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SPARSE APPROACH TO THE TWO-WEIGHT BOUNDEDNESS

OF LOCAL SINGULAR OPERATORS. APPLICATIONS.

MAURICIO RAMSEYER, OSCAR SALINAS, AND JUAN MANUEL SOTTO RÍOS.

Abstract. In this paper, we study local singular integral operators on Eu-

clidean spaces whose kernels satisfy a pointwise size condition together with
Hörmander-type regularity conditions. We establish sufficient conditions of

local Muckenhoupt type, reinforced by bump conditions on the weights, that

guarantee two-weight norm inequalities for these operators. As applications,
we obtain analogous estimates for local truncated operators and Schrödinger-

type operators.

1. Introduction

Let Ω be a proper open and non empty subset of Rn. The notationQ = Q(xQ, lQ)
means a cube Q with sides parallel to the coordinate axes, where xQ and lQ are
the center and the length of half of its side respectively. Here, when we mention
the metric d, we mean the usual d∞. As usual we will denote by λQ the cube with
same center and side length λ-times of Q.

For 0 < β < 1, we consider the family of cubes well-inside of Ω defined by

Fβ = {Q = Q(xQ, lQ) : xQ ∈ Ω, lQ < β d(xQ,Ω
c)} ,

and the set

(1.1) Nβ(E) =
⋃

R∩E ̸=∅
R∈Fβ

R ,

as the cloud of E. For balls in a general metric space, this notion was introduced
in [13].

Now, associated to the family Fβ , we introduce the definitions of the local oper-
ators we are interested in.

Definition 1.2. Let 0 < β < 1 and f ∈ L1
loc(Ω). For x ∈ Ω we define the β-local

maximal operator as

Mβf(x) = sup
Q∈Fβ

(
|Q|−1

∫
Q

|f |
)
χQ(x) .

Here, as it is usual in the classical literature, we denote by ∆ the diagonal in
Rn×Rn, that is ∆ = {(x, y) ∈ Rn × Rn : x = y} . We proceed to define the β-local
singular integral operator with which we will work throughout this article.
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2 RAMSEYER, SALINAS, AND SOTTO RÍOS

Definition 1.3. For β ∈ (0, 1) we say that Tβ is a β-local singular integral
operator if

i) Tβ is bounded on L2(Ω).
ii) There exists a kernel K : Ω× Ω \∆ → C such that for f ∈ L∞

c (Ω)

Tβf(x) =

∫
Ω

K(x, y)f(y) dy ,

a.e. x /∈ supp f and Tβf(x) = 0, for x such that supp f ∩Q(x, βd(x,Ωc)) =
∅. For each x ∈ Ω, this can be written as suppK(x, ·) ⊂ Q(x, βd(x,Ωc)) .

iii) There exist constants C > 0 such that

a) |K(x, y)| ≤ C

d(x, y)n
.

b) |K(x, y)−K(x′, y)|+ |K(y, x)−K(y, x′)| ≤ C
d(x, x′)δ

d(x, y)n+δ
,

for some δ > 0 and whenever 2 d(x, x′) ≤ d(x, y).

Remark 1.4. Although the definition of the local singular integral operator uses the
uniform metric, it is important to note that we can replace it with the Euclidean
metric since they are equivalent.

Remark 1.5. It is interesting, and useful, to note that an α−local singular integral
operator is also β-local whenever α ≤ β. This follows from the definition, noting
that locality is only present in the kernel, more precisely in its support; therefore,
by replacing α by a larger value, all the conditions continue to hold.

Remark 1.6. If a function f has a bounded support, more precisely in a β-local cube,
then Tβf also has bounded support contained in a local cube. Indeed, suppose that
supp f ⊂ Q ∈ Fβ . It follows from Definition 1.3 that Tβf(x) ̸= 0 only when
Q∩Q(x, βd(x,Ωc)) ̸= ∅. Recalling the definition of cloud, see Lemma 4.1, we then
have

suppTβf ⊂ Nβ(Q) ,

hence by Lemma 2.7, we have that suppTβf ⊂ Q̃ ∈ Fβ̃ .

Remark 1.7. Furthermore, if we restrict the domain of the operator to a set E ⊂ Ω,
then it is possible to consider that the function f , affected by the operator, has
support dependent on the set E. To see this, take x ∈ E, and note that

suppK(x, ·) ⊂ Q(x, βd(x,Ωc)) ⊂ Nβ(E) .

Then, from the definition, it is clear that

Tβf(x) = Tβ
(
fχNβ(E)

)
(x) .

The one-weight boundedness problem related to the operators Tβ was studied in
[14] in a general metric space with a doubling Borel measure. There, the authors
proved a result analogous to the well known for classical singular integrals in the
euclidean setting, that is boundedness between weighted Lebesgue spaces if and
only if the weight belongs to a Muckenhoupt-type class Ap.

The problem of characterizing pairs of weights (u, v) such that classical singular
integrals are bounden from Lp(Rn, v) to Lq(Rn, u) is considerably more difficult and
it is open. There are, however, some partial results in which conditions are imposed
in the pairs of weights that are very difficult to verify. By a way of example, it
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SPARSE APPROACH TO THE TWO-WEIGHT BOUNDEDNESS OF Tβ AND Tβ . 3

can be seen [18]. This type of conditions are not strange. They already appear
in similar problems relating to fractional maximals and integrals (see [29] ). In
another direction, a great deal of effort has been devoted to find sufficient and
simpler conditions on (u, v) that ensure the aforementioned boundedness results.

The aim of this paper falls precisely within this line of research: to obtain two-
weight boundedness of the β-local singular integral, Tβ , under sufficient conditions
on the weights and to show some applications of it. Before stating our main result,
we introduce the classes of weights we will work with.

A function φ : [0,∞) → [0,∞) is a Young function if φ is continuous, convex
and strictly increasing, φ(0) = 0 and φ(t)/t→ ∞ as t→ ∞. If φ and ψ are Young
functions we say that φ dominates ψ if there exist c > 0 and t0 > 0 such that
ψ(t) ≤ cφ(t), for all t ≥ t0 > 0. Associated to φ we consider its conjugate function,
namely φ, defined by φ(t) = sups>0

(
st− φ(s)

)
. Finally, if φ is a Young function,

the normalized Luxembourg norm of a locally integrable function f in Q is given
by

∥f∥φ,Q = inf

{
λ > 0 :

1

|Q|

∫
Q

φ

(
|f(x)|
λ

)
dx ≤ 1

}
.

In the particular case φ(t) = tp, with 1 ≤ p <∞, we simply write ∥f∥p,Q and it

is easy to see that it is equal to
(

1
|Q|
∫
Q
|f(x)|p dx

) 1
p

.

Moreover the following Hölder-type inequality holds (see [28])

1

|Q|

∫
Q

|fg| ≤ C ∥f∥φ,Q ∥g∥φ,Q .

Equipped with these conventions, we are now ready to define our classes. In the
three definitions that follow, we assume that 0 < β < 1 and 1 < p, q <∞ .

Definition 1.8. We say that the pair of weights (u, v) belongs to the class Aβp,q if
and only if

[u, v]Aβp,q = sup
Q∈Fβ

|Q|
1
q−

1
p

∥∥∥u 1
q

∥∥∥
q,Q

∥∥∥v− 1
p

∥∥∥
p′,Q

<∞ .

Definition 1.9. Let ψ be a Young function. We say that the pair of weights (u, v)

belongs to the class Aβp,ψ,q if and only if

[u, v]Aβp,ψ,q
= sup
Q∈Fβ

|Q|
1
q−

1
p

∥∥∥u 1
q

∥∥∥
q,Q

∥∥∥v− 1
p

∥∥∥
ψ,Q

<∞ .

Definition 1.10. Let ϕ and ψ be Young functions. We say that the pair of weights

(u, v) belongs to the class Aβp,ψ,q,ϕ if and only if

[u, v]Aβp,ψ,q,ϕ
= sup
Q∈Fβ

|Q|
1
q−

1
p

∥∥∥u 1
q

∥∥∥
ϕ,Q

∥∥∥v− 1
p

∥∥∥
ψ,Q

<∞ .

These three definitions could have been written as one as above, but for historical
reasons it was decided to include them. Only the case remains here where ψ = tp

′
,

in which case we will denote this class by Aβp,q,ϕ.
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4 RAMSEYER, SALINAS, AND SOTTO RÍOS

We say that a Young function φ belongs to the class Bp, with 1 < p <∞, if for
some c > 0 ∫ ∞

c

φ(t)

tp
dt

t
<∞ .

This condition is equivalent to the boundedness of the maximal operator defined in
terms of Orlicz averages (see [23]).

In [5, Remark 5.12] the author proves that if r > 1 and Φ is a Young function
such that Φ ∈ Br then

∥g∥r′,Q ≤ C ∥g∥Φ,Q .

As a consequence we can prove the following lemma.

Lemma 1.11. Let 0 < β < 1, 1 < p, q < ∞ and let ϕ and ψ be Young functions.
The following inclusions hold

i) if ψ ∈ Bp then Aβp,ψ,q ⊂ Aβp,q and Aβp,ψ,q,ϕ ⊂ Aβp,q,ϕ .

ii) if ϕ ∈ Bq′ then Aβp,q,ϕ ⊂ Aβp,q and Aβp,ψ,q,ϕ ⊂ Aβp,ψ,q .

iii) if ψ ∈ Bp and ϕ ∈ Bq′ then Aβp,ψ,q,ϕ ⊂ Aβp,q .

This type of function is important in this theory, given that it characterizes the
boundedness of the associated Orlicz maximal operators on Lebesgue spaces. More
precisely, for a Young function φ we have the associated maximal operator, defined
as

(1.12) Mφf(x) = sup
Q

∥f∥φ,Q χQ(x) .

which is bounded on Lp if and only if φ ∈ Bp. (see [23], [24]).

Now, we are in position to state our main result.

Theorem 1.13. Let 0 < τ < 1, 1 < p ≤ q < ∞ and u, v be two weights such that
(u, v) ∈ Aτp,ψ,q,ϕ, where ϕ and ψ are Young functions such that ϕ and ψ belong to
Bq′ and Bp respectively. Then, for each β < τ we have

Tβ : Lp(Ω, v) → Lq(Ω, u) .

The techniques we are going to apply to prove the above theorem can be adapted
to prove a similar result concerning local singular integrals with Hörmander type
conditions.

Definition 1.14. For β ∈ (0, 1) we say that Tβ is a β-local singular integral oper-
ator of type Hs, with 1 < s <∞, if

i) Tβ is bounded from Ls
′
(Ω) into Ls

′∞(Ω).
ii) There exists a kernel K : Ω× Ω \∆ → C such that for f ∈ L∞

c (Ω)

Tβf(x) =
∫
Ω

K(x, y)f(y)dy ,

a.e. x /∈ supp f and Tβf(x) = 0, for every x such that

supp f ∩Q(x, βd(x,Ωc)) = ∅ .
iii) There exists a constant C > 0 such that for any R > 0
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SPARSE APPROACH TO THE TWO-WEIGHT BOUNDEDNESS OF Tβ AND Tβ . 5

a)

(
1

Rn

∫
R<d(x′,y)<2R

|K(x, y)|s dy

) 1
s

≤ C

Rn
,

where d(x, x′) < R
2 .

b)

(
1

Rn

∫
R<d(x′,y)<2R

|K(x, y)−K(x′, y)|s dy

) 1
s

≤ C

Rn

( r
R

)δ
,

for some δ > 0 and whenever d(x, x′) < r < R
2 .

Theorem 1.15. Let 0 < τ < 1, 1 < s < ∞, s′ < p ≤ q < ∞ and u, v be two
weights such that (u, v) ∈ Aτp

s′ ,ψ,
q
s′ ,ϕ

(Ω), where ϕ y ψ are Young functions such that

ϕs′ and ψs′ belong to Bq′ y Bp respectively. Then, for each β < τ we have

Tβ : Lp(Ω, v) → Lq(Ω, u) .

It is important to emphasize that a key tool in the proof techniques we will be
using is the identification os sparse operators that enable us to control our singular
integrals.

As consequence of these results we can prove boundenness results for localizations
of singular integrals and singular integrals related to Schrödinger operators. With
regard to this latter application, the basic framework technique consists of dividing
the operators into a local and a global part. It is precisely in the local part that our
main result are applied. And it is interesting to note that, even though the concept
of locality used to divide the operators does not, in principle, coincides exactly with
that set up in our introduction, it can nevertheless be related to it in a natural way.

