(y) ~ p(z) we have

/I— |<4ly—2| |Wily, z) = Wiy, z)) = Wilz, 2) — Wiz, 2))|dz

</ Wiy ) — Wilys)ld + Wiz, ) — Wilz,2)lde
|z—y|<4|y—=| |z —2|<5[y—z|
Ou 2 _ 52
< % (i) / exp <_C|x yl ) dx +/ exp <—c$ i ) dx
¢/ p(xo) |z—y|<4|y—z| t lz—2]<5|y—2z| £
O 5ly—z| W2 O N d Ou
5% (-ﬁ > / e_ctud_ldu§< Vit > (y Z’) g( r > , (4.43)
t4/2 \ p(xo) 0 p(zo) Vit p(zo)

where we have used that |y — z| < 2r < v/t and §,, < d.

Finally, for the third term in (4.41), we use Lemma 4.6(i) for W;, and the smoothness condition for
W. Also, since |y — z| < p(zo) and by the choice of a, it follows that |z —y| > 2|y — z|. Therefore, for
every 0 < f < min{1,0,}, we have

/|_ an( )\(Wt(y,w) — Wiy, x)) — Wi(z,2) — Wi(z,2))|dz

g/ DM@@—M@@W%/ Wiy, ) — Wilz,)\da
|z—y|>ap(y)

|z—y|>ap(y)
1

Sly—+f" | Ltz [0 etass ( T>6 (149
Sly—=z ———dzr ST $70ds S . 4.44
o=yl >ap(y) 1T — YlH7 apy) 57 p(xo)
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By combining (4.42), (4.43), and (4.44) we obtain
B
W) - waele <€ (S 25) L o< <minfLa), (4.45)
0

and finish the proof. O

4.4. Maximal operators for the generalized Poisson operators P/ . For 0 < o < 1 and
f € L?(RY), the generalized Poisson operators P{ are defined through the subordination formula

20 o 2 dr 1 o0 dr
Py f(x) = 4:11()/ eiﬂwrf(x)ﬁ = F(a)/o e*’”W%f(a:)E, (4.46)

for z € R% and t > 0, where Wtz f is as in (4.32). Thus,

/Ptxy y)dy, xe€RY,

where the expression for the kernel is given by

o _ 1 o —r dr Rd
7)t (337y) - m 0 € W%(xay)rlﬁa T,y € . (447)
We shall consider the maximal operator associated with Py, for f & L*(RY), as
P f(x) = sup PYf (@) =P f(z)le, (4.48)
>

in the Banach space B = L*°((0, 00), dt) as before. Moreover, the inequality P7* f(x) < W* f(x) for all
z € R? and f € L?(R?) derived from (4.46) yields the boundedness from L?(R%) into L3(R?). Addi-
tionally, we have the same result for P>* as for the maximal operator W* on weighted Lebesgue spaces,
that is, P7* is bounded on LP(w) for w € Hy , where m* = & +1) (23ko+7 Ok +8)—m”

In BMO;‘;(Rd) spaces, these maximal operators P%* were studied in [21] for the particular case
where du(x) = V(z)dz. To obtain a weighted version of these results, for a general measure p, we
shall prove first that size and smoothness conditions with norm B are satisfied.

—— and ¢* < ¢y

Proposition 4.13. Let zg,z,y € R?, t >0 and 0 < o < 1.
(i) There exists a constant C such that

. & —y|\ "7
P29l = O eXp( o (1+55) )

where cq is the constant from Lemma 4.6(i).
(ii) For every 0 < 6 < min{1,6,}, there exists a constant C such that

é
g g €T
177 (a.) = PE Gl < il

whenever |x — y| > 2|z — xo].

Proof. The proof of item (i) is a consequence of deﬁmtlons (4.48) and (4.47), Proposition 4.10 and the
definition of the Gamma function I'(c) = [;° 77 te "dr.
To prove the smoothness condltlon (11) we use Proposition 4.10(ii) to obtain

1 o
P (x,y) — P{ (zo,y S/ e"
IP7 (2, y) — P (20, 9) [ o) /o i

whenever |z — y| > 2|z — x| and 0 < § < min{1,6,}. O

dr |z — zo|°

W (2,y) — W2 (0, :
2 (@,y) = W (20, y) S P

4ar 4r

Theorem 4.14. Let0 <o <1, m = ﬁ, co be the constant from Lemma 4.6(1), and 6 = min{1,6,}.
Then, for every 0 < a < 6, the operator P"’* 1s bounded on BMOO‘( ) provided that w € E& c1,ea N

DI with ¢y, ¢a,¢3 > 0 such that 1 < k < 252 41 and (2 + ¢3) < ¢o (1 — W) (4Cy)—™
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Proof. Fix 0 < o < 1. By Corollary 1.8 and Remark 1.10, and in view of the kernel conditions given
in Proposition 4.13, it is sufficient to prove that there exists a constant C such that

1 - - /3
51 L 1Prw) - Prislean < ¢ (1) (4.49)

for every ball B = B(zo,r) with zg € R%, 0 <7 < £p(20), and 0 < 8 < min{1,6,}.

To show this, we shall estimate |P{1(y) — P71(2)|p for all y,z € B = B(xg,r). According to
the kernel representation of the generalized Poisson operator (4.47), and using the estimate (4.45), it
follows that for every 0 < 8 < min{1,4,}:

1 © ds
v [ (ren-weten) ol

IP71(y) = PPL(2)|[e =

o [t i) - waelds 5 (5 B

< — 77 e IWel(y) — Wil (2 ]BSN(»> :

(o) Jo p(zo)

By averaging over y, z € B, we obtain the desired result. (]

4.5. Littlewood-Paley function for the heat semigroup. The Littlewood-Paley g-function as-
sociated with the family {W,};~¢ is defined by

0o 1/2
w0 = ([~ omrP L) = 10wl

where F = L? ((0, 00), %)

For du(z) = V(z)dzx with V € RH,, the boundedness of gy on LP(w) for weights w € Ap was
established in [11] and unweighted estimates in the BMOp (R%) space can be found in [21]. To extend
this to general measures, we adopt the vector-valued framework using the Banach space F. Thus,
since {t0;W; }i>0 is bounded from L? to LH% it is enough to verify that the kernel satisfies the size and
smoothness conditions in the F norm to obtain that it is a vector-valued Calderéon—Zygmund operator
and bounded from L? to L for all 1 < p < .

Moreover, as a consequence of Proposition 4.15 we shall prove that (1.8) and (1.9) are satisfied in
1

F, with parameters ¢ = co and m = ;-7 This implies that g)y is bounded on LP(w) for w € H]f:gf*,

where m* = m and ¢* < ¢o(23F0F7CET3) =M (see [14, Theorem 4.1 and Proposition 4.2]).

Proposition 4.15. Let g, z,y € R% and t > 0.
(i) There exists a constant C such that

1
C T ey
uwM@wwsde(mO+\ y>o>’

lz — 9 p()

where ¢y is the constant from Lemma 4.6(i).
(ii) For every 0 < 6 < min{1,6,} there exists a constant C such that

| — wo|®
[LOWi(z,y) — tOWi (2o, y)|lF < Cm,
whenever |z — y| > 2|x — xo|.
Proof. The proof is analogous to |14, Proposition 5.8]. For condition (i) we use Lemma 4.7(i). Then,

there exist C and c such that

1
— ko+1 [ee} 2
o) S exp 200 (14 I ) [T e (e Y
p(x) 0 t

1
1 [z —y| | kot
< exp | —2¢g <1 + > .
2=y ( o)
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For condition (ii), consider |z — y| > 2|z — x¢|. From Lemma 4.7(ii) it follows, on one hand, that

o0 dt 1 |z — x| 2
LOWi (2, y) — tOWi (0, y)|*— < < )
/|vac—a:0|2 13 ‘x - y‘2d |.%' - y|

for every 0 < 6 < min{1,6,} and some constant C.
On the other hand, keeping in mind that |zg — y| > 3|z — y|, from Lemma 4.7(i) we have

|z—20|? ) dt |z—20|? th |z—20|?
/0 [tO Wi (2, y) — tO Wi (0, )| 7 S/o (Lo Wi (2, )| t+/0 [tO Wi (0, y)

_ 26 roo a2
< @ — ol / -1 exp —c—‘x Y dt
|z — yl 0 t

d
< 1 <|$_Qj0‘)2
M-y \ Jz—yl )

for every 0 < 6 < min{1,6,}. O

t

Theorem 4.16. Let m = ﬁ, co be the constant from Lemma 4.6(i), and 6 = min{1,0,}. Then,
for every 0 < a0 < 6, the operator gy is bounded on BMOS‘(w) provided that w € E5¢, ¢, N D¢y with

1<k< (S*Ta + 1 and ¢1,c2,¢c3 > 0 such that (ca + c3) < ¢ (1 — m) (4CH)~™.