The structure of the article is as follows. Section 2 contains results concerning
a maximal local singular integral operator, which are interesting in themselves.
Section 3 is devoted to obtain a sparse domination of Tβ . Section 4 is devoted to
the proof of Theorem 1.13 (poner acá lo de Hormander o bien poner que se hizo en
otra sección). Finally, Section 5 contains the aforementioned applications.

For the study of Tβ we remark that the case of small β and then consider the
general case. However, splitting the operator, with a smaller locality parameter, it
is not as simple as in the fractional case. The main difficult lies in correctly defining
the resulting operators. This limitation motivates the need for the following results,
which will allow us to overcome this obstacle.

Consider a smooth cut-off function η : R+ → [0, 1], such that η(t) = 1 for
0 < t ≤ 1 and η(t) = 0 for t ≥ 2.

Let Tβ be a β-local singular integral with kernelK. For each α, such that 2α < β,
we define the following auxiliary operator

(1.16) T0f(x) =

∫
Ω

K(x, y)

(
1− η

(
d(x, y)

αd(x,Ωc)

))
f(y) dy .

Related to these kind of operator we can prove the following result.

Proposition 1.17. Let Tβ be a β-local singular integral, then for each θ ∈ (0, β)
there exists a θ-local singular integral operator, Tθ, such that the pointwise estimate

|Tβf(x)| ≤ |Tθf(x)|+ CMβf(x) ,

holds, where Mβ is the β-local Maximal function (see 1.2).
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6 RAMSEYER, SALINAS, AND SOTTO RÍOS

Proof. Given θ ∈ (0, β), we consider a smooth cut-off function η as above and
α = θ/2. Then we define

Tθ
.
= Tβ − T0 ,

where the operator T0 is as before. This operator is a θ-local singular integral
operator (see [14, Theorem 4.1]).

The pointwise estimate is a consequence of the following estimate. For x ∈ Ω,
the hypotheses on K and η implies that

|T0f(x)| ≤ C

∫
θ
2 d(x,Ω

c)≤d(x,y)≤βd(x,Ωc)

|f(y)|
d(x, y)n

dy

=
C

|Q(x, βd(x,Ωc))|

∫
Q(x,βd(x,Ωc))

|f(y)| dy ≤ CMβf(x) .

Finally

|Tβf(x)| ≤ |Tβf(x)− T0f(x)|+ |T0f(x)| ≤ |Tθf(x)|+ CMβf(x) ,

which completes the proof. □

Remark 1.18. Note that the constant appearing in the estimate of the last proposi-
tion depends on both β and θ.

2. Weak (1, 1) boundedness of T ∗
β

Let Tβ be a β-local maximal singular integral operator and ε > 0. We define the
truncated β-local singular integral operator as

T ∗
βf(x) = sup

ε>0

∣∣T εβf(x)∣∣ ,
where

T εβf(x) =

∫
d(x,y)>ε

K(x, y)f(y) dy .

An important tool in the proof of the our main result is the (1, 1) weak type
inequality for this operator. In order to do that, we follow the steps taken in [8] to
prove the weak boundedness for the classical maximal singular integral operator.
This leads us to the following lemma.

Lemma 2.1 (Local Cotlar inequality). Let us consider σ ∈ (0, 1] and let Tβ be a
β-local singular integral operator with β < σ

3 , then there exists ξ ∈ (β, σ) such that
for any f ∈ L∞

c (Ω) and every ν ∈ (0, 1], the following pointwise estimate holds

(2.2) T ∗
βf(x) ≤ Cν

(
Mβ(|Tβ |ν)(x)1/ν +Mξf(x)

)
,

for each x ∈ Ω.

Proof. For a given σ ∈ (0, 1] we consider β < σ/3 and a β-local singular inte-
gral operator Tβ . Let x0 ∈ Ω and ε > 0. It will be sufficient to prove (2.2) for
T εβf(x0) with constant Cν independent of ε and x0. Moreover, since suppK(x0, ·) ⊂
Q(x0, βd(x0,Ω

c)) it is sufficient to consider ε < βd(x0,Ω
c).
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SPARSE APPROACH TO THE TWO-WEIGHT BOUNDEDNESS OF Tβ AND Tβ . 7

If we consider Q = Q(x0,
ε
2 ) and taking the functions f1 = fχ2Q and f2

.
= f−f1,

we get that

T εβf(x0) =

∫
d(x0,y)>ε

K(x0, y)f(y)dy = Tβf2(x0) .

Now consider z ∈ Q ∈ Fβ . We claim that there exists ξ ∈ (β, σ) such that

suppK(z, ·) ⊂ Q(x0, ξd(x0,Ω
c)) .

To do this, let y ∈ suppK(z, ·) ⊂ Qz
.
= Q(z, βd(z,Ωc)), and since β < 1

d(y, x0) < β d(z,Ωc) +
ε

2

< β
1 + β

1− β
d(x0,Ω

c) + βd(x0,Ω
c)

≤ 2β

1− β
d(x0,Ω

c) .

Defining ξ
.
= 2β

1−β we have that suppK(z, ·) ⊂ Q(x0, ξd(x0,Ω
c)), furthermore

since β < σ
3 it is easy to see that β < ξ < σ. In particular, it is also true that

supp {K(x0, ·)−K(z, ·)} ⊂ suppK(x0, ·) ∪ suppK(z, ·) ⊂ Q(x0, ξd(x0,Ω
c)) .

On the other hand, since y /∈ 2Q implies 2 d(z, x0) < ε ≤ d(x0, y) it is possible
to restrict the domain of integration and then use the smoothness condition of the
kernel. Thus

|Tβf2(x0)− Tβf2(z)| =
∣∣∣∣∫

Ω

(K(x0, y)−K(z, y)) f2(y)dy

∣∣∣∣
≤
∫
ε<d(x0,y)<ξd(x0,Ωc)

|K(x0, y)−K(z, y)| |f(y)|dy

≤ C d(x0, z)
δ

∫
ε<d(x0,y)<ξd(x0,Ωc)

|f(y)|
d(x0, y)n+δ

dy .

Now, take the integer k0 such that

2k0ε < ξd(x0,Ω
c) ≤ 2k0+1ε .

So

|Tβf2(x0)− Tβf2(z)| ≤ Cεδ

(
k0−1∑
k=0

∫
2kε<d(x0,y)≤2k+1ε

|f(y)|
d(x0, y)n+δ

dy

+

∫
2k0ε<d(x0,y)<ξd(x0,Ωc)

|f(y)|
d(x0, y)n+δ

dy

)

≤ C

(
k0−1∑
k=0

2−kδ

|Q(x0, 2k+1ε)|

∫
Q(x0,2k+1ε)

|f(y)|dy

+
2−k0δ

|Q(x0, ξd(x0,Ωc))|

∫
Q(x0,ξd(x0,Ωc))

|f(y)|dy

)

≤ C

(
k0∑
k=0

2−kδ

)
Mξf(x0)

≤ CMξf(x0) .
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8 RAMSEYER, SALINAS, AND SOTTO RÍOS

By recalling the definition of f2 we have that∣∣T εβf(x0)∣∣ ≤ |Tβf2(x0)− Tβf2(z)|+ |Tβf2(z)|
≤ CMξf(x0) + |Tβf(z)|+ |Tβf1(z)| .(2.3)

First, we will prove the case ν = 1. If T εβf(x0) = 0 there is nothing to prove.

On the other hand we consider λ such that 0 < λ <
∣∣T εβf(x0)∣∣ and define

Q1 =

{
z ∈ Q : |Tβf(z)| >

λ

3

}
,

Q2 =

{
z ∈ Q : |Tβf1(z)| >

λ

3

}
,

Q3 =

{
∅ , if CMξf(x0) ≤ λ

3 ,

Q , if CMξf(x0) >
λ
3 .

Thus Q = Q1 ∪Q2 ∪Q3. Then, since x0 ∈ Q ∈ Fβ we get that

|Q1| ≤
3

λ

∫
Q1

|Tβf(z)| dz ≤
3

λ
|Q|
(

1

|Q|

∫
Q

|Tβf(z)| dz
)

≤ 3

λ
|Q|Mβ(Tβf)(x0).

On the other hand, from the weak type (1, 1) inequality of the operator Tβ (see [14,
Theorem 4.1])

|Q2| = |{z ∈ Q : |Tβf1(z)| > λ/3}| ≤ 3C

λ

∫
2Q

|f(z)| dz ≤ C

λ
|Q|Mξf(x0).

Then, by the definition of Q3 we can deduce that

|Q| ≤ |Q1|+ |Q2|+ |Q3| ≤
C

λ
|Q| (Mβ(Tβf)(x0) +Mξf(x0)) .

So

λ ≤ C (Mβ(Tβf)(x0) +Mξf(x0)) ,

for all 0 < λ <
∣∣T εβf(x0)∣∣. The desired estimate holds by taking the supremum over

such λ.

Now considering 0 < ν < 1, from (2.3) it follows that∣∣T εβf(x0)∣∣ν ≤ CMξf(x0)
ν + |Tβf(z)|ν + |Tβf1(z)|ν ,

for z ∈ Q. Taking the average over the cube Q ∈ Fβ we have∣∣T εβf(x0)∣∣ν ≤ CMξf(x0)
ν +

1

|Q|

∫
Q

|Tβf(z)|ν dz +
1

|Q|

∫
Q

|Tβf1(z)|ν dz.

In the last term we can use a consequence of Kolmogorov’s inequality (see, e.g.,
[8, p. 102]).∫

Q

|Tβf1(z)|ν dz ≤ C |Q|1−ν ∥f1∥ν1 = C |Q|
(

1

|2Q|

∫
2Q

|f |
)ν

≤ C |Q|Mξf(x0)
ν .

Therefore ∣∣T εβf(x0)∣∣ν ≤ C
(
Mβ(|Tβf |ν)(x0) +Mξf(x0)

ν
)
.

Raising the previous inequality to the power 1/ν and taking the supremum over
ε > 0, we obtain the desired result for any x0 ∈ Ω, with constant independent of
x0 and ε. Then the proof of lemma is complete. □
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SPARSE APPROACH TO THE TWO-WEIGHT BOUNDEDNESS OF Tβ AND Tβ . 9

For a given cube Q0, let D(Q0) be a dyadic grid associated with Q0. This collec-
tion consists of all dyadic cubes relative to Q0 formed by successively partitioning
Q0 and its descendants into 2n congruent subcubes.

We state the following fact and refer the reader to [25] for its proof.

Lemma 2.4. Let τ ∈ (0, 1). If Q ∈ Fβ with β < τ
1+τ , then D(P ) ⊂ Fτ , for every

P ⊂ Q. In particular, P ∈ Fτ .

Now, we will consider a dyadic maximal function associated with a dyadic grid
as follows.

Definition 2.5. Let f ∈ L1
loc(Ω) and a cube R ⊂ Ω. Associated with the dyadic

grid D = D(R) we define the dyadic maximal function MDf for every x ∈ Ω
as

MDf(x) = sup
Q∈D

(
|Q|−1

∫
Q

|f |
)
χQ(x) .

Lemma 2.6. Let Q be a cube and D = D(Q). Then MD is of weak type (1, 1).
More precisely, for all f ∈ L1 and λ > 0 the following estimate holds∣∣{x ∈ Q :MDf(x) > λ

}∣∣ ≤ 1

λ

∫
{x∈Q:MDf(x)>λ}

|f | .

Proof. For fixed λ > 0, we define

S =

{
P ∈ D : P is maximal, and

1

|P |

∫
P

|f | > λ

}
.

It is clear that the cubes in S are disjoint and{
x ∈ Q :MDf(x) > λ

}
=
⋃
P∈S

P .

Then we can estimate∣∣{x ∈ Q :MDf(x) > λ
}∣∣ = ∑

P∈S
|P | ≤ 1

λ

∑
P∈S

∫
P

|f | = 1

λ

∫
{x∈Q:MDf(x)>λ}

|f | .

This proves the lemma. □

In [25] the authors proved the following two lemmas

Lemma 2.7. Let η ∈ (0, 1]. If β ∈
(
0, η5

)
then there exists β̃ ∈ (β, η) such that

Nβ(R) ⊂ R̃ = Q(x0, β̃ d(x0,Ω
c)) ,

for every cube R = Q(x0, l) ∈ Fβ.

In [25, Proposition 3.3], the authors proves that each τ ∈ (0, 1) yields a constant
β0 such that, whenever β < β0 and f is a locally integrable function supported on
a β-local cube R, one has

(2.8) Mβf(x) ≤ C
3n∑
k=1

MDkf(x) ,

for all x ∈ Ω, where the dyadic grids Dk ⊂ Fτ are constructed within local cubes
containing the support of f .
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10 RAMSEYER, SALINAS, AND SOTTO RÍOS

The proof that the operator T ∗
β satisfies a weak type (1, 1) inequality relies on

the following proposition. Specifically, this result assures us that for a sufficiently
small β and a function f with suitable support, the operator behaves as expected.

Proposition 2.9. There exists β1 ∈ (0, 1) such that for each β < β1 and every
function f ∈ L∞(Ω), with supp f ⊂ R ∈ Fβ, we have∣∣{x ∈ Ω : T ∗

βf(x) > λ
}∣∣ ≤ C

λ
∥f∥L1(Ω) ,

for all λ > 0.

Proof. For τ ∈ (0, 1), let β0 be the upper bound, mentioned earlier, for which
equation (2.8) holds. and define β1 = β0/5. Setting β < β1 implies that β < 1/3.
Thus, for ν ∈ (0, 1), by Lemma 2.1, there exists ξ < 1 such that

T ∗
βf(x) ≤ C

(
Mβ (|Tβf |ν) (x)1/ν +Mξf(x)

)
.(2.10)

Consequently, we only need to bound the two terms on the right-hand side of the
previous inequality.

Since Mξ is of weak type (1, 1), see [13, Theorem 1.1], it follows that for λ > 0

|{x ∈ Ω :Mξf(x) > λ}| ≤ C

λ
∥f∥L1(Ω) .(2.11)

On the other hand, since supp f ⊂ R, by Remark 1.6 we have that Tβf is a

function with support in some R̃ ∈ β̃, for some β̃ ∈ (0, β0). So, from (2.8) and
Lemma 2.7 we can estimate

Mβ (|Tβf |ν) (x) ≤Mβ̃ (|Tβf |
ν
) (x) ≤ C

3n∑
k=1

MDk (|Tβf |ν) (x) ,(2.12)

where Dk are dyadic grids in F9/10 constructed in cubes containing the support of

|Tβf |ν .
For simplicity, let Qk denote the cube in which the dyadic grid Dk is constructed,

that is Dk = D(Qk). Thus R̃ ⊂ Qk. Then for fixed k, we define the set

E =
{
x ∈ Qk :MDk (|Tβf |ν) (x) > λν

}
.

Then since Tβ is of weak type (1, 1) (see [14, Theorem 4.1]), it follows by Lemma
2.6 and Kolmogorov’s inequality

|E| ≤ 1

λν

∫
E

|Tβf |ν ≤ C

λν
|E|1−ν ∥f∥νL1(Ω) ,

from which we conclude∣∣∣{x ∈ Qk :MDk (|Tβf |ν) (x) > λν
}∣∣∣ ≤ C

λ
∥f∥L1(Ω) .

From here and by (2.12) we have∣∣∣{x ∈ R̃ :Mβ (|Tβf |ν) (x) > λν
}∣∣∣ ≤∑

k

∣∣∣∣{x ∈ R̃ :MDk (|Tβf |ν) (x) >
λν

C 3n

}∣∣∣∣
≤
∑
k

∣∣∣∣{x ∈ Qk :MDk (|Tβf |ν) (x) >
λν

C 3n

}∣∣∣∣
≤ C

λ
∥f∥L1(Ω) .(2.13)
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SPARSE APPROACH TO THE TWO-WEIGHT BOUNDEDNESS OF Tβ AND Tβ . 11

Finally, by (2.10), (2.11) and (2.13) we obtain∣∣{x ∈ Ω : T ∗
βf(x) > λ

}∣∣
=
∣∣∣{x ∈ R̃ : T ∗

βf(x) > λ
}∣∣∣

≤
∣∣∣∣{x ∈ R̃ :Mβ (|Tβf |ν) (x) >

λν

(2C)ν

}∣∣∣∣+ ∣∣∣∣{x ∈ R̃ :Mξf(x) >
λ

2C

}∣∣∣∣
≤ C

λ
∥f∥L1(Ω) ,

which completes the proof. □

Now we will prove that T ∗
β is strong (p, p) and weak (1, 1), provided β is suffi-

ciently small.

Proposition 2.14. Let Tβ be a β-local Calderon-Zygmund Operator. Then there
exists β2 ∈ (0, 1) such that if β < β2 then the operator T ∗

β is of strong type (p, p),

p > 1, and of weak type (1, 1).

Proof. Let β1 be as in the previous proposition and define β2 = β1/5. Let β < β2
and, without loss of generality, let f ∈ L∞

c . Since β < 1/3, by Lemma 2.1 (with
ν = 1) there exists ξ < 1 such that

T ∗
βf(x) ≤ C (Mβ (Tβf) (x) +Mξf(x)) .(2.15)

The strong type (p, p) boundedness, with p > 1, follows immediately from the
previous inequality since Mβ , Mξ and Tβ are also strong (p, p). These results can
be found in [13, Theorem 1.1] and in [14, Theorem 4.1] respectively. Then we obtain∥∥T ∗

βf
∥∥
Lp

≤ C
(
∥Mβ (Tβf)∥Lp + ∥Mξf∥Lp

)
≤ C

(
∥Tβf∥Lp + ∥f∥Lp

)
≤ C ∥f∥Lp .

For the weak type inequality we consider the Whitney decomposition (see Lemma
4.1)

Ω =
⋃
j

Rj .

For each x ∈ Rj and for each ε > 0, as mentioned in Remark 1.7, we have

T εβf(x) = T εβfj(x) ,

where fj(x) = f(x)χNβ(Rj)(x). Thus obtaining

T ∗
βf(x) = T ∗

βfj(x) .

Since β < β1/5, by Lemma 2.7 (with η = β1) we have supp fj ⊂ R̃j ∈ Fβ̃ , for some

β < β̃ < β1. Applying Proposition 2.9, and taking into account Remark 1.5, we
obtain for λ > 0∣∣{x ∈ Ω : T ∗

βf(x) > λ
}∣∣ =∑

j

∣∣{x ∈ Rj : T
∗
βfj(x) > λ

}∣∣
=
∑
j

∣∣∣{x ∈ Rj : T
∗
β̃
fj(x) > λ

}∣∣∣
≤ C

λ

∑
j

∥fj∥L1(Ω)
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12 RAMSEYER, SALINAS, AND SOTTO RÍOS

≤ C

λ

∫
Ω

f(y)

(∑
j

χ
Nβ(R̃j)(y)

)
dy

≤ C

λ
∥f∥L1(Ω) ,

where we have used the controlled overlap of the clouds constructed with the Whit-
ney cubes (see Lemma 4.2 below). This proves the Proposition. □

Next we prove that the maximal operator T ∗
β is strong (p, p) and weak (1, 1)

regardless of the value of β.

Theorem 2.16. Let Tβ be a β-local Calderon-Zygmund Operator. Then the max-
imal operator T ∗

β is of strong type (p, p), p > 1, and of weak type (1, 1).

Proof. Consider β2 as in the previous proposition. If β < β2 there is nothing to
prove since the result follows from the previous proposition. On the other hand, if
β ≥ β2, taking θ

.
= β2

2 and using Proposition 1.17, for ε > 0 we have∣∣T εβf(x)∣∣ = ∣∣Tβ (fχ(Q(x,ε))c
)
(x)
∣∣

≤ CMβ

(
fχ(Q(x,ε))c

)
(x) +

∣∣Tθ (fχ(Q(x,ε))c
)
(x)
∣∣

≤ CMβf(x) + |T εθ f(x)|
≤ CMβf(x) + T ∗

θ f(x) .

Taking the supremum over ε > 0 we obtain

T ∗
βf(x) ≤ CMβf(x) + T ∗

θ f(x) .

Then, since Mβ and T ∗
θ , with θ < β2, are strong (p, p) and weak (1, 1), we conclude

the same for the operator T ∗
β . □

3. Sparse domination of Tβ.

The aim of this section is to obtain a sparse operator that allows us to bound
the β-local singular integral operator pointwise, at least for small β and for suit-
ably supported functions. To do this, we adapt to the local operators the sparse
domination proved by A. Lerner in [19]. With this purpose in mind, we first need
to define two auxiliary operators. Then we will prove that these new operators are
of weak type (1, 1) and strong type (p, p), with p > 1.

Definition 3.1 (Truncated Grand Maximal Operator). Let β ∈ (0, 1) and Tβ be a
β-local singular integral operator. For f ∈ L1(Ω) and x ∈ Ω we define

MTβf(x) = sup
Q⊂Ω

ess sup
ξ∈Q

∣∣Tβ(fχΩ\3Q)(ξ)
∣∣χ

Q(x) .

Definition 3.2 (Localized Truncated Grand Maximal Operator). Let β ∈ (0, 1)
and Tβ be a β-local singular integral operator. For f ∈ L1(Ω) and x ∈ R ⊂ Ω, a
cube, we define:

MTβ ,Rf(x) = sup
Q⊂R

ess sup
ξ∈Q

|Tβ(fχ3R\3Q)(ξ)|χQ(x) .

We need the following technical lemma.
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SPARSE APPROACH TO THE TWO-WEIGHT BOUNDEDNESS OF Tβ AND Tβ . 13

Lemma 3.3. Let β ∈ (0, 1) and Tβ be a β-local singular integral operator. Then
for f ∈ L1(Ω) the following pointwise estimates hold

i) for a.e. x in the cube R ⊂ Ω,

|Tβ(fχ3R)(x)| ≤ C |f(x)|+MTβ ,Rf(x) .

ii) for all x ∈ Ω,

MTβf(x) ≤ CMf(x) + T ∗
βf(x) ,

where M is the Hardy-Littlewood maximal function on Rn.

Remark 3.4. Although f is a function defined on Ω, it can be viewed as a function
on Rn by extending it by zero outside Ω. With this extension, we consider the
expression Mf(x).

Proof. To prove i), consider a cube R ⊂ Ω. Let x be an interior point of R that is
also a Lebesgue point of f and a point of approximate continuity of Tβ(fχ3R) (see,
e.g., [12, p. 58]). This means that for each ε > 0 and for s > 0 sufficiently small
such that Q = Q(x, s) ⊂ Ω, the set defined as

Es(x) = {y ∈ Q : |Tβ(fχ3R)(y)− Tβ(fχ3R)(x)| < ε} ,

satisfies |Es(x)|
|Q| → 1 when s→ 0, which implies that there exists s0 such that if s <

s0 we have |Q| ≈ |Es(x)|. Moreover, we can choose s0 such that 3Q = Q(x, 3s) ⊂ R
whenever s < s0. Then for almost every y ∈ Es(x) we estimate

|Tβ(fχ3R)(x)| < |Tβ(fχ3Q)(y)|+
∣∣Tβ(fχ3R\3Q)(y)

∣∣+ ε

≤ |Tβ(fχ3Q)(y)|+MTβ ,Rf(x) + ε .

Taking the essential infimum over y ∈ Es(x) we have

|Tβ(fχ3R)(x)| ≤ ess inf
y∈Es(x)

|Tβ(fχ3Q)(y)|+MTβ ,Rf(x) + ε .

Since the operator Tβ is of weak type (1, 1), as a consequence of the Kolmogorov’s
inequality, for ν ∈ (0, 1) we obtain

1

|Es(x)|

∫
Es(x)

|Tβ(fχ3Q)(y)|ν dy ≤
(

C

|Es(x)|

∫
3Q

|f(y)| dy
)ν

.

From this

ess inf
y∈Es(x)

|Tβ(fχ3Q)(y)| ≤
C

|Es(x)|

∫
3Q

|f(y)| dy .

Since |Es(x)| ≈ |Q| we have

|Tβ(fχ3R)(x)| ≤
C

|3Q|

∫
3Q

|f(y)| dy +MTβ ,Rf(x) + ε .

Then, by the Lebesgue Differentiation Theorem, first letting s→ 0 and then ε→ 0,
we obtain that

|Tβ(fχ3R)(x)| ≤ C |f(x)|+MTβ ,Rf(x) .