Proof. By Corollary 1.8 and Remarks 1.9 and 1.10, we only need to prove that there exists C' such

that 5
1
5 [ 10w - @) slea < o (555 ) (4.50)

for every ball B = B(zg,r) with 0 < r < %p(20) and 0 < B < min{1,6,}. From Minkowski’s
inequality, it will suffice to show that

r \7
[toWi1(y) — toWel(2)|lp < C (p(x@) ,

for all y,z € B and every 0 < 8 < min{1,6,}. Note that

2 at

[tOWeL(y) — to, W 1(2) |3 :/ '/d(tatWt(y,:r) — tOWy(2, x))dx e
o |J/r

We proceed as in the proof of Theorem 4.9, splitting the integral in the ¢ variable into three regions.
For 0 < t < 472, using that p(y) ~ p(zg) ~ p(z) since y, z € B, and applying Lemma 4.7(iii) twice,

we have
/‘4’/‘2 2@ </4T‘2< \/i >26#dt ( r )26H
0 t~Jo p(xo) t p(o) '

Next, if 472 < t < p(xg)?, we use (4.33) to rewrite the integral in x. Since |y — 2| < V%, we
can apply Lemma 4.7(ii). Next, we use (4.34) because t < Cp(y)? in this region and thus, for every

0 < 8 <min{l,0,},
th p(z0)?
dt :/ y
t 4T2

p(x0)?
ATQ
p(z0)? —_ 22
St—ap? [T 0| [ e (—M) du(z)
4 Rd t

r2

z0)2 26 28
,Sr?ﬂ/p( e <ﬁ> Hdt~< d ) .
0 p(y) p(xo)

/R (Wi, 7) — 1O Wz, 7))

p
i)

2
dt

/Rd (tOWi(y, ) — tOWy(z,x))dx

[ W) = Wil 2))duta)

2
dt
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Finally, to analyze the integral when ¢ > p(xg)?, we see that |y — z| < 2r < p(x¢) < v/t. Then, by
Lemma 4.7(ii)

/p(wo)2

2
dt

/R (Wi, 7) — 10 (2, 3))da

00 - 28 2 2
<Jo () o een() )
p(xo)2 \/E Rd t t

00 28
g 7‘25/ =Bt ~ < r ) ,
p(x0)2 IO(:UO)

for every 0 < 8 < min{1,d,}, which concludes the proof of (4.50). O

4.6. Littlewood-Paley function for the Poisson semigroup. The Littlewood-Paley g-function
associated with the Poisson semigroup is defined for f € L?(R%) as

0o 1/2
wif)e) = ([ 1Pl ) = 0Pt @l w

where F = L? ((0, 00), %), and P; is the classical Poisson Semigroup 771/ )

By the subordination representation of the Poisson kernel for o = 2 given in (4.47), the estimates for
weighted Lebesgue and BMO spaces are obtained in the same manner as those for gyy. Specifically, we
derive the same size and smoothness estimates corresponding to (1.8) and (1.9) considering the norm

| ||lr, with parameters ¢ = ¢y and m = ﬁ This implies that gp is bounded on LP(w) for w € H]ﬁ”’? *,
where m* = m and ¢* < ¢o(23R0FTCHT3)=m" (see [14, Theorem 4.1 and Proposition 4.2]). The
proofs of the following results are omitted since they follow the same lines as the ones for gyy.

Proposition 4.17. Let zg,z,y € R? and t > 0.
(i) There exists a constant C such that

1
: o
1t0Py(, )llr < C—— exp —co(1+|"” y')'“““ ,
|z — yl|d p(x)

where cg is the constant from Lemma 4.6(i).
(it) For every 0 <§ < min{1,d,}, there exists a constant C such that

|z — o
[£0: Py (2, y) — t0;Pt(zo,y)|lp < CW’
whenever |z — y| > 2|z — xo].