Thus we prove i).

To prove ii), let Q = Q(x0, ℓ) ⊂ Ω and x, ξ ∈ Q. Define Qx = Q(x, 4ℓ). It follows
immediately that 3Q ⊂ Qx. Given that Ω \ 3Q = Ω \Qx ∪ Qx \ 3Q, we estimate∣∣Tβ(fχΩ\3Q)(ξ)

∣∣ ≤ ∣∣Tβ(fχΩ\Qx)(ξ)− Tβ(fχΩ\Qx)(x)
∣∣(3.5)
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14 RAMSEYER, SALINAS, AND SOTTO RÍOS

+
∣∣Tβ(fχQx\3Q)(ξ)∣∣+ ∣∣Tβ(fχΩ\Qx)(x)

∣∣ .
Next, we work with each of the terms in the previous inequality separately. To

simplify, we will use the notation Qβz to denote the cube Q(z, βd(z,Ωc)), for each
z ∈ Ω.

For the first term, note that if y ∈ Ω \Qx then 2 d(x, ξ) ≤ d(x, y). Then, using
the smoothness condition on the kernel and decomposing the domain into annuli,
we estimate as follows∣∣Tβ(fχΩ\Qx)(ξ)− Tβ(fχΩ\Qx)(x)

∣∣
≤
∫
(Qβx∪Qβξ )∩{d(x,y)>4ℓ}

|K(ξ, y)−K(x, y)| |f(y)| dy

≤ Cℓδ
∞∑
k=0

∫
2k+1Qx\2kQx

|f(y)|
d(x, y)n+δ

dy

= C
∞∑
k=0

2−kδ

|2k+1Qx|

∫
2k+1Qx

|f(y)| dy

≤ CMf(x)

( ∞∑
k=0

2−kδ

)
= CMf(x) .

For the second term, we use the size condition on the kernel∣∣Tβ(fχQx\3Q)(ξ)∣∣ ≤ ∫
Qβξ∩Qx\3Q

|K(ξ, y)| |f(y)| dy ≤ C

|Qx|

∫
Qx

|f | ≤ CMf(x) .

The third term is simpler, as we note that it can be directly controlled by the
operator T ∗

β ∣∣Tβ(fχΩ\Qx)(x)
∣∣ = ∣∣∣∣∣

∫
d(x,y)>4 ℓ

K(x, y)f(y)dy

∣∣∣∣∣ ≤ T ∗
βf(x) .

With all these estimates in (3.5) we obtain∣∣Tβ(fχΩ\3Q)(ξ)
∣∣ ≤ CMf(x) + T ∗

βf(x) ,

then taking the essential supremum over ξ ∈ Q followed by the supremum over
Q ⊂ Ω we conclude

MTβf(x) ≤ CMf(x) + T ∗
βf(x) ,

thus proving ii) and therefore the lemma. □

As a consequence of the previous lemma, we have the following corollary.

Corollary 3.6. The truncated grand maximal operators, MTβ and MTβ ,R, asso-
ciated with the β-local singular integral Tβ are of weak type (1, 1)

MTβ ,MTβ ,R : L1(Ω) → L1,∞(Ω) .

More precisely, we have∣∣{x ∈ Ω : MTβ ,Rf(x) > λ
}∣∣ ≤ C

λ

∫
3R

|f(y)| dy .

Proof. For each f ∈ L1(Ω), by part ii) of the previous lemma, the proof is a con-
sequence of the weak (1, 1) inequality for the Hardy-Littlewood maximal function
M and the operator T ∗

β . □
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SPARSE APPROACH TO THE TWO-WEIGHT BOUNDEDNESS OF Tβ AND Tβ . 15

Next, we will see that there exists a sparse family S and an operator associated
with S that pointwise bounds the β-local singular integral when certain conditions
are met.

We proceed to define the notion of sparse family and sparse operator we will
work with (see for instance [19]).

Definition 3.7. We say that a family S of cubes from Rn is η-sparse, 0 < η < 1, if
for every Q ∈ S, there exists a measurable set E(Q) ⊂ Q such that |E(Q)| ≥ η |Q| ,
and the sets {E(Q)}Q∈S are pairwise disjoint.

Definition 3.8. Lets f ∈ L1
loc(Ω) and S be a sparse family. We define the Sparse

Operator by

ASf(x) =
∑
Q∈S

(
1

|Q|

∫
Q

f(y) dy

)
χQ(x).

Next, we present the theorem that provides the pointwise bound. A version in
the classical non-local setting can be found in [19].

Theorem 3.9. Let 0 < τ < 1, Tβ be a β-local singular integral operator with
β < τ

3+τ and f be a function with support in a cube R ∈ Fβ. Then there exists a
η-sparse family, S ⊂ Fτ , such that for almost every point x ∈ R we have

|Tβf(x)| ≤ CAS |f | (x).

Proof. First we will prove that there exists a 1
2 -sparse family S̃ ⊂ D(R) such that

(3.10) |Tβf(x)| ≤ C
∑
Q∈S̃

(
1

|3Q|

∫
3Q

|f |
)
χQ(x) ,

for almost every point x ∈ R. For this purpose the following result will be necessary.
Claim: For each Q ⊂ R, there exists a countable family of disjoint cubes Pj ∈

D(Q) such that ∑
j

|Pj | ≤
1

2
|Q| ,

and, furthermore,

|Tβ(fχ3Q)(x)|χQ ≤ C

(
1

|3Q|

∫
3Q

|f |
)
+
∑
j

∣∣Tβ(fχ3Pj )(x)
∣∣χ

Pj (x) ,

for almost every x ∈ Q. We will call this family of cubes the children of Q and
denote it by η(Q).

From the previous claim, we can define the family S̃ inductively. Let S0 = {R}
and then for each k ∈ N0 define Sk+1 =

⋃
P∈Sk η(P ). Furthermore, define Sk =⋃k

j=0 Sj , and finally S̃ =
⋃
k∈N0

Sk.

By the construction, after k iterations, we have

|Tβ(fχ3R)(x)|χR(x) ≤ C
∑
Q∈Sk

(
1

|3Q|

∫
3Q

|f |
)
χQ(x)+

∑
Q∈Sk+1

|Tβ(fχ3Q)(x)|χQ(x).
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16 RAMSEYER, SALINAS, AND SOTTO RÍOS

Since Sk ⊂ S̃ for each k ∈ N0, we obtain

|Tβ(fχ3R)(x)|χR(x) ≤ C
∑
Q∈S̃

(
1

|3Q|

∫
3Q

|f |
)
χQ(x) +

∑
Q∈Sk+1

|Tβ(fχ3Q)(x)|χQ(x).

Consequently

|Tβ(fχ3R)(x)|χR(x) ≤ C
∑
Q∈S̃

(
1

|3Q|

∫
3Q

|f |
)
χQ(x)

+ lim sup
k→∞

∑
Q∈Sk

|Tβ(fχ3Q)(x)|χQ(x) .

From the properties of Sk, it is easy to see that for almost every point x ∈ R we
have

lim sup
k→∞

∑
Q∈Sk

|Tβ(fχ3Q)(x)|χQ(x) = 0.

In fact, by the claim we can obtain that |R| ≥ 2k
∑
Q∈Sk

|Q|. Now, if we define the

set

A =

{
x ∈ R : lim sup

k→∞

∑
Q∈Sk

|Tβ(fχσQ)(x)|χQ(x) ̸= 0

}
,

it is obvious that, for each k ∈ N, A ⊂
⋃
Q∈Sk Q and then

|A| ≤
∑
Q∈Sk

|Q| ≤ 2−k |R| ,

from which we conclude that |A| = 0.
With all this we obtain that, for almost every x ∈ R,

(3.11) |Tβf(x)| ≤ C
∑
Q∈S̃

(
1

|3Q|

∫
3Q

|f |
)
χQ(x).

Note now that S̃ ⊂ D(R) and that, furthermore, it is a 1
2 -sparse family. Indeed,

from the construction it is easy to see that Sk ⊂ D(R), and hence S̃ ⊂ D(R).

On the other hand, if we define for each Q ∈ S̃ the set

EQ = Q \
⋃

P∈η(Q)

P,

it is evident that EQ ⊂ Q, the sets EQ are mutually disjoint, and by the same

construction |EQ| ≥ 1
2 |Q|. Thus we conclude that S̃ is a 1

2 -sparse family.

Now let S =
{
3Q : Q ∈ S̃

}
. It turns out to be a 1

2 3n -sparse family. To see this,

consider P ∈ S, then P = 3Q for some Q ∈ S̃. Defining EP = EQ, we have,

inherited directly from S̃, that the EP are mutually disjoint and furthermore

|EP | = |EQ| ≥
1

2
|Q| = 3n

2 3n
|Q| = 1

2 3n
|3Q| = 1

2 3n
|P | .

Also note that for Q ∈ S̃ ⊂ D(R), we have in particular that Q ⊂ R ∈ Fβ with
β < τ

3+τ and by Lemma 2.4 applied to τ/3, we obtain that Q ∈ Fτ/3. Then for
P ∈ S, since P = 3Q, it is immediate that P ∈ Fτ , hence S ⊂ Fτ .
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SPARSE APPROACH TO THE TWO-WEIGHT BOUNDEDNESS OF Tβ AND Tβ . 17

From (3.11) it follows that

|Tβf(x)| ≤ C
∑
P∈S

(
1

|P |

∫
P

|f(y)| dy
)
χP (x) = CAS |f | (x),

for almost every x ∈ R, with S ⊂ Fτ , as we wanted to prove.

It remains only to prove the claim, but to do so we can proceed as in [19,
Theorem 3.1], where we need the localized grand maximal operator MTβ ,R to be of
weak type (1, 1), which we proved in Corollary 3.6, and also the pointwise estimate
proved in Lemma 3.3. We omit the proof.

□

4. Proof of Theorem 1.13

In this section we prove the main result. Since the key to the procedure focuses
on reducing the problem to suitable contexts, for the final proof we require the
following two technical lemmas, the proofs of them can be found in [27].

Lemma 4.1. Let Ω be an open proper subset of Rn. Given 0 < β < 1, for each
t ∈ N such that 2−t ≤ β/5, there exists a covering Wt of Ω by disjoint dyadic cubes
belonging to Fβ and satisfying the following properties

i) If R = R(xR, lR) ∈ Wt, then 10R ∈ Fβ and

2−t−3 d(xR,Ω
c) ≤ lR ≤ 2−t−1 d(xR,Ω

c) .

ii) There is a number M , only depending on β and t, such that for any cube
Q0 = Q(x0, l0) ∈ Fβ with 10Q0 ̸∈ Fβ, the cardinal of the set

Wt(Q0) = {R ∈ Wt : R ∩Nβ(Q0) ̸= ∅} ,

is at most M . We will call the union of this cubes as

Wt,Q0
=

⋃
R∈Wt(Q0)

R .

Lemma 4.2. Let {Qi} be a pairwise disjoint collection of Whitney type cubes.
Then their clouds have bounded overlapping. More precisely, for every x in Ω there
exists a natural number N0 such that∑

i

χNβ(Qi)(x) ≤ N0 .