Theorem 4.18. Let m = ﬁ, co be the constant from Lemma 4.6(i), and 6 = min{1,0,}. Then,
for every 0 < a <4, the operator gp is bounded on BMOg(w) provided that w € E&%, co N DEC, with

1 <k< %41 and ey, c,c3 > 0 such that (ca + ¢3) < ¢ <1 M) (4Co)~™

4.7. Fractional integral operators. Given v > 0, the negative powers of £ admit the following
integral representation for f € L?(R%) and x € R%:

ﬁﬂf(x):r(ly)/o et () /vay y)dy,

1 & dt
j’}’(x:y) = W/O Wt(xvy)ﬂja T,y € Rd' (451)

The case of negative powers for the operator Ly was first analyzed in [11], where weighted Lebesgue

estimates for A} were obtained, alongside the corresponding weak-type (1, ﬁ) results for w € Af.

where
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Subsequently, the authors in [1] established bounds from weighted Lebesgue spaces into BMO,(w)
spaces for w € Ap. On the other hand, [21] obtained estimates for £y,” between unweighted BMO$ (R9)

spaces using a T'1-type theorem, while [9] provided BMO?(w) estimates using techniques adapted to
the operator.

The boundedness for £,,” in both LP(w) and BMOg (w) spaces, where w belongs to the Hp " weight
class is given below.

Proposition 4.19. Let 0 < v < d/2. Then, L," is an exponential SCZO operator of (27,0, d) type

for all 0 < § <min{1,d,}, with parameters ¢ = co (from Lemma 4.6(i)) and m = ﬁ.

Proof. From Lemma 4.6(i) it follows that

1
1 |z — y|> Fotl /Oo iy ( |z — y|2)
exp | —co [ 1+ t72 7 texp | —c dt
I'(7) ( < p(x) 0 t

1
1 |z — y[' ot
< ———exp —%<1+ ) : 4.52
|z — y|d= ( p(x) (452

and (1.8) is verified.
For the smoothness condition (1.9), let |x — y| > 2|z — xp|. Taking into account

[Ty (2, y)| <

dt
=

|%mwnwmwbﬂbﬁﬂmmw—mmwn

we consider two cases.
If t < |z — x0|%, we apply Lemma 4.6(i) and estimate (4.39) with N =4§/2,0< § < min{1,6,},

2 4
<t (_JERPY (122 20
Wi 5 2 exp (e -

g P (=l (=l

5 2
< +=4/2 |z — 2o exp —Clx —yl 7
|z -yl 2t

and we obtain the same bound for [W;(zo,y)| since |zo — y| > |z — y|.
For t > |z — x¢|?, by Lemma 4.6(ii) and (4.39) for N = §/2, we have for 0 < § < min{1,§,}

vaCmy)—lvdmnwlﬁtW2<kn¢;d> em°<_cu tm )

2 =20 \° a2 - y[?
S—) ¢ exp| —c— | .
|z —y t

Then, integrating in ¢ and making the change of variable v = lz—yl?

2t
dt 1 (]:):—:L'()]
= Yz =yl \ |z -y

00 1)
| ite) - Witao.w) ) 0<s<min(ta).
0
Finally, we prove that £, is bounded from L'(R?) into L#’M(Rd). This follows from (4.52)
which implies |7, (z,y)| < Clz —y|~(4=2M). Thus, |£,” f(z)| < CI(|f|)(z), where I, is the classical
fractional integral. By the Hardy-Littlewood-Sobolev Theorem, this operator is bounded from L!(R%)
d
to La-27"°(R%), completing the proof. O
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As a consequence of Proposition 4.19 we have that, for 0 < v < d/2, £,,” is bounded from LP(w?)

into LY (w?) for all 1 < p < % and l = % - 2;, and any weight w such that w7 e HPIL, with
7

m* = T H)Q and ¢ < Cod (23k°+70k°+3) . The proof of this result is omitted, as this follows the

same lines as the singular case given in [14, Theorem 4.1, Proposition 4.2].

Theorem 4.20. Let 0 < v < d/2, § = min{l,6,}, m = ﬁ, and co be the constant from
Lemma 4.6(i). Then, for all 0 < a + 2y < &, the operator L, is bounded from BMO%(w) into
BMO;‘+27( ) provided that w € E8¢, ¢, N Diey with 1 < k < 5_2% +1 and e1,c2,c3 > 0 such that

(ca +¢3) < ¢ (1 — M%—WQ (4Cy)—™
Proof. By Corollary 1.8 and Remark 1.9, it suffices to show that there exists a constant C' such that

|B,1-1r27/d /B ‘E;'Yl(y) — (5;71)3) de < C <p(;0))ﬁ, (4.53)

for every ball B = B(zg,r) with 0 < r < £p(z0) and 0 < 8 < min {1,6,} — 2.
Given y, z € B, we note that