Proposition 4.3. Let 0 < τ < 1 and let Tβ be a β-local singular integral operator
with β < τ

3+τ . For 1 < p ≤ q < ∞, consider weights u and v such that (u, v) ∈
Aτp,ψ,q,ϕ, where ϕ and ψ are Young functions such that ϕ ∈ Bq′ and ψ ∈ Bp. Then
for every function f supported on a cube R ∈ Fβ we have(∫

R

|Tβf(y)|qu(y) dy
)1/q

≤ C

(∫
R

|f(y)|pv(y) dy
)1/p

.
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18 RAMSEYER, SALINAS, AND SOTTO RÍOS

Proof. Let R ∈ Fβ and f be a function supported on R. Since we are under the
hypotheses of Theorem 3.9, there exists a sparse family S ⊂ Fτ such that

(4.4) |Tβf(x)| ≤ CAS |f | (x),

for almost every x ∈ R.
We will prove the result for the operator AS using a duality argument. Let

g ∈ Lq
′
(Ω, u) with ∥g∥Lq′ (Ω,u) = 1. With the generalized Hölder inequality in

Orlicz spaces and the condition on the weights, we have∫
Ω

(
AS |f |

)
g u =

∑
Q∈S

|Q|−1

(∫
Q

f

) (∫
Q

g u

)

≤ C
∑
Q∈S

|Q|
(∥∥∥fv 1

p

∥∥∥
ψ,Q

∥∥∥v− 1
p

∥∥∥
ψ,Q

)(∥∥∥gu 1
q′
∥∥∥
ϕ,Q

∥∥∥u 1
q

∥∥∥
ϕ,Q

)

= C
∑
Q∈S

(
|Q|

1
q−

1
p

∥∥∥u 1
q

∥∥∥
ϕ,Q

∥∥∥v− 1
p

∥∥∥
ψ,Q

)∥∥∥fv 1
p

∥∥∥
ψ,Q

∥∥∥gu 1
q′
∥∥∥
ϕ,Q

|Q|
1
p+

1
q′

≤ C
∑
Q∈S

(∥∥∥fv 1
p

∥∥∥
ψ,Q

|EQ|
1
p

)(∥∥∥gu 1
q′
∥∥∥
ϕ,Q

|EQ|
1
q′

)
,

where in the last inequality we used a property of sparse families, namely |Q| ≈
|EQ|. Then, applying the discrete Hölder inequality and since p′ > q′, we can
continue the estimate as follows

∫
Ω

(
AS |f |

)
g u ≤ C

∑
Q

∥∥∥fv 1
p

∥∥∥p
ψ,Q

|EQ|

 1
p
∑

Q

∥∥∥gu 1
q′
∥∥∥p′
ϕ,Q

|EQ|
p′
q′

 1
p′

≤ C

∑
Q

∥∥∥fv 1
p

∥∥∥p
ψ,Q

|EQ|

 1
p
∑

Q

∥∥∥gu 1
q′
∥∥∥q′
ϕ,Q

|EQ|

 1
q′

= C

∑
Q

∫
EQ

∥∥∥fv 1
p

∥∥∥p
ψ,Q

dx

 1
p
∑

Q

∫
EQ

∥∥∥gu 1
q′
∥∥∥q′
ϕ,Q

dx

 1
q′

.(4.5)

We will estimate each sum separately. Bearing in mind that the sets EQ are

disjoints, and that ϕ ∈ Bq′ and ψ ∈ Bp imply the maximal functions Mϕ and Mψ

are bounded on Lq
′
and Lp, respectively, we can estimate as follows

∑
Q

∫
EQ

∥∥∥fv 1
p

∥∥∥p
ψ,Q

dx

 1
p

≤
(∫

Ω

(
Mψ

(
fv

1
p

)
(x)
)p

dx

) 1
p

≤
∥∥∥Mψ

(
fv

1
p

)∥∥∥
Lp(Rn)

≤ C
∥∥∥fv 1

p

∥∥∥
Lp(Rn)

= C ∥f∥Lp(Ω,v) .
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SPARSE APPROACH TO THE TWO-WEIGHT BOUNDEDNESS OF Tβ AND Tβ . 19

Analogously, since ∥g∥Lq′ (Ω,u) = 1, we have∑
Q

∫
EQ

∥∥∥gu 1
q′
∥∥∥q′
ϕ,Q

dx

 1
q′

≤
∥∥∥Mϕ

(
gu

1
q′
)∥∥∥

Lq′ (Rn)
≤ C ∥g∥Lq′ (Ω,u) = C .

Therefore, returning to (4.5), we obtain∫
Ω

(
AS |f |

)
g u ≤ C ∥f∥Lp(Ω,v) .

Thus, taking the supremum over all functions g ∈ Lq
′
(Ω, u), with norm equal to

one, we get
∥AS |f |∥Lq(Ω,u) ≤ C ∥f∥Lp(Ω,v) .

Then, by the pointwise domination (4.4) and taking into account the support of f ,
we have (∫

R

|Tβf |q u
)1/q

≤ C ∥AS |f |∥Lq(Ω,u) ≤ C

(∫
R

|f |p v
)1/p

,

which is what we wanted to prove. □

The following result establishes that, provided the locality parameter β is suffi-
ciently small, the β-local singular integral operator is two-weight bounded.

Proposition 4.6. Let 0 < τ < 1, 1 < p ≤ q < ∞, and let u and v be weights
such that (u, v) ∈ Aτp,ψ,q,ϕ, where ϕ and ψ are Young functions with ϕ ∈ Bq′ and

ψ ∈ Bp. Then, if Tβ is a β-local singular integral operator with β < 1
5

τ
3+τ , we have

Tβ : Lp(Ω, v) → Lq(Ω, u).

Proof. Let f ∈ Lp(Ω, v) and, for β < 1
5

τ
3+τ , consider the Whitney decomposition

{Rj} of Ω given by Lemma 4.1. Note that for x ∈ Rj , by Remark 1.7, we have

Tβf(x) = Tβfj(x),

where fj = fχNβ(Rj).

Now, from Lemma 2.7, with η = τ
3+τ , we have Nβ(Rj) ⊂ R̃j ∈ Fβ̃ , where

β̃ < τ
3+τ , So, we have that supp fj ⊂ R̃j . Then, by Proposition 4.3 and Remark

1.5, ∫
Rj

|Tβf |q u =

∫
Rj

|Tβfj |q u ≤
∫
R̃j

∣∣∣Tβ̃fj∣∣∣q u ≤ C

(∫
Nβ(Rj)

|f |p v
)q/p

.

Finally, by using the Whitney decomposition and the fact that p ≤ q, we estimate∫
Ω

|Tβf |q u =
∑
j

∫
Rj

|Tβfj |q u

≤ C
∑
j

(∫
Nβ(Rj)

|f |p v

)q/p

≤ C

∫
Ω

|f |p
∑

j

χNβ(Rj)

 v

q/p

≤ C ∥f∥qLp(Ω,v) ,
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20 RAMSEYER, SALINAS, AND SOTTO RÍOS

where in the last inequality we apply Lemma 4.2. Therefore we conclude

∥Tβf∥Lq(Ω,u) ≤ C ∥f∥Lp(Ω,v) ,

as we wanted to prove. □

Now we are in a position to prove our main result.

Proof of Theorem 1.13. Let f ∈ Lp(Ω, v) and β < τ . If β < 1
5

τ
3+τ , then the result

follows directly from Proposition 4.6. On the other hand, we define θ = 1
10

τ
3+τ and

apply the Proposition 1.17 to split the operator as follows

|Tβf(x)| ≤ |Tθf(x)|+ CMβf(x) .

Since Aτp,ψ,q,ϕ ⊂ Aτp,ψ,q (see Lemma 1.11) the result follows by applying Propo-

sition 4.6 and Theorem 1.9 in [25]. That is

∥Tβf∥Lq(Ω,u) ≤ C
(
∥Tθf∥Lq(Ω,u) + ∥Mβf∥Lq(Ω,u)

)
≤ C ∥f∥Lp(Ω,v) ,

which completes the proof. □

5. Proof of Theorem 1.15

In order to prove the theorem we take into account that the technique involves
the construction of a sparse operator. The key tool for ensuring its existence is a
weak-type bound for a truncated maximal operator, which we will define below.
First, however, we will present a version of Theorem 4.1 in [14] for operators of
type Hs.

Proposition 5.1. Let Tβ be a β-local singular integral operator of type Hs, then
for each θ ∈ (0, β) there exists a θ-local singular integral operator Tθ of type Hs

such that for each x the inequality

|Tβf(x)| ≤ |Tθf(x)|+ CMs′

β f(x) ,

holds.

Proof. Given θ ∈ (0, β) we consider a smooth cut-off function η and the auxiliary
operator T0 formally defined as in (1.16) with α = θ/2.

Let us consider k0 ∈ N such that 2k0−1θ < β ≤ 2k0θ and denote Qβx =
Q(x, βd(x,Ωc)) and Qθx = Q(x, θd(x,Ωc)). Taking into account the support of
η and the size condition on the kernel we estimate as follows

|T0f(x)| ≤
∫
θ
2 d(x,Ω

c)≤d(x,y)≤βd(x,Ωc)
|K(x, y)|

∣∣∣∣∣1− η

(
d(x, y)
θ
2d(x,Ω

c)

)∣∣∣∣∣ |f(y)| dy
≤ C

k0∑
j=0

∫
2jQθx\2j−1Qθx

|K(x, y)| |f(y)|χQβx dy

≤ C

k0∑
j=0

(∫
2jQθx\2j−1Qθx

|K(x, y)|s dy

) 1
s
(∫

2jQθx\2j−1Qθx

|f(y)|s
′
χ
Qβx

dy

) 1
s′
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SPARSE APPROACH TO THE TWO-WEIGHT BOUNDEDNESS OF Tβ AND Tβ . 21

≤ C

k0∑
j=0

1

(2j−1θd(x,Ωc))
n
s′

(∫
2jQθx

|f(y)|s
′
χ
Qβx

dy

) 1
s′

≤ CMs′

β f(x) ,

where C only depends on θ y β. Now, by Remark 5.5, the operator T0 is of weak
type(s′, s′), and so it is Tβ by hypothesis. Consequently, the operator Tθ = Tβ −T0
is also of weak type (s′, s′) and for each x /∈ supp f , Tθ can be written as

Tθf(x) =

∫
Ω

K(x, y) η

(
d(x, y)
θ
2d(x,Ω

c)

)
f(y)dy .

We claim that Tθ is a θ-local singular integral operator of type Hs whose kernel is

Kθ(x, y) = K(x, y) η

(
d(x, y)
θ
2d(x,Ω

c)

)
.

It is clear that Tθf(x) = 0, for every x such that (supp f) ∩ Qβx = ∅, as a
consequence of the support of η. Only remains to prove the item iii) of Definition
1.14. The condition a) is trivial using 0 ≤ η ≤ 1. For b) let R > 0 and x, x′ ∈ Ω
such that d(x, x′) < r < R

2 . Thus(
1

Rn

∫
R<d(x′,y)<2R

|Kθ(x, y)−Kθ(x
′, y)|s dy

) 1
s

≤

(
1

Rn

∫
R<d(x′,y)<2R

|K(x, y)−K(x′, y)|s η

(
d(x, y)
θ
2d(x,Ω

c)

)s
dy

) 1
s

+

(
1

Rn

∫
R<d(x′,y)<2R

|K(x′, y)|s
∣∣∣∣∣η
(

d(x, y)
θ
2d(x,Ω

c)

)
− η

(
d(x′, y)
θ
2d(x

′,Ωc)

)∣∣∣∣∣
s

dy

) 1
s

= I + II .
(5.2)

For I, we simply apply the Hörmander type condition for K and the fact that
0 ≤ η ≤ 1 and the desired inequality is obtained. More precisely

I ≤
(

1

Rn

∫
R<d(x′,y)<2R

|K(x, y)−K(x′, y)|s dy
) 1
s

≤ C

Rn

( r
R

)δ
,

where δ is given in the definition of Tβ .

For the second integral, identically to what was done in the proof of Theorem
4.1 in [14] (see equation (4.1) in that paper) we get∣∣∣∣∣η

(
d(x, y)
θ
2d(x,Ω

c)

)
− η

(
d(x′, y)
θ
2d(x

′,Ωc)

)∣∣∣∣∣ ≤ C
β + 1

θ

d(x, x′)

d(x,Ωc)
.

We note that every y such that R < d(x′, y) < 2R verifies that 2 d(x, x′) <
d(x′, y). In order to estimate the last fraction of the equation above, taking into
account the support of η, it suffices to consider at least one of the following cases.

• d(x, y) ≤ θ d(x,Ωc) which implies that d(x′, y) ≤ 2θ d(x,Ωc).

• d(x′, y) ≤ θ d(x′,Ωc) which implies that d(x′, y) ≤ 2θ
2−θ d(x,Ω

c).
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22 RAMSEYER, SALINAS, AND SOTTO RÍOS

Thus
d(x′, x)

d(x,Ωc)
≤ C

d(x′, x)

d(x′, y)
≤ C

r

R
.

So, by the conditions a) we have

II =

(
1

Rn

∫
R<d(x′,y)<2R

|K(x′, y)|s
∣∣∣∣∣η
(

d(x, y)
θ
2d(x,Ω

c)

)
− η

(
d(x′, y)
θ
2d(x

′,Ωc)

)∣∣∣∣∣
s

dy

) 1
s

≤ C

(
1

Rn

∫
R<d(x′,y)<2R

|K(x′, y)|s dy
) 1
s ( r

R

)
≤ C

Rn

( r
R

)
.

From our estimate of I and II, since r < R we have(
1

Rn

∫
R<d(x′,y)<2R

|Kθ(x, y)−Kθ(x
′, y)|s dy

) 1
s

≤ C

Rn

( r
R

)δ̃
,

where δ̃ = min {1, δ}. We thus conclude that Tθ is a θ-local singular integral
operator of type Hs, and furthermore

|Tβf(x)| ≤ |Tβf(x)− T0f(x)|+ |T0f(x)| ≤ |Tθf(x)|+ CMs′

β f(x) ,

which is what we wanted to prove. □

Definition 5.3. Let 1 ≤ r < ∞ and f ∈ L1
loc(Rn). For x ∈ Rn we define the

r-maximal operator as

Mrf(x) = sup
Q⊂Rn

(
1

|Q|

∫
Q

|f |r
) 1
r

χQ(x) .

This operator have a local version, with Ω ⊂ Rn as usually, we mention now.

Definition 5.4. Let 1 ≤ r <∞, 0 < β < 1 and f ∈ L1
loc(Ω). For x ∈ Ω we define

the r-local maximal operator as

Mr
βf(x) = sup

Q∈Fβ

(
1

|Q|

∫
Q

|f |r
) 1
r

χQ(x) .

Remark 5.5. We note that Mr
βf = (Mβ(|f |r))1/r and Mrf = (M(|f |r))1/r. Then

Mr
β y Mr are of weak type (r, r) and strong type (p, p), for r < p <∞, over Ω and

Rn respectively, because Mβ and M are of weak type (1, 1) and strong type (p, p),
for 1 < p <∞, respectively.

The following result follows directly from Kolmogorov’s inequality.

Lemma 5.6. Given an operator S of weak type (p, p), with 1 ≤ p <∞, ν such that
0 < ν < p and a subset E of finite measure, then∫

E

|Sf(y)|ν dy ≤ C |E|1−
ν
p ∥f∥νp .

for some constant C, depending only on ν and p.

Now, an analogous version of Lemma 2.1 can we obtain, taking into account the
hypotheses for an operator of type Hs. The proof follows the lines of that lemma.
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SPARSE APPROACH TO THE TWO-WEIGHT BOUNDEDNESS OF Tβ AND Tβ . 23

Lemma 5.7. Let σ ∈ (0, 1], if Tβ is a β-local singular integral operator of type Hs,
with 1 < s < ∞ and β < σ

3 , then for any ν ∈ (0, s′) and f ∈ L∞
c , there exists

ξ ∈ (β, σ) such that

T ∗
βf(x) ≤ Cν

(
Mβ(|Tβ |ν)(x)1/ν +Ms′

ξ f(x)
)
.

Proposition 5.8. Let Tβ as above. Then, the truncated maximal operator T ∗
β is of

strong type (p, p), p > s′, and weak type (s′, s′).

Proof. It is sufficient to prove a weak type inequality for sufficiently small β and
for a function f supported on a cube, analogous to Proposition 2.9. Then, to prove
the desired result for a restricted range of values β, as it was done in Proposition
2.14. Finally, we proceed as in the proof of Theorem 2.16. □

Now, with the aim of creating a sparse operator that dominates Tβ , we consider
a slightly different version of the truncated grand maximal operators given in Defi-
nitions 3.1 and 3.2. That is, if Ω ⊂ Rn and β ∈ (0, 1), the truncated grand maximal
operator of Tβ applied to f ∈ L1(Ω) is given by

MTβf(x) = sup
Q⊂Ω

ess sup
ξ∈Q

∣∣Tβ(fχΩ\5Q)(ξ)
∣∣χQ(x) .

for each x ∈ Ω and the localized truncated grand maximal operator of Tβ over a
cube R ⊂ Ω applied to f is given by

MTβ ,Rf(x) = sup
Q⊂R

ess sup
ξ∈Q

|Tβ(fχ5R\5Q)(ξ)|χQ(x) .

for every x ∈ R ⊂ Ω.
Applying a reasoning analogous to that employed in the proof of Proposition 3.3

we can get
|Tβ(fχ5R)(x)| ≤ C |f(x)|+MTβ ,Rf(x) ,

for a.e. x ∈ R ⊂ Ω and

MTβf(x) ≤ CMs′f(x) + T ∗
β f(x) ,

for every x ∈ Ω.
Based on the weak boundedness properties ofMs′ (Remark 5.5) and T ∗

β (Propo-

sition 5.8), these estimates allow us to prove the following version of Corollary 3.6,
the proof of which follows the same lines and we omit.

Corollary 5.9. The operators MTβ y MTβ ,R associated to a Tβ of type Hs, are of
weak type (s′, s′). More precisely we have that∣∣{x ∈ Ω : MTβ ,Rf(x) > λ

}∣∣ ≤ C

λs′

∫
5R

|f(y)|s
′
dy .

Next, we define a class of sparse operators that is slightly more general than the
one seen in Section 3 and that pointwisely bounds the operators analyzed here.

Definition 5.10. Let f ∈ L1
loc(Ω), S be a sparse family and 1 ≤ r <∞, we define

the r-average sparse operator as

Ar,Sf(x) =
∑
Q∈S

(
1

|Q|

∫
Q

f(y)r dy

) 1
r

χQ(x) .
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24 RAMSEYER, SALINAS, AND SOTTO RÍOS

Theorem 5.11. Let 0 < τ < 1, 1 < s < ∞, Tβ be a β-local singular integral
operator of type Hs, with β < τ

5+τ , and f be a function with support in a cube
R ∈ Fβ. Then there exists a sparse family, S ⊂ Fτ , such that for a.e. x ∈ R we
have

|Tβf(x)| ≤ CAs′,S |f | (x).

We omit the proof, as it is similar to that of Theorem 3.9, with the obvious
changes adapted to the new results. In the following result, we will denote by φr(t)
the composition of φ with the power tr, with 1 < r <∞.

Proposition 5.12. Let 0 < τ < 1, 1 < s <∞ and Tβ be a β-local singular integral
operator of type Hs, with β <

τ
5+τ . For s′ < p ≤ q < ∞, consider weights u and

v such that (u, v) ∈ Aτp
s′ ,ψ,

q
s′ ,ϕ

(Ω), where ϕ and ψ are Young functions such that

ϕs′ ∈ Bq′ and ψs′ ∈ Bp. Then for every function f supported on a cube R ∈ Fβ we
have (∫

R

|Tβf |q u
)1/q

≤ C

(∫
R

|f |p v
)1/p

.

Proof. In view of Theorem 5.11 it is sufficient to prove the result for As′,S . The
proof can be obtained by following the same lines as those used in the proof of
Theorem 4.3, considering that∥∥∥u 1

q

∥∥∥s′
ϕs′ ,Q

=
∥∥∥u s′q ∥∥∥

ϕ,Q
,

and taking the s′-averages involved in the definitions. □

With this we obtain the analogous to Proposition 4.6.

Proposition 5.13. Let 0 < τ < 1, 1 < s < ∞, s′ < p ≤ q < ∞ and let u, v be
weights such that (u, v) ∈ Aτp

s′ ,ψ,
q
s′ ,ϕ

(Ω), where ϕ and ψ are Young functions with

ϕs′ ∈ Bq′ and ψs′ ∈ Bp. Then, for Tβ as above with β < 1
5

τ
5+τ we have

Tβ : Lp(Ω, v) → Lq(Ω, u) .

Proof of Theorem 1.15. The argument of the proof mirrors the proof of Theorem
1.13, using Proposition 5.13 instead of Proposition 4.6 for small values β, and
Proposition 5.1 instead of Proposition 1.17. At this point, we have that for each
x ∈ Ω, the following holds

|Tβf(x)| ≤ |Tθf(x)|+ CMs′

β f(x) ,

where θ is chosen to be less than 1
5

τ
5+τ . Therefore, using Proposition 5.13 again, it

follows that
∥Tθf∥Lq(Ω,u) ≤ C ∥f∥Lp(Ω,v) .

On the other hand, it is easy to see that (u, v) ∈ Aτp
s′ ,ψ,

q
s′
(Ω). Then, since

Ms′

β f(x) = [Mβ(f
s′)(x)]

1
s′ and using Theorem 1.9 in [25] we get that∥∥∥Ms′

β f
∥∥∥
Lq(Ω,u)

=
∥∥∥Mβ(f

s′)
∥∥∥ 1
s′

Lq/s′ (Ω,u)
≤ C

∥∥∥fs′∥∥∥ 1
s′

Lp/s′ (Ω,v)
= C ∥f∥Lp(Ω,v) ,

and this proves the theorem. □
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SPARSE APPROACH TO THE TWO-WEIGHT BOUNDEDNESS OF Tβ AND Tβ . 25

6. Applications

In this section, we prove results concerning to classical Calderón-Zygmund op-
erators restricted to Ω, a proper open subset of Rn. Since the triplet (Ω, d∞, dx)
may not necessarily be a space of homogeneous type, we cannot assert that the re-
stricted operator is bounded between two weighted spaces. However, we can prove
a two-weight bounded result for a β-localization of these operators.

6.1. Standard conditions on the kernel. Let T be a Calderón-Zygmund op-
erator (C-Z) on Rn, that is, a bounded operator on L2(Rn) for which there also
exists a kernel K : Rn ×Rn \∆ → C such that, for every bounded function f with
compact support, the operator is given by the expression

Tf(x) =

∫
Rn
K(x, y)f(y)dy ,

whenever x /∈ supp f and its kernel satisfies the following conditions:

(i) |K(x, y)| ≤ C

|x− y|n
,

(ii) |K(x, y)−K(x′, y)|+ |K(y, x)−K(y, x′)| ≤ C
|x− x′|δ

|x− y|n+δ
,

for some δ > 0 and whenever 2 |x− x′| ≤ |x− y|.

Remark 6.1. The conditions on the kernel can be reformulated in terms of the
uniform metric d(x, y) = ∥x− y∥∞ and it is easy to see that both formulations are
equivalent.

Given an open proper subset Ω ⊂ Rn and β ∈ (0, 1) we introduce now the
β-localization of a C-Z operator T as

Tβ-locf(x) = T
(
fχQ(x,βd(x,Ωc))

)
,

where d = d∞. Furthermore, for a smooth cut-off function η, that is, η : (0,∞) →
[0, 1], η ∈ C∞, with η = 1 on (0, 12 ) and η = 0 on (1,∞), we introduce the smooth
β-localization of T by

T ηβ-locf(x) = T

(
fη

(
d(x, ·)

βd(x,Ωc)

))
.

The following result was proved in [14, Proposition 5.1], and we omit its proof.

Proposition 6.2. The operator T ηβ-loc is a β-local singular integral operator for

any β ∈ (0, 1) and any smooth cut-off function η as above.

Theorem 6.3. Let 0 < τ < 1, 1 < p ≤ q < ∞, and let u, v be weights such that
(u, v) ∈ Aτp,ψ,q,ϕ, where ϕ and ψ are Young functions such that ϕ and ψ belong to
Bq′ and Bp, respectively. If T is a C-Z operator, then for each β < τ we have that

T ηβ-loc, Tβ-loc : L
p(Ω, v) → Lq(Ω, u) .

Proof. The boundedness for T ηβ-loc follows directly from Proposition 6.2 and Theo-
rem 1.13.
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26 RAMSEYER, SALINAS, AND SOTTO RÍOS

On the other hand, taking into account the support of the function η and the
size condition on the kernel, we estimate for Tβ-loc as follows∣∣∣T ηβ-locf(x)− Tβ-locf(x)

∣∣∣ ≤ ∫
β
2 d(x,Ω

c)≤d(x,y)≤βd(x,Ωc)
|K(x, y)| |f(y)| dy

≤ C

|Q(x, βd(x,Ωc))|

∫
Q(x,βd(x,Ωc))

|f(y)| dy

≤ CMβf(x) ,

where Mβ is a local maximal operator (see Definition 1.2 with γ = 0). Then, we
obtain

|Tβ-locf(x)| ≤
∣∣∣T ηβ-locf(x)∣∣∣+ ∣∣∣Tβ-locf(x)− T ηβ-locf(x)

∣∣∣
≤
∣∣∣T ηβ-locf(x)∣∣∣+ CMβf(x) .