£71(y) — £71(2)] < /0 T IWiLly) = W) ot

Then, for 0 < t < p(xg)?, we use (4.45) to obtain

/ i) - ot (<) [
Wil(y) = Wel(z)|t7™ tN< ) /
0 ! ! P(ivo) 0

provided that 0 < 3 < min {1,6,}.
When t > p(xg)?, we use (4.40), which yields

00 8 B
[ ) -wa@leas /°° (—) tv—ldtfv( r ) p(w0)?",
p(z0)? p(z0)? \/i p($0)

for all 2y < § < min {1,4,}.
Combining both estimates and setting § = [ — 2v, it follows that (4.53) holds for every
0 < f+2y <min{l,0,}. O

4.8. Operators associated to a potential. In the particular case where du(x) = V(z) dx, with V
being a non-negative function in the classical reverse-Holder class RH, for g > %, we can study the
operators Ty = L£,7V7 for 0 <y < d/2. These are defined for f € L*(R%) by

0= [ FenV s
Rd

where 7, (z,y) is the kernel of the operator £;,” defined in (4.51).

In the cases ¥ = 1/2 and v = 1, LP(R?) boundedness was established in [23] for 1 < p < 2q and
1 < p < g, respectively. Subsequently, [19] provided pointwise size and smoothness kernel estimates
featuring polynomial decay associated with the critical radius function p. From these estimates, [/]
proved the boundedness of the operator on LP(w) for weights in the Aj class. The general case
0 < v < d/2 was studied in [7], where the authors obtained the boundedness of T, on L”(w) for
(q/7) < p < oo and w € A? v/(a/y- They provided the estimates (1.7) for the kernel J,V7 with
s = q/y > 1 and 6 = min{l,2 — d/q}. Consequently, by proving the size condition (1.6) for the
kernel J7,V7 we obtain Proposition 4.21, which is stated below. Then, following the same lines as the
singular case given in [14, Theorem 4.1, Proposition 4.2] we obtain that 7 is bounded on LP(w) for
all (¢/7) <p < oo and w € Hg}(q/w) oo With m* = m and ¢* < o2 M+ (22ko+6Chot3)—m
This result extends the one given in [
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Proposition 4.21. Let V € RH,, q > %, VZ0Oand 0 <y < %. Then, T is an exponential SCZO

of (0,1,8) type, with § = min {1, 2 — g}, constants m = —(m+1),

T and ¢ = cy2

_1
ko+17

Proof. As we saw before, it is enough to prove (1.6). For that, by (4.52), and using that V' € RH, it
follows that

1 v/a
(Rd / |Jy<:c,y>vv<y>|q”dy>
R<|zo—y|<2R
m ol
1 R 1
< - 2 (14 — d
< s o (e (145 )(Rd/m,gmv(y) y)
—2v

(
1 R m R 10g2(DV)7
< — —cp2™™ — 14+ ——
~ Ri7 eXp( @ < >> ) < +p<x>>
1 R
—cp2— M1 ekl
S R exP( 0 < p(x) )

where we also used [141, Lemma 5.2] with du(z) = V(z)dz and Dy the doubling constant of V (z)dz. O

H

Additionally, in [7] a T'1-type condition was derived, enabling the boundedness of T, on weighted
BMO7(w) spaces for certain weights in AP . Specifically, the authors proved condition (1.10) with

0 < a+dk—1) < 6§, where 6 = min{1,2 — d/q,7(2 — d/q)}. As a consequence of this fact,
Proposition 4.21 and Theorem 1.7 we obtain the following result, which broadens the classes of weights
given in [7] for BMOZ (w).