Finally, using the boundedness of T ηβ-loc, Lemma 1.11 and Theorem 1.9 in [25] we
obtain

∥Tβ-locf∥Lq(Ω,u) ≤
∥∥∥T ηβ-locf∥∥∥

Lq(Ω,u)
+ C ∥Mβf∥Lq(Ω,u) ≤ C ∥f∥Lp(Ω,v) ,

we get our result. □

6.2. Hörmander type conditions on the kernel. As we mentioned in Section
3, in [19] the author construct a sparse operator that pointwisely dominates a
sublinear operator T provided that T is of weak type (p, p) and a certain truncated
maximal operator is of weak type (q, q), where 1 ≤ p ≤ q <∞.

With this in mind, and drawing inspiration from [2], we now consider β-local
singular integral operators with kernels satisfying s-Hörmander type conditions,
where 1 < s < ∞ (see Definition 1.3). Using the same strategy as before with
minor modifications one can prove that MT is of weak type (s′, s′); consequently,
there exists an appropriate sparse operator that pointwisely dominates Tβ , thereby
yielding the two-weight boundedness of the latter.

Then, using an analogous argument to that employed in subsection 6.1 for sin-
gular integrals operators with pointwise conditions, we can study β-localizations of
singular integrals with Hörmander type conditions on the kernel.

For that, let T be a C-Z operator on Rn with Hörmander type conditions. That
is, for 1 < s < ∞ we have that T is of weak type (s′, s′) and there exists a kernel
K : Rn × Rn \∆ → C such that for f ∈ L∞

c the following integral representation
holds

T f(x) =
∫
Rn
K(x, y)f(y)dy, x /∈ supp f ,

and the kernel satisfies the size and smoothness Hörmander type conditions as in
a) and b) of iii) in Definition 1.14 where the uniform metric can be used here.

Then, given a proper open subset Ω of Rn and an operator T as described above,
for β ∈ (0, 1) we introduce the β-localization of T as

Tβ-locf(x) = T
(
fχQ(x,βd(x,Ωc))

)
,
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SPARSE APPROACH TO THE TWO-WEIGHT BOUNDEDNESS OF Tβ AND Tβ . 27

and

T η
β-locf(x) = T

(
fη

(
d(x, ·)

βd(x,Ωc)

))
.

where η is as in the precedent subsection.
For these operators, by following a reasoning similar to that in [14, Theorem

5.1], and taking into account that the smoothed kernel satisfies Hörmander type
conditions, a fact we will prove later, the following result can be obtained.

Proposition 6.4. The operator T η
β-loc is a β-local singular integral operator of type

Hs, for any β ∈ (0, 1) and η be a smooth cut-off function as above.

With the foregoing in mind, we are in a position to prove that the β-localizations
we defined are bounded with two weights.

Theorem 6.5. Let 0 < τ < 1, 1 < s < ∞, s′ < p ≤ q < ∞ and u, v be weights
such that (u, v) ∈ Aτp

s′ ,ψ,
q
s′ ,ϕ

(Ω), where ϕ and ψ are Young functions such that ϕs′

and ψs′ belong to Bq′ and Bp respectively. If T is a C-Z operator with Hörmander
type conditions, then for each β < τ we have that

T η
β-loc, Tβ-loc : L

p(Ω, v) → Lq(Ω, u) .

Proof. For T η
β-loc, boundedness is a direct consequence of Proposition 6.4 and 1.15.

For Tβ-loc, the argument follows the same lines as the proof of Theorem 6.3, where
the boundedness of a certain maximal operator is needed and it is a consequence
of Theorem 1.9 in [25]. □

6.3. Schrödinger type operators. We analyze here a two weight boundedness
result for singular integral operators associated to the Schrödinger operator

L = −∆+ V ,

where V is a non negative potential function belonging to the class RHs, for some
1 < s <∞, that is,(

1

|B|

∫
B

V (y)sdy

)1/s

≤ C

(
1

|B|

∫
B

V (y) dy

)
,

for every ball B ⊂ Rn, with n ≥ 3.
This theory has been of interest for years, beginning with the boundedness results

on Lebesgue spaces found in Shen’s work [31]. Regarding the line in this paper, we
must mention Bongioanni, Harboure, and the second author of the present work;
in [4], they introduced new classes of weights associated with L. See also [2] for
analogous results concerning extensions of these operators.

In this context, it is known that L have local behavior similar to that of the
Laplacian. This notion of locality is determined by the critical radius function
given by

(6.6) ρ(x) = sup

{
r > 0 :

1

rn−2

∫
B(x,r)

V (y) dy ≤ 1

}
.

Working with the uniform metric d = d∞, the following propositions can be
rewritten as in [31].
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28 RAMSEYER, SALINAS, AND SOTTO RÍOS

Proposition 6.7. There exist C0, N0 ≥ 1 such that, for every x, y ∈ Rn we have

(6.8) C−1
0 ρ(x)

(
1 +

d(x, y)

ρ(x)

)−N0

≤ ρ(y) ≤ C0ρ(x)

(
1 +

d(x, y)

ρ(x)

) N0
N0+1

,

where the constants involved depend only on the context.

Proposition 6.9. Let σ > 0, x, y ∈ Q(xQ, σℓ), where ℓ ≤ ρ(xQ), then

ρ(x) ≤ Cρ(y) ,

for a constant C that depends only on σ and the constants appearing in (6.8).

For the following result, we denote the cube Q(x, ρ(x)) a critical cube for x ∈ Rn.

Proposition 6.10 (Proposition 5 in [9] or Lemma 2.3 in [11]). There exists a
collection {xj}j∈N ⊂ Rn such that the family of critical cubes {Qj}j∈N is a covering

for Rn, where Qj = Q(xj , ρ(xj)), j ∈ N. Moreover, there exist constants C and N1

such that for any σ ≥ 1 it holds that∑
j∈N

χσQj ≤ CσN1 .

Proposition 6.11. (Proposition 6 in [33]) Let Qx be a critical cube. Then there
exists σ ≥ 1, depending only on the constant in (6.8) such that⋃

y∈Rn
Qy∩Qx ̸=∅

Qy ⊂ σQx
.
= Q̃x .

Here, we consider the following class of weights.

Definition 6.12. Let 1 < p, q < ∞ and c,m ≥ 0. We say that the pair (u, v)
belongs to the class Hρ,m

p,q,c if there exists C > 0 such that

|Q|
1
q−

1
p

∥∥∥u 1
q

∥∥∥
q,Q

∥∥∥v− 1
p

∥∥∥
p′,Q

≤ C exp

{
c

(
1 +

ℓ

ρ(x)

)m}
,

for every cube Q = Q(x, ℓ).

Definition 6.13. Let 1 < p, q < ∞, c,m ≥ 0 and ϕ, ψ Young functions. We say
that the pair (u, v) belongs to the class Hρ,m

p,ψ,q,ϕ,c if there exists C > 0 such that

|Q|
1
q−

1
p

∥∥∥u 1
q

∥∥∥
ϕ,Q

∥∥∥v− 1
p

∥∥∥
ψ,Q

≤ C exp

{
c

(
1 +

ℓ

ρ(x)

)m}
,

for every cube Q = Q(x, ℓ).

The version involving norms in Lebesgue spaces can be found in [15]. Addition-
ally, the case where the weights coincide can be found in [4].

An analogous version to Lemma 1.11 can be obtained.

Lemma 6.14. Let 1 < p, q <∞, ϕ and ψ Young functions. If ψ ∈ Bp and ϕ ∈ Bq′
then

Hρ,m
p,ψ,q,ϕ,c ⊂ Hρ,m

p,q,c .

Moreover, these weights can be related to those given in Definition 1.10.
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SPARSE APPROACH TO THE TWO-WEIGHT BOUNDEDNESS OF Tβ AND Tβ . 29

Lemma 6.15. Let τ ∈ (0, 1), σ > 0 and x ∈ Rn. If (u, v) ∈ Hρ,m
p,ψ,q,ϕ,c then

(u, v) ∈ Aτp,ψ,q,ϕ(σQx) ,

where Qx = Q(x, ρ(x)).

Proof. Let τ ∈ (0, 1), σ > 0 and x ∈ Rn. We consider x0 ∈ Q(x, σρ(x)) and ℓ > 0
such that Q = Q(x0, ℓ) ∈ Fτ (σQx). For these cubes, note that ℓ < σρ(x) and
ρ(x) ≈ ρ(x0) by Proposition 6.9. Therefore since (u, v) ∈ Hρ,m

p,ψ,q,ϕ,c we get

|Q|
1
q−

1
p

∥∥∥u 1
q

∥∥∥
ϕ,Q

∥∥∥v− 1
p

∥∥∥
ψ,Q

≤ C exp

(
c

(
1 +

ℓ

ρ(x0)

)m)
≤ C exp

(
c

(
1 + σ

ρ(x)

ρ(x0)

)m)
≤ C .

The result follows by taking supremum over all cubes in family Fτ (σQx). □

We present now the operators that we will consider, which were introduced in
[10]. As usual ∆ denotes the diagonal in Rn × Rn.

Definition 6.16. We say that a lineal operator T is a Schrödinger-Calderón-
Zygmund operator of exponential type (eSCZ) if

(I) T is bounded in Lp, for some 1 < p <∞.
(II) There exists a kernel K : Rn × Rn \∆ → R such that

Tf(x) =

∫
Rn
K(x, y)f(y)dy ,

a.e x /∈ supp f and
(a) there exist constants c, C > 0 and m > 0 such that

|K(x, y)| ≤ C

|x− y|n
exp

(
−c
(
1 +

|x− y|
ρ(x)

)m)
.

(b) There exist constants C, δ > 0 such that

|K(x, y)−K(x′, y)| ≤ C
|x− x′|δ

|x− y|n+δ
,

whenever 2 |x− x′| ≤ |x− y|.

We consider another family of operators with Hormander type conditions.

Definition 6.17. For 1 < s < ∞ we say that a lineal operator T is an eSCZ
operator of type Hs if

(I) T is bounded from Ls
′
on Ls

′,∞.
(II) There exists a kernel K : Rn × Rn \∆ → R such that

Tf(x) =

∫
Rn
K(x, y)f(y)dy ,

a.e x /∈ supp f and
(a) there exist constants c, C > 0 and m > 0 such that(
1

Rn

∫
R<|x′−y|<2R

|K(x, y)|s dy

) 1
s

≤ C

Rn
exp

(
−c
(
1 +

R

ρ(x)

)m)
,

whenever |x− x′| < R
2 .
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30 RAMSEYER, SALINAS, AND SOTTO RÍOS

(b) There exist constants C, δ > 0 such that(
1

Rn

∫
R<|x′−y|<2R

|K(x, y)−K(x′, y)|s dy

) 1
s

≤ C

Rn

(
r

R

)δ
,

whenever |x− x′| < r < R
2 and r ≤ ρ(x′).

Remark 6.18. It should be noted that the two preceding operators are also singular
integrals in the classical sense.

In this context we present the following results.

Theorem 6.19. Let 1 < p ≤ q <∞ and let ϕ and ψ be Young functions such that
ϕ and ψ belong to Bq′ and Bp respectively. If T is an eSCZ operator with constant
m > 0 then

T : Lp(v) → Lq(u) ,

for every pair of weight (u, v) ∈ Hρ,m1

p,ψ,q,ϕ,c1
with m1 < m.

Proof. Without loss of generality, we assume that f is non-negative, essentially
bounded, and its support is compact.

Let us consider {Qj} the critical cubes provided by Proposition 6.10. By using

the Proposition 6.11 we can take σ ≥ 1 such that ∪x∈QjQ(x, ρ(x)) ⊂ σQj = Q̃j .
For each j, it is possible to take θ > 1 such that the critical cubes belong to a
certain local family of well-inside cubes in Ωj = θQ̃j . More precisely, there exists
β ∈ (0, 1) for which Q(x, ρ(x)) ∈ Fβ(Ωj) for every x ∈ Qj . For further details, this
argument can be found in the proof of Theorem 5.11 in [25]. For each x ∈ Qj we
write

Tf(x) = T jβ-locf(x) + T jβ -globf(x) ,

where T jβ-locf(x) = T
(
fχQ(x,βd(x,Ωcj))

)
(x), T jβ -globf(x) = T

(
fχQ(x,βd(x,Ωcj))

c

)
(x).

Thus

(6.20)

∫
Rn

|Tf |q u ≤ C
∑
j

∫
Qj

∣∣∣T jβ-locf ∣∣∣q u+ C
∑
j

∫
Qj

∣∣∣T jβ -globf
∣∣∣q u .

Based on Remark 6.18 and the definitions in Section 6.1, we see that T jβ-loc is
a β-localization of T with respect to Ωj . Thus, Lemma 6.15 and Theorem 6.3
establish the boundedness result for each Ωj ; then, using the fact that p ≤ q and
the controlled overlap provided by Proposition 6.10, we can deduce the following
estimate.∑

j

∫
Qj

∣∣∣T jβ-locf ∣∣∣q u ≤ C
∑
j

(∫
Ωj

|f |p v
) q
p

≤ C

(∫
Rn

|f |p
(∑

j

χθσQj

)
v

) q
p

≤ C ∥f∥qLp(v) .(6.21)

For the second sum, let us remember that Qx = Q(x, ρ(x)) ⊂ Q(x, βd(x,Ωcj)),
for every x ∈ Qj . So, using the conditions on the kernel, we get∣∣∣T jβ -globf(x)

∣∣∣ ≤ ∫
Qcx

|K(x, y)| |f(y)| dy
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SPARSE APPROACH TO THE TWO-WEIGHT BOUNDEDNESS OF Tβ AND Tβ . 31

≤ C
∞∑
k=1

∫
2kQx\2k−1Qx

exp

{
−c
(
1 +

|x− y|
ρ(x)

)m} |f(y)|
|x− y|n

dy

≤ Cρ(x)−n
∞∑
k=1

exp
{
−c
(
1 + 2k−1

)m}
2−kn

∫
2kQx

|f | .

Taking into account the argument given at the beginning of the proof, for each
k ∈ N we have that 2kQx ⊂ 2kQ̃j

.
= Q̃kj . By Proposition 6.9 and by Minkowski’s

inequality, we have∑
j

∫
Qj

∣∣∣T jβ -globf
∣∣∣q u
1/q

≤ C

∑
j

∫
Qj

(
ρ(x)−n

∑
k

exp
{
−c
(
1 + 2k−1

)m}
2−kn

∫
2kQx

|f |

)q
u(x)dx

1/q

≤ C
∑
k

∑
j

∫
Qj

(
ρ(x)−n exp

{
−c
(
1 + 2k−1

)m}
2−kn

∫
2kQx

|f |
)q

u(x)dx

1/q

≤ C
∑
k

exp
{
−c
(
1 + 2k−1

)m}
2−kn

∑
j

ρ(xj)
−nq
(∫

Q̃kj

|f |
)q(∫

Qj

u

)1/q

.

Applying Hölder’s inequality and rearranging terms, it follows that

ρ(xj)
−nq
(∫

Q̃kj

|f |
)q(∫

Qj

u

)

≤ ρ(xj)
−nq

(∫
Q̃kj

|f | v
1
p v−

1
p

)q (∫
Q̃kj

u

)

≤ ρ(xj)
−nq

(∫
Q̃kj

u

)(∫
Q̃kj

v−
p′
p

) q
p′
(∫

Q̃kj

|f |p v

) q
p

.

≤

ρ(xj)−n(∫
Q̃kj

u

) 1
q
(∫

Q̃kj

v−
p′
p

) 1
p′
q (∫

Q̃kj

|f |p v

) q
p

.

Since (u, v) ∈ Hρ,m1
p,q,c1 and by Lemma 6.14, for each j, we can obtain that

ρ(xj)
−n

(∫
Q̃kj

u

) 1
q
(∫

Q̃kj

v−
p′
p

) 1
p′

≤ Cρ(xj)
−n(2kσρ(xj))

n exp

{
c1

(
1 +

2kσρ(xj)

ρ(xj)

)m1}
≤ C2kn exp

{
c1
(
1 + 2kσ

)m1
}
.

Therefore, using p ≤ q and Proposition 6.10, the second sum can be estimates
as follow
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∑
j

∫
Qj

∣∣∣T jβ -globf
∣∣∣q u
 1

q

≤ C
∑
k

exp
{
−c
(
1 + 2k−1

)m}
exp

{
c1
(
1 + 2kσ

)m1
}∑

j

(∫
Q̃kj

|f |p v
) q
p

 1
q

≤ C
∑
k

exp
{
−c
(
1 + 2k−1

)m}
exp

{
c1
(
1 + 2kσ

)m1
}∫

Rn
|f |p

(∑
j

χ
Q̃kj

)
v

 1
p

≤ C

(∑
k

exp
{
−c
(
1 + 2k−1

)m}
exp

{
c1
(
1 + 2kσ

)m1
}
2
kN1
p

)
∥f∥Lp(v) .

(6.22)

Noting that because m1 < m the series above converges. Finally, returning to
(6.20), with (6.21) and (6.22) the proof of the theorem is complete. □

The following theorem provides the boundedness result for singular integrals
under Hörmander-type conditions; here, ϕr(t)

.
= ϕ(tr).

Theorem 6.23. Let 1 < s < ∞, s′ < p ≤ q < ∞ and let ϕ and ψ be Young
functions such that ϕs′ and ψs′ belong to Bq′ and Bp respectively. If T is an eSCZ
of type Hs operator with constant m > 0 then

T : Lp(v) → Lq(u) ,

for every pair of weight (u, v) ∈ Hρ,m1
p
s′ ,ψ,

q
s′ ,ϕ,c1

with m1 < m.

Proof. As in the previous theorem, we consider a non-negative, essentially bounded
function f with compact support. We consider the decomposition into critical cubes
{Qj} given by Proposition 6.10. It is then possible to consider dilations Ωj of these
cubes to define β-localizations of T respect to Ωj as in Section 6.2, thereby obtaining
an estimate analogous to (6.20) for these operators. For the first sum therein, we
proceed as in (6.21), applying this time our new conditions on the weights and
using Theorem 6.5 instead of Theorem 6.3.

For the second sum, for each j and x ∈ Qj we note that Qx = Q(x, ρ(x)) ⊂
Q(x, βd(x,Ωcj)). Thus, by using the size condition of the kernel we get∣∣∣T jβ -globf(x)

∣∣∣ ≤ ∫
Qcx

|K(x, y)| |f(y)| dy

≤
∞∑
k=1

(∫
2kQx\2k−1Qx

|K(x, y)|s dy

) 1
s (∫

2kQx\2k−1Qx

|f |s
′
) 1
s′

≤ C
∞∑
k=1

1

(2k−1ρ(x))
n
s′

exp

{
−c
(
1 +

2k−1ρ(x)

ρ(x)

)m}(∫
2kQx

|f |s
′
) 1
s′
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≤ Cρ(x)−n/s
′

∞∑
k=1

exp
{
−c
(
1 + 2k−1

)m}
2−kn/s

′
(∫

2kQx

|f |s
′
) 1
s′

.

Since Qx ⊂ Q̃j (see Proposition 6.11), by setting Q̃kj = 2kQ̃j ⊃ 2kQx, observing
that ρ(x) ≈ ρ(xj) (Proposition 6.9) and by Minkowski’s inequality, we can estimate

(∑
j

∫
Qj

∣∣∣T jβ -globf
∣∣∣q u) 1

q

≤ C

∑
j

∫
Qj

(
ρ(x)−n/s

′ ∑
k

exp
{
−c
(
1 + 2k−1

)m}
2−kn/s

′
(∫

2kQx

|f |s
′ ) 1

s′
)q
u(x)dx

 1
q

≤ C
∑
k

(∑
j

∫
Qj

(
ρ(x)−n/s

′
exp

{
−c
(
1 + 2k−1

)m}
2−kn/s

′
(∫

2kQx

|f |s
′ ) 1

s′
)q
u(x)dx

) 1
q

≤ C
∑
k

exp
{
−c
(
1 + 2k−1

)m}
2−kn/s

′
(∑

j

ρ(xj)
−n q

s′
(∫

Q̃kj

|f |s
′ ) q

s′
(∫

Qj

u
)) 1

q

.

We proceed as in the analogous estimation in the previous theorem. First by
Hölder’s inequality with p/s′ instead of p. Then, noticing that by hypothesis,
ψs′ ∈ Bp, which implies that ψ ∈ B p

s′
. Then, it can be shown ([5]) that∥∥∥v− s′

p

∥∥∥
( ps′ )

′
,Q̃kj

≤ C
∥∥∥v− s′

p

∥∥∥
ψ,Q̃kj

.

On the other hand, it is easy to see that ∥g∥rϕr,Q = ∥gr∥ϕ,Q for any cube Q, g ∈ L1
loc

and 1 < r <∞. Thus∥∥∥u s′q ∥∥∥
q
s′ ,Q̃

k
j

=
∥∥∥u 1

q

∥∥∥s′
q,Q̃kj

≤ C
∥∥∥u 1

q

∥∥∥s′
ϕs′ ,Q̃

k
j

= C
∥∥∥u s′q ∥∥∥

ϕ,Q̃kj

.

And using that (u, v) ∈ Hρ,m1
p
s′ ,ψ,

q
s′ ,ϕ,c1

we get

ρ(xj)
−n q

s′
(∫

Q̃kj

|f |s
′ ) q

s′
(∫

Qj

u
)
≤ C2−kn/s

′
exp

{c1
s′
(
1 + 2kσ

)m1
}(∫

Q̃kj

|f |p v
) 1
p

.

Finally, reasoning as in (6.22), we can conclude that∑
j

∫
Qj

∣∣∣T jβ -globf
∣∣∣q u
 1

q

≤ C
∑
k

exp
{
−c
(
1 + 2k−1

)m}
exp

{c1
s′
(
1 + 2kσ

)m1
}∑

j

(∫
Q̃kj

|f |p v

) q
p

 1
q

≤ C

(∑
k

exp
{
−c
(
1 + 2k−1

)m}
exp

{c1
s′
(
1 + 2kσ

)m1
}
2
kN1
p

)
∥f∥Lp(v) .

Noting that m1 < m the series above converges. Then the proof of the theorem
is complete.

□
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6.4. Riesz-Schrödinger Transform. The Riesz-Schrödinger Transforms and their
adjoints are given by

R = ∇L− 1
2 , R⋆ = L− 1

2∇ .

Recall that N0 is the constant given in Proposition 6.8, we set m0 = 1
N0+1 .

Theorem 6.24. ([10, Proposition 5.3 and 5.5]) Let V ≥ 0 satisfying a reverse
Hölder inequality of order α > n

2 and n ≥ 3. Then we have

(i) R y R⋆ are eSCZ operators with constant m0 if α > n.
(ii) R⋆ is an eSCZ operator of type Hs with constant m0, where 1 < s < n

n−α
if α < n.

Remark 6.25. If V ∈ RHα with n
2 < α < n, then R is not a SCZ operator (neither

with pointwise conditions nor of type Hs, for any 1 < s < ∞). Indeed, both
definitions of SCS singular integrals imply that the operator is also a classical
singular integral and is therefore bounded on Lp, with p > 1 in the case of pointwise
conditions and with p > s′ in the case of type Hs. However, Shen proved in [31,
Theorem 0.5] that if V ∈ RHα with n

2 < α < n, then R is bounded on Lp for

1 < p ≤ p0, where
1
p0

= 1
α − 1

n . Furthermore, this range is sharp ([31, Section 7]).

Since there exists p > p0 for which R is unbounded, we conclude that it cannot be
a SCZ operator under any of the considered definitions.

The following results are direct consequences of the preceding theorem and of
Theorems 6.19 and 6.23.

Theorem 6.26. Let V ∈ RHα with α > n, 1 < p ≤ q < ∞ and ϕ, ψ be Young
functions such that ϕ and ψ belong to Bq′ and Bp respectively. If (u, v) ∈ Hρ,m

p,ψ,q,ϕ,c

with m < m0 then
R,R⋆ : Lp(v) → Lq(u) .

Theorem 6.27. Let V ∈ RHα with n
2 < α < n, s be such that 1

s = 1
α − 1

n ,

s′ < p ≤ q < ∞ and ϕ, ψ be Young functions such that ϕs′ and ψs′ belong to Bq′
and Bp respectively. If (u, v) ∈ Hρ,m

p
s′ ,ψ,

q
s′ ,ϕ,c

with m < m0 then

R⋆ : Lp(v) → Lq(u) .
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