Theorem 4.22. LetVGRHq,q>g,V;éOand0<’y<g. For0 < a <6, m=

2
¢ =2~ MY T is bounded on BMOS (w) whenever w € EG"

P ,C1,C2
(ca+c3) <c (1 - w> (4Cy)—™

1
m and

ﬂDQ’,Q;, with1§&<g_7a+1 and

4.9. The operator £,"V. Note that £,”V can be considered to have fractional order v = 2y — 1,
since £,,”7 is of order 2. Thus, v > 0 provided that 1/2 <y < 1. When v = 1,

£,V 1) = [ Tu@n) vy = [ Ksa) )
for f € L2(R?) and Ky (x,y) = —Val (2, y), where V5 denotes the gradient with respect to the second

variable. But, by the symmetry of I';, (see [22, Theorem 2.18]), we have VoI',(z,y) = ViI',(y, z) and
applying [!, Theorem 4.2] we have that there exist positive constants C' and e such that

Cecu(y) du(z 1
IK1(z,y)| = Vil u(y, z)| < Ty—al 2 (/( ( )_ + : (4.54)

B lrzzhy [z —y[©t |y — 2

for all z,y € R? with x # y. Moreover, if 0y, > 1, then
CG_EdH(yvl‘)
K < — .
[K1(z,y)] < ly — 2|71
For 1/2 < v < 1, we use Balakrishnan’s formula (see [20, Eq. (3.53), p. 286]) to express the operator
as
- sin(77y) -1
Eu’y:ﬂ'/o\ )\ Fyﬁlu,—i-)\d)\
and then

LV /ic 2,9)f () dy,
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where () [
sin(7y _
() = = [ TNV, )i (4.55)
0

Based on these estimates, we can establish the following classification for £,”V.

Proposition 4.23. Let mo = -t and 1/2 <y < 1.
(i) If 6,, > 1, £,V is an exponential SCZO of (2y — 1,00, 0) type, with parameters ¢ = sp; and
mo.
(ii) If 0 < 6, < 1, L,V is an exponential SCZO of (2vy — 1,s,08) type for % <s< f:—gz
and ¢ € (0,1), with parameters ¢ = 451 and my.
Here, § € (0,1) is as in [22, Eq. (7.29)] and Dy is the constant given by [1, Lemma 2.3].
Proof. First, note that from (4.54) and (4.16) we obtain, for every A > 0 and d, > 1, that
— 5 v@avAz—y| ly —@|\ FoF1
e 2 € y — x|\ Fot
Vil < - — 1 4.56
’ 1 ;U«Jr)\(yax)‘ ~ |y—l’|d_1 eXp( 2D, < + p($) ) ’ ( )

where p(z) can be replaced by p(y) due to the symmetry of the distance d,. It follows immediately
that for v =1 (and thus v =2y —1 = 1)

1
1 € |y — x|\ FoFT
_ T < —— |1 :
ICi(z,y)| = Vil u(y, 2)| S ly — 2|41 exp( 2D, ( + p(x) > )

In the case 1/2 < v < 1, we integrate (4.56) with respect to A\ using the change of variables
u= 5,/wdﬁ]$ — y|, which yields

1
1 € —z\®F\ [
Ky (@, 9) S Wexp <_TDl (1 + ‘yp(x) I> > /0 A Ve 5v@aVAlz—yl gy

1
1 € ly — x|\ FoF1
< - - - (1
~ =yl @D eXp( 2D1< e |

where we have used the fact that the integral converges since v < 1.
To prove the corresponding smoothness condition, we consider |x — x| < |y — z|/8. Applying the
estimate given in [22, p. 563] and using (4.56), we have

5
xr — X

Vi x (v, 2) = Vil (y, wo)| S <|O|> sup Vil A (v, 2)
2=yl ) eB(a|a—yl/2)

< (Iﬂs - x0|)5 e~ TV@aVAlz—y|

|z =yl
For v =1, we set A = 0 in the inequality above, leading to

1 |x—fﬁo|>5
K L, -K Lo, S )
| 1( y) 1( 0 y)’ |y—33|d*1 ( |ZL'—y|

whenever |x — y| > 8|z — xg|. For the remaining cases, we integrate as before to obtain

15 (@, y) = Ky (0,9 S/O ATIVAL a (Y, 2) = Vil ua(y, zo) [dA

d roo
1 <|:c - 370’) / AT iv@aVAlz=yl g\
eyl e =yl ) o

1 5
< |z — 0
ly -z fz -yl )

|z =yl

provided |z — y| > 8|z — x|



ISSN 2451-7100
IMAL PREPRINT # 2026-0082 Publication date: July 6, 2026

36 E. DALMASSO, G. R. LEZAMA, AND M. TOSCHI

d

Finally, to show that £,V is bounded from L!(R%) into L7-1"°(R%), we proceed as in the

case of fractional integrals. Given the pointwise estimates obtained above, for f € L'(R?) and any
1/2 <y <1, we write

£V < [ @l )y

1
1 € |y — 2|\ ot
S T a1 —— 1 d
N/Rd |z — y|d-2-D) eXp( 2D, < - p(z) ) ) | f(y)|dy

/(W)
< B LA —
$ f e
S Loy ([ (),
where Ip,_1 is the classical fractional integral of order 2y — 1. Since the latter is of weak type

(1, %), it follows that £,,7V is also of this type.

To prove (ii) we need to check that the kernel K, satisfies the integral size condition (1.6). By
(4.54) and (4.16), for any A > 0 and 0 < §,, < 1 we have

—§v@av A=y ly — x|\ "o

e 1 € y — x|\ kot du(z) 1

vir Y, )| S ——————exp | ——= <1+ ) / + .
[Vilusaly o)l |z — y|d-2 2D, p(z) B(ylg) 2=yt o =yl

This immediately yields the bound for v = 1. For % < v < 1, integrating against A™7d\ gives

ex - 1+‘y ad ﬁ
()] < (o (4 55)) /B(ylz " T+ o )

|z — yld= (=Dl [z —yli=t o -y

Then, for each % <y <1, |z—xo| < R/2,and 1 < s < f:gz, proceeding as in the Riesz transform
R}, (see [11, Proposition 5.5]) we have

1/s 1
1 / 1 € R Fo+1
Rd Ky (2, y)|*dy <———exp| —— <1_|_) )
(Rd R<\ﬂ:o—y|§2R| ’Y( >| ) Rd—(2v-1) 4D, p(x)

For the smoothness condition we consider | — zg| < r < p(z9) and 0 < r < R/16. Then proceeding
as in the proof of [22, Theorem 7.18] we have an estimate for |V, \(y, ) — V1L 4A(y, z0)| (see [14,
p. 24] for completeness) and consequently that

1
—eo (14 B Tro+1)2
s (2, 17) = K (0, )] < <|x—x0|>5e 0( +p(w>> 0 / du(z) N 1
Y Tz -y 2 —y|d=Cr=D=1 \ Jp1y—ap |2 —y1T =yl )’

2 6

for some positive €y, which implies condition (1.7) with v = 2~

Finally, as a consequence of the estimates given above, for f € L¥ (R?) and O < 6# <1,

. 1/s
LV ()] < Z ( / | | \m(x,y)wy) ( / | \f(y)\s'>
2 p(w) <|y—a| <27+ p(w) B(x,27+ p(a)

00 1/s
A TS . 2v—1 /
15 B 97 (0 (f | !f(y)ls> :

B(z,27 %1 p(x))

Since the classical fractional maximal operator is of weak type (1, %), we conclude that £,V

1/s

J:1

is of weak type (s’, #{1)5/» provided (2y —1)s’ < d. O
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In the potential case du(z) = V(z)dz with V € RH, and % < ¢q < d, a sharper estimate for £,,/V

can be obtained via [I4, Proposition 5.5]. Indeed, the optimal endpoint for the Riesz transforms,
-1

Py = <% — é) , automatically satisfies py > # for any 5 L < ~ < 1. This leads to the following

classification.

Proposition 4.24. Let V € RH, with 4 <qg<d,V #0, and l <7< 1 Then, L'V is an

€

exponential SCZO of (2v — 1, po, (5) type, wzth parameters ¢ = i and m =

- k0+1
As a consequence, and following the same lines as in the singular case given in [14, Theorem 4.1,
Proposition 4.2] we establish the weighted boundedness results for £,,7V.

Theorem 4.25. Letl<fy<1 m:ﬁ,m*:m,l<p<2 = andl:%—%ﬁ;l. The

operator L,,"V is bounded from LP(wP) to LI(w?) for any weight w such that w - e Hf’ p* where
g ¢
the constant c satisfies:

(Z) c < 2D1 m(23k0+70k0+3) m* when 6# > 17'
(’L'L) c < 4D1 ﬁ(22k0+6050+3) m* when 0< 5” < 1.

Finally, since £,,"V(1) = 0, we have the next result.
Theorem 4.26. Let 0 < 6, < 1, % <y <1andm = kolﬁ For any 0 < a+ (2y—1) < 4,
the operator L,V is bounded from BMO% (w) to BMO%+2'7_1( ) whenever w € ESel e, N Diey with

1<r<1l+ w and c1,c2,c3 > 0 such that (ca+ c3) < ¢ (1 — W) (4Cp)™™
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